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Boois lately PuUi/bed, by the fame Jtuher l 



I. SSAYS on federal curious and ufeful Subject 
\2j in Speculative and MlxM Mathematicks ; ia 
lK4iich are explained the moft difficult Problems of tihe 
firft and (econd Books of Sir Ipac Niwim*t Friml^u : 
IWng Weful Introdu^km lo Learners Ibr undet« 
ftandiogtbatiUiiftriowAiKfaMr. b4lQi 1740. Prkt 

n. The Dofiiine of Amittida and Reveilioa9» de> 
4McdftoBi general aad evident Pfiiic^lcs i with ufefiil 
Tidiksy fliewing the Value of Single and Joint Livctf 

atdilfimtlbteioftlnteieft. To wbidiitaddiid^ ' 
a Method of Invefttgatiag tfie Valuei of Alinutdes hf 
Approximation^ wimout the Help of Tables. In 8vo» 
Pfice 3x. few'd. 1742. 

, in. An Appendix to the Do£^rine of Annulticsj con- 
taining forne Remarks on Mr. Dfrmivri^ Book on thc 
Subject In Svo« Price 6^. 

IV. A Treatife of Algebra 5 wherein the funda- 
mental Principles are fully and clearly demon Rrated, 
and applied to the Soiution of a great Variety of Pro-^ 
biems : To which is added, the Conflrudiion of a great 
Number of Geometrical Problems j with the Method 

cf Refolviog theiame Numerically. In One VoL 8vo* 
Price 6/; . 

V. The Elements of Plane Geometry; to whidi 
"arc added, an Eflay on the Maxma and Minima of 

Geometrical Quantities^ and a brief Treatife Of Regular 
Solids i alfo the Menfuration of both Superficies and 
Solids : Together with the Conftru<Etion of a large Va- 
riety of Geometrical Problems. In Svo. Price 31. 6d^ 

VI. Trigonometry Plane and Spherical, with the 
Conilrudion and Application of Logarithms. 8vo. 
Pi ice u. 6</. 
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THE 

Doctrine and A^'plication 

V 

O F 

FLUXIONS. 

PART the Second. 

SECTION L 

^be Manner of invejligating Fluxions 
of Exponentials^ Thofe of the Sidis 
and Angles of fpherical Tna;jg/es. 



250.^ 1 Method of deriving the Fluxion of 

any Power, a^', of a flowing Quantity^ 
wFen the Exponent (v) is given or in- 
invariable, has been already (hewn: But» 
if the Exponent be variable, that Method fails ; in whicti 

Cafe the Quantity is calPd an Exponential ; whofe 
Fluxion is thus determined. 

Put z^x^y and let the hyperbolic. Logarithm ofxh6 

denoted by y ; then that of (z) will, by the Nature 
of Logarithms, be =ivy ; and therefore its Fluxion = 

'vy-\;'Vj : But the Fluxion of the Log c tithm of g {^^^) 
~ T 2 ii 



276 Of the FtuxioNS 

• Aft it6. is alTo cxprefled by — • ; whence wc have — =«i|J+/v, 
and confeqoentlys^asfjy+is/i': Which £qiiation,by fuhfiU 
fAit. sai. tuting —for its Equal j f, becomes »=z/v + — = 



;^+;^'' X — = ^"^ + i^a" ""'^ X hyp. Log^ X ^ 

The fame othervuijty luithout introducing tbi Properties 

0/ Logarithms. 

251. Let l+zzsiXf and fuppofingw con- 

ni-w m 

ftant and w variable : Then = i-p? = i+? 



— — ; — V IV I 

•Ait.99. X— T~ X X2^+ dif..* == 7+z) X ^ 

1 a 3 



vhofe Fluxion^ found the common Way, is n» X 

1 



« 



Xss'^^* + i+» Xwa+fcr«+tt,w-fwX«*+ftt;*-|w 



Xazz+fw*'"' — wab+i'wXz^+iw^ — fW^+iwXsz** 
i^^. which» by fubftituting x and <v for their Equals i 



X 



and w, becomes wjrX i+kl X 



Xa*+ ^STtf. + i+? X 'ifZ+wx+iv^ivXz^^+^c: 
But, if w be, now, fuppofed to vaniihs we (hall have 
the true Value of the Fluxion when v=» ; which, in 

th^t Circumftancei appears to be s=: nxX 7+%* 
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It is plain, becaufe the Series, z — f J ^V. 
here brought out, is known to expreis the Fluent of 

jqp^, or the hyperbolic Lcigarithm cf 1+2 tlut the • Art, xi6, 

two Conclufions agree exa£lly with each other : From 
either of which the following Ruie, for the FiuAions of 
ExponentiaJS) is deduced. 

252. Ta the FluxiM found by the Rule (Art. 14.) 

cwfidering the Exponent as cenfianty add the ^antliy 
arifing by multiplying the Fluxion of the Exponent^ the 
hyperbolic Logarithm of the Rooty and the propofed.^an- 
tity itfelf continually^ together : The Sum will be the 
Fluxion when the E.KpoHcnt is '•variable. 

Thus, fojr Example^ let the Quantity propofed be 

"i "1* 

^ 'T'^ y then the Fluxion thereof will be 2 X 2zz, X 

3F+z^ +j^X^M-2^ Xhvp.Log.a^-{-z\ 

But, if the Root is conftant, and only the Exponent 
variable, the Exponential will be more iimple ; and its 
Fluxion will then be had by barely multiplying the ^an- 
-tity itfelf by the Product under the Logarithm of the Root 
ami tifi ^Utxton of the Exponent. 

• Thus» the Fluxion of a* will be cxprcfled by a* Xx 

X hyp. Log. a ; and that of 0^+^'"' by a^+^^'x nx 

X hyp. Log. Thcfe Kind of Exponentials oftner 

occur, in Pra<5^ice, than any other ; but, as it is very 
rare that we meet with any, I fhall therefore proceed 
now to the other Confideracion propofed in the Head of 
this Sc6lion ; namely, the Method of determining the 
Fluxions of the Sides and Angles of fphcricaJ Triangles ' 
(a 1 hing very ufeful in practical Aftronomy) which 
} ihaii deliver in the following Propolitions. 

T J P R O- 



Of tbt Fi.uxioNa 

PROPOSITION L- 

25 V "to detirmm iki Rath •fibi Fluxtms of tbi fimal 
Parts of a right^angUd ffherUal Trimtgli^ f^Jbfg 
the Hypothenufe^ wt Leg^ (ffWiAngU^ Urmawcm^ 
Jlant^ while the otlfer Piorts vary. 

. Let A, F, and G be 

O^^SSlIIily'Tr Poles of the three Great- 
"S^lryTn^ Circles DEFG, ABD, and 

ACE s whereof the Pc^tioa 
of each is fuppoied to ooiir 
tinue iavaruiUef while aiio« 
ther Great-Cirde HFCB is 
^nceived to revolve about 
the Pole F; Whence, if GH 
befuppofed {^rpendtcuhr to 
FH, three variable ridit* 
angled Triangles, FGH» 
FC£, and ABC, wOI be 
formed ; in the (irft whereof, the Hypothenufc FG will 
remain conftant in the fecond, the Leg £F ^ and in 
the thud the Angle A. 

Let {q) be the Fluxion (or indefinitely fmall In- 
34j crement*) of the Ba(e AB, or the Angle F j and let 
Qd meet the Great-Circle b¥h^ at Right^angles, in ^ ; 
thou it will be (per Spherics ) as Sin, FB ( Rnd,) : Sm. 

Sin. FC C#-/^ BC 

FC:;BM^):C^=-:g5r^^=^R53r 

And, T.ng. C : Rad. :: Cd [--±^Xq) : yj^;^ 
^ ^ = the Fluxion of QC. 

Moreover, Sh. C : Rod. :t Cd (^^^ X : 
C9-f. BC 

^ ^ c X g == the FJuxion of AC 




of Sjpbericai TriangUi* 

Laflly, Simoi FB (Rad.) : Sin. FH (BC) (q) : 
BC 

( = H/n} = the Fluxion of GH, or its 

Complement C« 

N0W9 if the feveral Qu^intities, in thefe three Equa- 
tions for the Triangle ABC^ be expounded by their re- 
fpe6Hve Equals in the other two Triangles C£F and 
FGHy we ihall aifo ha? e 
S/jf.CF 

Sin. CF ^ 
•jTj^ Xf = -FIux.CE. 

And 

cw: FH _ _ 

Ca-/. FH 

^-^X,= Flux.G. 
5i;f. FH 

, --jjjj^ X ^ = Flux. Gli - ^E.l 

> 

Corollary I* 

254. Hence, if, in any right angled Spherical-Trw 
angle, the Hypothenufe be denoted by the two Legs 

by L and /, the Angles^ refpe<SiveIy, adjacent to them 
by y/ and we fhal), by fubi^ituting abovc\ have three 
Lquations for each of the three Cafes. PVom the Com- 
pariion and Compoiition of which, the three follawii>g 
Tables are deduced ; exhibiiing all the different Varieties 
that can poiTibly happen, whether an Angle, a Lcg» or 
the Hypothenufe be luppoied iavatiabie. 



TABLS. 



OJ tiie Fluxions 

1 A li L E !• 

When one Angje A is invariable, 

• Tang, a . Sin. a • Rad, 



I G?-/^/ • J C^f.a , C^'tang.l ^ 

^ Co-f. I ^ R J Co- tang. I 

* ^m. / . Tang, a . 5m. u . 

T A B L E II. 
When one Leg L is invariable! 

Snub . Co'f. a . *Iang,b 

h n*!! X ^ ^ — 5 — X ^ — — <r- X <i 

'lang^a Ji Tang.a 

TABLE III. 
When the Hyp. is invariable, 

Where^and alfo in the two preceding Tables, the Leg I4 
is adjacent to the Angle and the Leg / to the Angle 4^, 

3 Co'* 
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C0R0i;.l.ARY II« 

255. From the third original EquatioHt expreffing 
the Fluxion of the Angle C (Fid, Art. 253.) it appears 
that the Superficies of any SphencaUTriangle ABC, is 
proportional to the £xce6 of its three Angles above 
two Rig^t-Angles. For (BCdk) the Fhixion of the. 
TriangiiABC^ \s:=:SiHiBCXBb, by Jri. i6l.) which 
Sin. BC 

being to, XB^, the Fluxion of the Angle C, 

above fpecified, in the conftant Ratio of Radius €0 
Unity, the Fluents themfelves (properly correded) muft 
therefore be in that Ratio ; that is, the Superficies of 
the Triangle ABC will always be proportional to the 
Incr«ile or the Angle C, from its coinciding with if, 
or as the £xceis of if and C above two Right-Angles. 

PROPOSITION U, 

* 

256. T9 detenmue tin Rath of ihi Fluxions^ or thi in- 
definitely fmall Incrmmts^ of the £ffermt Ports of 
an oblique Spherical^Triangle ABC ; two Sides tbereef 
AB, AC being invariable ^ in Length , 



Let Cr be an indefinitely 
foal! Part of the Parallel de- 
fcribcd by the Extreme C of 
the given Side AC, in its 
Motion about the given Point 
A ; fnorcover, let Cd bv Part 
. of anotlier Parallel, whofe 
Pole is the given Point B; let 
the Great-Circle Be meet Cd 
in and let the three Sides, 
AB, AC, and BC, of the 
Triangle be denoted by £a 
F lefpediveiy. 




Then^ 



Of the Fluxions 

Then {pit Sfibtri^s) we lluUl have 

S E 

And, * : S. F :5 CBi ( j5 ) : Crf = ^ X A 

S.ExS.C . 

Alfo» : S. dQc (ACB) :: : — — X J: 

But S.C:S.D i.$.B :S.£i therefore S,EXS,C 

S.DXS.B 

xi» 

AgaiiH : O-/^ (ACB) « Cr X ^ 

S. E, X Ca-f, C - ' S.F . 
^ . X J (=C^) =: X 

SEX Cu-f. C 



/5 /* 



X B. 



Whence, by the rery hmt Aigmnent (fubfUtudng 
D for and C for B In the two laft Equatioiis} wc 

likewife have C s= — -J ^xS.F^ X ^, and / ( ss 

Now, from the Equations thus found, it is manifeli, 
F:: A* : 5. DXS. B (:: DiS.B) 
a^ A: B :: RX S. F: S. E X Co'f. C 
ji:C::RXS.F::S,DXCo'/.B 

5^ C : Cc-/. B: S.F 

i\ Bid .iCo't C: Cs't.B(:iT. B i T.C} . Q^E. L 



oj spherical Triangles. 

- 157. Thefe ProportkMis, fer the Fluxbns of the Farts 
of a Spherical-Triangjef are very uieful in various Cafes 
in Prasad AfirMamy \ whereof I lhall here put dowa 
one or two Inffauices. 

The firft is \ To determine the annual Alteration of 
the Dedijiation and Righc^Afcenfion of a fiat Star, 
through the Precef&on of the Equinox. 

Here muft denote the Pole of the Ecliptic, B that 
of the Equino<?lial, and C the Place of the Star \ and 
then (by the firft and fourth Proportions) we hivc 

C^^fica. D : Sin. B n A: wbA 

That is, I**, As the Co-fecant of the Obliquity of 
the Ecliptic Is to the Sme of the Star's Right- Aicenhoa 
from the jGl/Utial Colure^ fo is the Frecejjim of the Equi- 
nox, or Alteration of Longitude, to the Abemtion cf 

Declination. 

2°. As the Co fine of the Star's DecUnadoA « to the 
Co-tangent of its Angle of Pofition, fo is the Alteration 
of Declination (found as above) to the Alteration of 
Right-Afcenfion correfponding. 

The fecond Example is to find hnw much the Am- 
plitude, and the Time of the apparent Riling and Setting 
of the Sun, or a Star, are afie^ by Refriiftion. 

In this Cafe ^muft de- 
note the Pole of tlie Equa- ^ I> 
tor, and B the Zenith y and 
the Side BC muft bc ^ 

Arch of 90 Degrees, ib 
that the Scar C may co- 
incide with - the Hori^n 
QC; Then, from the very 
feme Proportion, we have, 

^in. B : Co-feoL D F :j^ 
And, R : C9-t. C II B 

But, R : Co'LCfT.^C.^) :: Sm. S (C^ ' Co-iang. D 

Hence 




Of the Fluxions 

Hence it appears, 

i^. That, as the Co-iine of the true AmpGtude 
(confidered independent of Refradion) is to the Tangent 
of the Pole's Elevation, fo is the given horizontal Re- 
fradion to the Difference of Amplitudes thence arifing. 

2^ And, that, as the Co-fine of the true Amplitude 
is to the Secant of the Pole's Elevation, fo is the faid 
horizontal Refra<^ion to the EfFe6l thereof in the Time 
of Rifing, or Setting of the Sun, or Sur. 

But this kft Proportion may be otherwife expreiled^ 
without the Amplitude : Thus, 

5. ABXS.JCXS,A: II the hoiizontal Refraaion^ 
to the iame iiifed. 

4 

PROPOSITION m. 




25 S. ^0 defer mine the fainc as in the preceding Prctucm . 
frppsfing one Side AB and am of iii adjac€nt Angles^ 
to cotUimu invariabUm 

If from the End of the 
given Side, oppofite to the 
given Angle, a Perpendicular 
AD he let fall, that Perpen- 
diculfrt as well as the Seg- 
ment BD cut off thereby, 
will beaconftant Quantity, 
while the other Parts of the 
Triangle AaD vary, by the 
Alotion of a along the Arch 
irBD. Therefore the Problem is rcfolved by Cajc 2. of 
right-angled I'liangles, rid. Art. 254. 

259. It may n(3t be amih to give one Example of the 
Ufe of this laft Propolition : Which fhall be, in finding 
the Parallax of a Planet in Longitude and Latitude % that 
of Altitude being given. 

Here A muft iTand for the Pole jof the Ecliptic, B 
the Zenith, and a the Planet : Then, if the Hypo- 
thenufe ha be denoted by the Leg. by /, and the 

given Parallax, in Alutudc, by it will appear, from 

the 
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of spherical Triangks. 

the Place above quoted, that A (the Parallax in Loag.) 
Sin. a . 5m. BaA - • 

If the Planet be In (or very near) the Ecliptic, and 
4K^be fuppoTcd a Portioii of the Ecliptic, meeting AB, 

Sift. Ba/t 

at Right-Anglleit in then (pit Sfbtria) "^i^^^jj 

( Co-f, Bu^ \ Tang, % , C:-f.BaA / Sin.Ba^ K 
Radius J^Twig. Ba '*^^"^ Mad. \ Rod. ) 
Sin. ^5 

= ^ i whence, hy fubflituting Lhefe v uIuqs 

above^ wc fliall, in this Cafi^ have A 5= '<jang Mi ^ 

. , ^ Sin,^ . 

I znAb^ X 1% that is, in WonJi, 

As, the Tangent of the Planet's Zenith Diilance, is 
to the Tangent of its Longitude from the nonagedmal 
Degree of the Ediptic, fo is the Parallax in Altitude to 
the Parallax in Longitude. 

And, as the Sine of the Zenith Diilance to the Co* 
fine of the Altitude |of the nonagefunal Degree, lb. it 
Che Parallax in Altitude to the ParaUax in Latitude. 

Becaufe the Patallax hi Altitude, the horizontal Pa- 

midx(M) bemg given, is nearly =: ■ X if 

this Value be fubftituted for /, in the two hi\ Equations, 

we ihall get h = Xilf, and ^^^^ZxJai^ 

^ ,^ Sin. AB X Sin. BAa ^ 

Xiif= i&,T^^ 

Whence* 



tS6 Of the Fluxions 

Whence, we have thefe two other Theorems, fof 
finding the required Parallaxes inuiicdialely from the ho- 
rizontal Parallax, wuhoyt either the Aititudc or its 
Parallax, 

^ I. As Radius to the Co-fine of the Altitude of the 
Honagefwial Degree of the Ech'ptfc, fo is the h nri^nitfal 
ParaHax to the Parallax in Tyatitude. 

2. And as the Square of Radius to the Redmgle an«» 
dcr the Sines of the Altitude of the nvnageftmal Dedra 
and the Planet's Longitude from thence, ib is the ftoil^ 
fcoatai Parallax to the Paraiiax in Loagitudtf 



PROPOSITIOH IV. 

a6o. ^//7/, u ieUrmm the fame Thing ; fuppofng, ovi 
. Angk A> tfmf tki Length vf its tffp/te Stdi fiD f«r 



i^D) t0 remain iQnfiant^ 




Let BD (equal to 
BD) interfea BD in an 
indefinitely fmall Angle 
at and meet AB 

and AD in B and D % 
alfo in BD produced 
let there be taken FN 



PD and PM = PB, 



and let iV, ^» andil/, B be joined. 

Since, bv Hypothefis, DBsDBsMN, if from the 
firft and Wt of thefe equal Qnaotitics DM, common, 
he taken away^ there will remain BMssDN. 

Moreover, fince the Triangles BMB and DN5, in 
their ultimate State, may be con&ltFed as nailineal, 
114. and right-angled at ATand iSr», it wHI tberefere be, aa 

VUtiJ^B iiCe^fB: Raditu 
And DN : J>L) Ce-f. D :: ReuUui. 

from 
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ft 

whcnoi} tht ExtvMioi is botb Propoftiont 

wgthcfiune, we have BB ; D£|::C#/X> :C«->:B? 
And tbcftfofcw if AB bedenoied by if and AO by iK; 

It appears that H: K r. Co-f. D I C#-/ B. 

Again, pit SpUrksy Sin. A : Sin. BD (C) :: Sin. 
D : H :: Flux, Sin. D I Fkx. Siti. H ; bccaufc, 
the Suiet themfclves being in a conftant Ratio, their 
Fliixions muft be in the fame Ratio: But the Fluxion 
of the Sine of any Arc> or i^le, is to the Fluxion of 
Che Arc or Angle itfelf, aa Uie Co-fine to Radius* :*Ait. ifi, 

Thecdbie the i^/aur. &jf. D being = XD^ud 

Rme. Sin. Hz=. ^j^^X i/, it foUowa that. Sin. J 

:Sim.Gr. Ca-/. DXDt C^f. HX HiwD: Htt 
SiM.jiXC0'/.H:SimGxa-j:D: And, bytbeverJT 

fame Argument, B:K::Sin.JX Co. J. K : Sin. G X 

Co'f. B, Now, by compounding the former of thefe 
two Propordoro with the firft above given^ we gett 

b:Kii Sim. A X C^-Ji H: Sin, OXO-f. A And, by 

compounding this laft with K\ B i\ Sin. G X C*-/ B : 
Sim. AXCo-f. K (that immediately preceding it} we aUi 

obtain D : B Co-f. H : Co f. K. 

Whence, by collecting thefe feveral Proportions to- 
gether, we have the i^oUowing Table, (or aU the dlf- 
&rent Cafes. 

D : B iiGf'/. HiCfi/.K 

b : hw Tang. D : Tang. H 

iikiiTml^.BiTmmg.K 

k ib v. Sim.GXC$ f.B '.Sm.AXQoi.H 

K : B :: Sin. G X Co-/. D : Sin. AX Co fn K 
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i . ^be Refoiution 

ft may be ohTerved, that the fourth and the lafi zrt no 

new Cafes, but only the third and fifth repeated: And 

that, though the former of the two, laft named, diflTefs 
from that found above i yet it is very eafily deduced 

Sin, A. 

fiom k: For, fmce it appeais that D .H :: ^ 

^^V^ii f snd becaufe Sin.ix SiiuGii Sin.D : Sin* 
Co»j0 it 

. . Sin,D Sin.H 
it follows that ci^T^ ' Cn f. H " 

Tang, D : Tang. H. Q. E. 1. 

There is yet another Problem, when two Angles re- 
main cunftant ; but this, by taking the Triangle formed 
by the Poles of the three given Circles, is reduced to 
ProbUm 2. 



S E C T I O N II. 

Of the Refoiution of fiuxional Equations^ or 
the Manner of finding the Relation of ^ the 
fiowing ^antities from that of the Fluxions. 

261. H^fTHEN an Equation, expreffing the Re- 
VV ^^^^on of the Fluxions of the two va- 
riable Quantities, contains orjiy one of thofe Fluxions 
with its refpeftive flowing C^iantity in each Term, the 
Kelation oi the Quantities will be obtained by finding 
the Fluent of every Term i as has been already taught, 
in Sf^l. VL Part L 

ax"^ y* 

Thus, if ax^x^y ji then w ill — = — . 

And, if jr*/*x=: tf^i by reducing it firft to*" x = 
(fo that iti variable Quantities may be feparated) 

. _ ay 

Kpe have -p-= 

' But, 
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of IPim^ml Efuatkm, 

Butt if the given Equation has its iildeterminate Qyafi* 
titles and their Fluxions fo complicMd tpgedMr, that 
it cannot be brought under the Form there prefcribed^ 
the Task will become much more difficult ; nor is thero 
any general Method to be given for fuch Kinda of £qua* 
tionSf thereof there are an infinite Variety. 

The Method of Infinite Seriefes (in feme meafiire cx- 
plained already^ and more fully confideied hereafter) b 
indeed very comprohenfivei and may be applyM to good 
.Puipofe in various Cafts i but« being tedious and at*- 
tended nvith a Number of Inconveniendest it is a Me- 
thod we ought never to have Recourfe to tin we hav9 
tryM what may be, otherWays, cfFeQed, by help of fuch 
particular Rules and Obiervationi as we have been able 
to colle£^. 

Accordinglvj I fhall, Here, firft point out fome of 
the moft proper Ways to be trieJ, in urdcr, if poi&bley 
to bring out the Solutton without an Infinite Series, 

262>. The fir/! Method by muluplylng^ or dividhg^ 
the given Equation into fome Power or Produ^ of the 
Quantities concerned \ Jo as fo bring it, if pojfihle^ under 
the Form of fuch Fluxions^ as^ we know ^ do arife^ if not 
from the prfi^ yet from the [nnndy nr tbiid^ 9f tbi thru 
gintral Muies in thi Mri£i Milhod* 

Thus, if the given Equation be ~ + s= — i 

thcn> the whole being multiply by xy^ fo that the t^ o 
firilTeims^yx-'f';^, may become the (known) Fluxion of 

the Redangle xy ther^ arifesyx+^r^s: : But * 

flill we are at a Lofii for the Fluent of the lad Term^ 
unlefs II be taken aci (fo thaty may vaoiib.) In that 

Caie wt have Ay =: " ' ; exprejfing the Rclatioa 

X y 

of Che Fleents when thai of the Fluxions is — 

X y 

: Which appears to be the only Cafe, of the given 

Equation^ where this Method is of Ufe^ 

U Again 



JO ^he Refolutiou ' 

• * It • 
hyifty let the Equation — + j- =: • — be pfO- 

poiccL 

Here, multiplying ^ y (where the ExponcAts 
arc the fame as the CoeiBcieiits of ~ and y J we get 

f/ ^xXy"^ +A^X ry'*~'j — "Zi^i ^^^^ ^® 



• former P^in of ihe Equation is known to exprefs the 

'S* FluxioD dix y *• Tfaereforcywhen ir=r, the Rehtion 
of die Fluents may be found, and will be exp'refled by 

^p r T^:^ — ; Whlch, if iio CorredUon by a 
conflaat Quantity be nece£ary, may be reduced to 



t ^ ^ 

9 = 



The fame Method may alfo be extended to Fluxions 
of the higher Orders : Let x — xk^'^z.f^^ (which Equa- 
tion occurs hereafter, in the Refolution of a Problem 
of fume Difficulty.) Then, multiplying by it be- 
comes XX — xxi'^—fz^x ; where, x, being conftant, each 
Term admits, now, of a peifed Fluent, and we therefore 



liave — -^ss/r** : From whence, fuppoHng no 

X 

CorreAton neceflary, » = " y ^ ■ =, and»=%. 

Log.f'\'X^\/%fx'\-x^ (ly Art. 126.) 

263. It may happen that the Solution of an Equation 
'will become more iafy by jirjl taking the Fluxion thereof ^ 
vAerif by that mtans^ }mm if the Term/eftrey each other. 

The foUowing b an Inftance of it ( wlucfa» alfi>^ occurs 
hcraftcr) Let ;^ + ^2SfZf =s ;r : Wliofe Flux- 

ion> 
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ions, inaking i conftanti is j — 
■ "-: Which, by realbn of the Terms dcftroymg 
one anotheri is fcduced toi^^SlZl : Therefore* 

by expunging j^, ^V. we getj);f~* =jf X — xi *, and 

confequently 2jpl= — iX <i — A-^-Jome conjiant^an" 
* 

264* Anoilier Method^ applicable to Equations., of the 
fir/l Order of Fiuxiom^ wheriin 9idy one of the two va* 
r table ^antities (x or y) enten^ u% to fubftitute for the 
Ratio of the two Fluxions (x andy ) : From whence the 
Value of that Quantity will he had^ immediately^ in Terms 
of the faid ajffitmed Ratio : And thtn^ by taking its Fluxion^ 
that of the other Quantity ( and from thence the ^uemtity 
itfelf) will become known. 

Thus, let ^7 vy myX i v+ vy * (being the Equation of 
the Curve that generates the Solid of the /eajl Re^ 
fiflame^ when the Bulk and greateft Diameter are given.) 

.TheOj by putting*-? and fubAituting above, we 

y 



get a^*:=yX =XX* X v'+iV $ and con- 

en/ aif—''*^av^*if 
far>«»«'y t = ThcKforei = i 

av^ — 

and confequently x {pzvj) = — ^ — : Whofe 

Fluent may be found, from Art. 84. or, otherwllc, 
thus : Put * = -y' + i > ^hen w"^ — 1, and tt'^V = 
vvi by Ribliituting which Values there arilcs x 

■ ■^ — — 2aivw > and 

U 2 there- 
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Kwc = - w* 'aw*"" 2w* 

~4 ~* . 

_ 2aXv'+ 1— 2a _ £2!^: ^ : which, cofwaed 

(by dkingjrtorvaso) hecoiii«Jp= — . — — x, "" a* 

From this EquadoiJ, by completiag the Sqiiue» «r. 
V may be found in Terms of * ; whence the concfpond- 

ing Value of y (= ) wiUalfo be known. 

165. n« fimib JiAihU^ whidi chiety obtains when 
one of the indetermuiite Qucmtitks and its Flaxioii» 
arife but to a fingle Dimenfion each, may he tbtts : 

Let the Fabu ^ that ^antky^ which is Uaji hwhfd^ 
he firjl fought, fnm ihi faUkus Efimtim mrtjing by neg- 
Unin^ all tbi Term In ili given Equa^w^ where Misther 
that ^antityy nor its FluxtM, are fiwid: Thm^ t9 th^ 
Value^ let fome Power, or Powers^ of the oiher ^OM" 
fity, with unkno-cvn Coefficients, be added (according t9 
the Dimenfions of the Terms negluhd) and let the Sum 
he fubftituted in the given Equation, as the trui Value of 
the firjl meniioneJ ^ant 'uy : By which means a new 
Equation will refult ; from whew the ajjumed Qotj^iunii 
may, fometimes, be determined. 

Ex, Let the given Equation hecx'^x-^-yxz^^aj. 

By neglecting cx*x^ or feigninig y^f = aj^ we get 

-j-ss yt and confequently =;hyp.Log./— hyp. 

y 

• Art. 11^. LQg^ i ♦ = hyp. Log. -T- ; d being any conftant Quan- 
tity, which the Nature of the Problem may require* 
Hence = the Number whofe hyperbolical Logarithm 

is ^ : WhichNumber, if ilfbe put for (2,71828^^.) 

$ the 
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dw 'Number whofe hyp. Log« is Unitft will be ex* 

ar 

preilbd by J^" (fiace it is evident that the hyp. Log. 

X X \ y 

liereof is ~ X Log. ilf = J : Therefore -jr ss 

i^'' zni ys:,dxM " . Now, to the Value thus 
founds let there Jbe added Aa;^+BH*C» in order to get 

the true Value; and then, y being =s2Ax»4-B^4> 
X 79' *t we ftall, by fuhfkittttiAg in theg^ven Eqoa-^Ait. 14* 

+ Bffir + ifc-M* , and confequently t + A X + 

B— 2A«XA-i+0— iiflX jir=o. Whence A = — f *, • Ait. . 
B= — 20rt Css — atfii^i and confequently ys: ^ rX 

x--\'2ax+2aa + ^yl^** • By ilie very fame Way, the 
Value of y, in the Equation ex" s^^yisu^tf will come 

out =: — f X i.«V'^*+«. II— 1. 

266. But, what is a little remarkable, in thefe £qua- 

M 

tions, thztihc Exptnential dlU'^ tho* a Tariabfe 
Quantity, fliould only ferve, as it were, to correft the 
' Fluent, or perform the Office of a coiiftant Quantity. 
What 1 here mean will plainly appear, if it be cont 

(iderecl, that the liquation y = — ^ X + lax + 2aa, 
tht bid Exponential is wanting, anfwers all the 
Concfitaons of the fluxional Equation firft propoCed i 
whichs upon Trial* will be found i and muA needs^be 

U a ' ' the. 



V 
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the Cafe, feeiag d may be» eithef, taken Not! log at 
all, or any Quantity at Pleafure. 

But the Equation — cXx' 2ax la"^ (when 

X 

dM"^ is wanting) cannot be corre£^ed, mtheufual Way, 
fo as to give jf=o, when jf=o i fincc^ if any other con- 
ttant Quantity* befides — 2a*c be introduced, the firft 
Conditions will not be anfwer'd : The U>nre£tion n^uif, 

therefore, be by the Exponential i and is thus. 
• _ 

Sincey = — cx^-^teax — 2r<i*+</Af* , if y be 
taken =:r b and 4r = o, then — ^ca^-^-dM^z^o^ or dzs: 
7fa* ; and ib the Equation, truly corrcilcd, 'i^y:=.—<:X 



267. We come now to the Uft Method; namely, 
that of Infinite Scricfes ; which, tho' lels accurate, is 
vaftly more compreherdRve, than any yet explained : 
The Manner of it is thus : 

For the ^ntity whofe Value ypu would fold, let am 
Infinite Series^ conJijUn^ of the Powers of the other .^mrf 
iity with unknown Coefficients^ be affumed ; which Series^ 
together With its Fluxion, or FIuMons^ mufi he fuhjU- 
tilted inftead of their Efuals in the given Equation 5 
whence a new Equation win arife, from Whtch^ by com- 
paring the homologous Terms^ the affumed Coefficients^ and 
confequently the Value fought, will be determined. 

m 

Thus, let the Equation-^— =j (reducible to x— 

>— A y— o) be propofcd j to find x in Terms ofy! 
Then, ailuming ^=Ay+B/+Cy^+Dy*+Ey5 ^c. 
llr^ul '^=^>+^^^vy+3CjV+4Dy!y+5EyV+ ^c. 
Which Values being lublUtuted in ;t—jl—;^)f=:o,jwc get 
Ay+2Byy+sCy\y+^Dy^j+ ^c,7 

There- 
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Therefore A — isso, or A^i % 2B — ^A=o^ or B= 

A I B 1 _ 

1 =1:* 3C-B=o, orC = -=: — ; ^D—C 

= 0, or D = — = (sTr. 

4 a- 3-4 

And confequently x ( + B/ + + 

y» y* 

a ^ 2.3 ^ 2.3.4^ 2-3.4.5 

Again, let k be required to find the Value of in 
the Equation ex*x -^ry^ = or — jr;r — raf*x= o. 
Here, affuming = A;r4-B;r*+ Cjr3+Djc*+E;r5+Fi<^ 

^c. and proceeding as before, we fliall have 

O — Aa^a— B^V— C;r3;^— Dx^k-^^cA " 

O O — tA'jc i ^ 

Whence A = o i 2<iB = A = o j 3<iC3=B+f=f, or 

C = ^ ; 4tfD=C= ^, or D = — i 5i2E=D 

r € 
^ or E = ^^^^3 and confequcntiy > 

{Ajr+Bjf»+C*» + esTf.) = [. — ^ + 



268. It appears from this Example, that the Quantity 
to be found, will notalwayj require all the Terms of the 
'Series Ax + B^* + C;^^ 4sff. And it may happen, in 
inumerable Cafes, that the Series to be aiTumed will de* 
mand a very different Law from that where the Exponents 
proceed according to the Terms of an arithmetical Pro- 
greifion having Unity for the common Difference. Aod» 
indeed, the greatefl Difficulty we have here to en- 
counter, is, to know what Kind of Series, with regard 
to its Exponents, ought to be aiTumed, fo as to anmer 
the Conditions of the Equation, without introducing 
Qiore Terms dian are aAually neceflaiy. 

U 4 ' For 



The folloviiig Rules will be found very \i(efui upon ' 
this Occafion : Which, though they may become ioi'^ 
prafiicaUe in certain pwticuUr Cafa» mv& take m my 
iuperflttous Terms. 

I*. Having ( if necejffhry ) freed your Equation from 
FraSftms and Surds ^ let the ^yantityy wbofe Value is 
fiught^ hi fuff^fid i^utlU fmiP$uwr 9f tin ether ^ym' 
thy with am uitimwm Exf^mnt {n^ % and Ut thai Pmer^ 
tegethir with its Flwdms^ $r Piuxipm^ be fubftiMed for 
tSeir (fuppofed) Equals in th§ given EquatMu 

2^ Lit thi leaft EMponmts of thi mtriahie^ or mA- 
ternunate^ ^nantity, in Ai new Epurtim, Aenu mfmg^ 
he put equal to ecch other : IVhtnce the Fafm efthe : 
known Exponent n will be found. 

3°. Subjlitute the luilue of fo founds in all the Ex'^ 
ponents where n is concerned ; and then take the Dif" 
ference between one of the equal ones, abwe )neniiorCdy 
and every other Exponent^ of the variable ^uaniity^ in 
the who!e Equatiov. 

4®. To thefe Differences^ vjritc down all the leafi Num-* 
hers that can be compofed out of theniy by continual Addi' 
tion, either to themfelves^ or to one another \ till you have^ 
by that means, got^ in the whole^ as many different TermSf 
4ts you would have the required Series continsud to, 

5°. Lajllyy lit each of thofe Terms be inereafed by tht 
Valm of n (found by Rule 2.) and yon will then have th$ 
Expenents §f the Series to be ajfnmed. 

E X A M P L E X 

a6g. Let the t^atne of in the E^atim a'i* + 

— <i*«*s:c, be required. 

Firft, by writing for x, and nz'"^''z for a-, the 
Indices of z will be in — 2, 2n, and o (which are deter- 
mined by InfpctSlion, without regarding the Coefficients) 
whereof the two Icaft {in — 2 and o) being put equal 
to each other, we here find ;7=i : Therefore, the Ex- 
ponents being o, 2, o, the Difterences (according to 
Ruin are a'fo c, 2 i from whence, by adding 2 con-f 
Uaw^iyt we g^t 2, 4^ 6, S Isfc. which (being each 
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incmM by the Value of n} give i, 3, S, 7, 9 Ut€. fiar 
the Exponents in this Cafe.' 

Let, therefore, xsiAz+B%^+C%'+Dz' + e^V. 
Then, putting im^i, in order to facilitate the Operation, 
we fhall have x = A + 3Bz» + sCz* + yDz** + ^V. 
which tm> Values being fqoared, and foh^tutcd ia the 
g^ven Equation, it will become 
4i*A»+6«»ABte»+io«*AC»*+i4«*AI>8<+ tifc.'y 

♦ 4pA*«* +aAB»* + ^ 

Whence, d^A*=za\ and therefore A=?i i 6fl*B=— 
A, andAcreforeB=— ^ = — j;^> xou^AC 

^*B» — 2AB ss:— B X 9<i*B + aA = —B X 
B 



^ B I 

+ — therefore C=5 

^iii^i' HAI> = -3o«^X-^X-j^- 

1 I r_ r ^ 

*X lao? 36tf* 6cw* 36^+ 

1 ^ I 



and theiefore D = 



— and, confequcntly, ^ = + 



as z7 



_ — 

EXAMPLE II. 

27 Q. ghm Equathn he a*9^— %a*ki + axk'*' • 

-|- O J /tf jJw^jr, 

Here, fubftituting for jr, the Exponents will be 

I, If— .1, I, aqda-fii wjiere, making »-'i=^^»» 

we 



Tie RefolutioH 



♦I 



we get n'=.%: Whence, the DiiFcrenccs being c, 2, the 
Series to be alTumed for y will be Ajt* + ^•*'*"f- ^^^-f- 
D;ir* + Ejs"**^ + ^c. From which, making 1, we 
luvei=2Axf 4Bjr3 +6C;r5 +8Da-7 (sT^. and 

And, tbcic V aluer being fublUtuteil, the Equation be- 
comes 

2A*A* + T 2^* Br ^ 4" 3 05*C.v ^ -f-5 6^2 * D;^^ ^ -f 1 
+2A;r^ +12B** +3oC;f' + iSc.J 

2a* 4fl* ""4* 



Therefore A = — B — — — » 



12B I _ 30C I 

ar* 

and fo jf = — TIT + ttt — in + 



Which Series is known to exprcfs the Fluent of %t 

^? ^^^^ 

or, I X hyp. Log. ^ : Confequently y is alfo 

^*+^* 

{tfXhyp. Log. ' ' - ' « In this manner, it comes to 

pa($, thaty though we are obligee), in very complicated 
Cafes, to have recourfe to Infinite Seriefes, we are 
fdknetim^ able, at laft, to, give the Solution in finite 
TeimSft or, at leaft, by help of Logarithms, Sines and 
Tangents : Which will always happen when the Series 
can be fummed, or is found to agree with that arifmg 
from fome known Quantity. 

271* Sometimes it happens, in Equations involving 
the higher Orders of Fluxions, that the Exponents, 
mention'd in RuU 2. whereof the leaft ought to be 
made equal to each other, are fo exprcffed, as to render 
fuch an Equality impolliblc . When this is the Cafe, 
the Value of », and the firft Term of the required Se- 
ries can only be determineJ from the Nature of the 
Problem to which the Equation belongs. Wc know, 

in* 



» 
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indeed, from the Equation itfclf* that // mud be either 
equal to Nothing, or to fomu pontivc Integer, lefs than 
that cxprelling tiie Order oi the higheft Fluxion in the 
Equation : Becaufc the Term that has the Icaft Ex- 
ponent, and which therefore cannot be compared with 
any other (being always affe^ed by two or more of the 
Fa£lors » — 1« »— 2, (Jfr*) will then (one of tho(e 
Fa£lors being =o) vaniih intirely out of tbe Equatioii i 
which, thereby, is render^ poffiUe. 

When n and A are known, the reft of the Tecoie 
will be found in the common Way» as in 

E X A M P L E nr. 

■ 

Wbirt the Eptatiw frofofid is yx^ axy^a*j^Oi 

to findy* 

By fuppofing and writing for jr, iwr*^* for 

and n X n—i X**^* fbr>', we get 

»X n — 1 Xa^x*^ ; But it is plain that no two of the 
Indices of x can^ bertf be equal : The Value of n muft 
therefore be either =o, or Unity (in both which Cafes 



the Term — »X n — i Xa*x vanilhes) but I (hall 

take the latter Value, and fuppofe the iirft Term of Che 

Series to be A;ir ; then, the Differences of the forefaid 

£x(k>nents being i and 2, the Law of the Series will ()e 

expreflbd by i, 2, 3, 4 Whence, affiinringj^s 

A^+B**+^''^*+^** proceeding as in the 

fgrmer Examples, y mhII be found =: A int§ x 4* 

^* 

— + — r + iTT + + 7:zrs. or =sA jr4« 

2a a.y* 2.3.4^2^ 2.3.4.5a^ 2.3.4-5-^^^ 

i^c. where the Law of Continuation is manifeft, the 
Coefficient of every Numerator being compofed by the 
Addition of the two preceding ones. 

2/2* It 
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172. It will he proper toobferve here, (hat, m Equa- 
tions like the two )a(l propofcd, where the higher Or- 
ders of Fluxions are concerned, the Scries exprcffing 
the Relation ot the two Quantities muft always be fbumi 
joTeimsof the Quantity fiaw'mg uniform)^. And, 
that, if che Number of Dimenfions of the I* luxton of 
the faid Quantity, after Subftitution, be opt the fame in 
every Term, the Equation itfclf, put down to be rc- 
iblved, is abfurd and impoffible, and Aich as never can 
anfe ia the Solvtioii df imjr Problem. In all (proper 
Equations die Number of fluxioml Points (fappofing 
the Powers of the Fluxions to be wrote without Indices) 
will be the fame in every Terni. 

EXAMPLE nr. 

273. Where let the given Equation he a^y. — iiy^x^x^jy 

' :^x^x t$ jmdyn 

By proceeding as ufual the Indices will here be it^i , 
aw, 2«+ 1 and 3 ; whereof the leaft (which can be na 

other than n — i and 3) bcinj?: compared, n will be given 
=4: /iiiJ die Differences Wili therefore be 0,5, 6 j to 
which the Double of the Second and the Sum of the 
f< cond and third, l^c, being put down, and then every 
Term increafed by 4, there arifes 4, 9, 10, 14, 15, 16, 
Csff. for the Exponents of the Series to be afTumed for y. 

Let ihereiore jv— A.v++Ba"^-("^^'''4"^'*''* then, 
making ir=;i, > is =: aA*^ + 9B*^-|-loCy»+ l^x^* 

And, by fubftituting thefe Values above, we have 
4e»A*3+g<7'B;r»4.io*3C;^9-j.,4^3i>xi3-j. Z 

— *3 --«A*jp» +4A**» — 3UiABjr«5 + ^c. i"" ^ 
Whence A = B = — , ^c, 

^ ""Ifjor y, tbi Siries A r+4.B;e?+C*<'+DA' (jfr. *wbo/e Ex- 

portents are in artthmctual t^t cgrej/iofiy had hcen nJfumeJ, ac- 
cording to the hUthod of Jome <very g^od Authors^ ti'j left than' 
fcvcn luperfiwius Terms muf have been introduced .tos> ohtam the 
four abo\e gii;en, 

27V 
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274. Before I quit this Subject it may ttoC be imtt 
tO'fid)join the following Remarks. 

1^. If the indetenninate Quantities are great in re* 
^e£l to t>» given ones, a defcending Serioi wiU» in moft 
Uafes (whm it ii pnaicsble) converge better than an 
afcendinc nne. To obtain fuch a Sertci» comiMre the 
gjveaCeft Exponents^ mentbnM in RmU 2. intead of die 
loft, and proceed according to the third and fourth 
JUiles *, whence a Series of Numbers will be found ; • Art. 
vbieh, being fucoeffively fubtiaded from the Value of 
you will have the Exponents of a defcending Series. 

Thus, let the common- algebraic Equation a^x-\'ax^ 
—a'^y — y^=zo be propounded i to find ^, when x is great 
in comparifon of <7. 

Then, proceeding as ufuaU the Exponents of the 
four Terms of the Equation will he i , 4^ j whereof 
the two grcatcii (4^ and 3) being made equal, we get 
n=:J ; therefore the Differences arc o, 2 and 2 ' ; and 
the Numbers to be Aibftraded from n, are o, 2, 4, 
V« Conleqoeody the Series to be affiimed for jr is 

A;r * +8* * + Ck^+Df^ + i^c. From whence 

9 »0 * 7 

y will be found = a^x^Ar — — — — ^V, 

■'^ •fill 

^^ But^ if the Quantity (x) ki whole Terms the 
other is to be exprefled^ be neither much greater nor 
much fmailer than the given Quantity (a), it wiil be 
proper to fubftttute for the Excds, or Defed, of the 
iaid Quantity (x) above, or below, fooie given Qii ii- 
tity ; (o that, having, by thi^r nit^ans, cxtcrmiriattj 
the Series arifmg from tbc new iiin .itiori (wht-rt!!! the 
faid Excefs, or DctL-ct, is the ct.nver^iiig ^U4utity} 
,will have a due Rate af Convergeixy. 

The Ufe of this fo obvious that it nced» no ^«in)ple» 
or farther Explanation. 

3**. Laftly, it will be proper to obfcrve, thut, if the 
liquation for the Value A, ariiing from the firit Co- 

.iumaof hoaiologous l eraw, admiu ot two or more, 

equal 
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equal Roots (which is a Cafe that may, perhaps, never 
happen in Pra£^ice) all the foregoinor Precepts will bein- 
fu^ctent ; unlefs the Equation alio admits of fome other 
Rooty befides the equal ones, whereby A may be more 
commodioufly exprefied. To determine the Exponentt^ 
in that particular Cafe, divide each of the Differences 
meation*d in RuU^, by the Number of the equal 
Roots} and then proceed as ufual. The Reafons of 
which, as well as of the Rules themfelves, I have long 
ago given clfewhercy and have not Room Co fepeat 
them here« . 

Scholium. 

275. Although the Bufincfi of reverting SerieTes is 
not a Branch of the Dodrine of Fluxions, but» more 
properly, belongs to common Algehrai yet, as it is 
often ufeful where Fluxions are concerned, and falls 
under the general Rules illuftrated in the foregoing 
Pages, I fhall here add an Example or two on that 
Head. 

Let, then, ax'\-hx'^-\-cx'^'\-dx'^'\'ex^ l^c. z=y ; to re- 
vert the Series, or, to find in an Infinite beries ex- 
prefied in the Powers of j^. 

Here, by writing Z' iotx^ the Indices of the Powers 
of yf in the Equation, will be 2ff, 311, and i ; 
therefore and the Difierences are o» 1,2^ 3, 4, 5, 
and fo the Series to be aflimied, in thi; Qife, Is 
Ay+By*+Cy^+Dy* C^^. Which being involved andlcib- 
ftttuted hr the refpedive Powers of ;r (neglecting, every 
where, all fuch Powers of x and y as exceed the higheft 
you would have the Series carry 'd to) there arifes 

* +lfAy+2iABy'+2bACy^ 

* * * +iA^+ 

Whence, 
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. Whence, by comparing tbe homologous Terms* A = 

i; B = -^Ti C (= = 

7^ -7 ^ 

y hj* 2bb — a c 
^c. and confequently = •7 — — + --^^ — X J^' 

For an Inibnce of the Uie of this Condufioni let 

4f* jp* jf* 

— |. — — — i^c. =zy: Then, a being, in this 
^ 3 ^ 

Cafe,=i, ^ = — 1, tf = if ^ = — wefhaU, 
by fubftituting thde Values, have =>' + ^ "6 

^ ^c. From whence, when y is given, jp will aUb be 

given; provided the Value of jp be fttflicicntlj finall •Art. gfc 

Example 2. Let there be given <2A-+^;'+rA'^+^/^>+' 

find y. 

By affuming^=:Ajf+B**+0»+D**^^- *nd pro- . 

a 

ceeding as above, A will be found =: — -j-^ B = — 

r+^A+£A* ^2^AB+/fM+^A*+iA3 

J >^ ^ »*^— • 

dC + 2MC + f ^B+2/> AB+ 3/ A"B+^+/A ^ 
^ . 

ExampU 



The kefohitioft 

Example 3. LaUy, let + ifx"^^ + Cis"^ + *^ 4. 

Here* in order to deterAiine the Form of the Serits 

to be aflumed, let %^ be wrote for * in the given Equa- 
tion, according tn the ufual Method i and tlicn the Ex- 
ponents, fuppufing z tranfpofed, will be I, nm^ rm -)-» 
npy mn^inpy «m+3«/>, i^<:. refpedlively j whereof the 
two leaii (1 and rm) being made equal to ^ch other^ 

I p 

n 13 found ss i and the Differences are — 

~ » Csft. Whence the Scries to be aflumed (or x h 

+ B«» 4. Cz " + Dz~ + ^c, (for it is evi- 
dent, by Infpcaion, that the Coefficient (A) of the 
firfl Terni mult here be an Unit.) This Series being 
therefore raifed to the feveral Powers of in the given 
Equation, by Art. 108. and the Coefficients of the lio« 
molqi^aitt Tecau in the new Equation compared together, 

it wUl be 6>und that, Bss^— , c=i±^i^it:22f 

■t U ■ ■■■■ 

^ ^ 

merable Theorems, for reverting particular Forms of 
Scrieio, may be deduced. 

Thus, \fx^hx- + cx^^dx^, tSe. =25 then {m 
being = 1 an d » = i) ;r is = s---^^-f aiiiwX:^-^ 



And 
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Aiui» if + £3C^ + dx''-\- ^c, =: s ; (m being 



Alib» if + + fJT^ (s Tr, =g ; then 

{m being = f and ^=1) a-isk*— 2^»*+7^^ — 2<:X2i*— 

276. It may be obferved that, in all thele Forms of 
Scfbfes* the firft Term is without a Coefficient (which 
jiendm the Conclufion much more firople.) There* 
fysCf when the Series to be reverted has a Co-efficient 
in its firft Term> the whole Equation muft be firft of 
all divided thereby : Thus, if the Equation was 
6** + 8*' — 13** i by dividing the whole 

by 3 it will become a'^4p*+ — r" =: ly : 

Where^ ^tting zzs^y^ we have, hy Form. i. x:szie{" 

^tf. = — + — + 



SECTION III. 

the Comparifon of Fluents, or the Manncf 
of jifuUng one Fluent from artotber. 

277. "\X7'E h*ve, already, pointed out the mofl 
y/y remarkable Forms of Fluxions w hofc 
Fhients are explicabfe in finite Terms and airo*^^^^^ 
ihewn the Ufe of Infinite Seriefcs in approximaiing the 7S. 83 84. 
Values of fuch Fluents as do not come under any of*"***5- 
thufc P orms;}.: But this laft Method (as is before j Art. 99. 
hinted) being troublefonne, and attended with many 
Obilacles ; Mathemaucians have therefore invented, 
and (hewn% the Way of deriving one Fluent from 
another : Which is pf good Advanuge when the Fluent 

X • . fov»i^Ut 



3o6 0/ the Compart/on 

fought can be referred to one, like thofe in Jrt. I26« 
and 142. exprefHng the Logarithm of a Number, or the 
Arch of a Circle \ fmce the Trouble of an infinite 
Series is, then, avoided. 

As the Subjedi here propofed k of fuch a Nature^ 
that it would be very tedious and difficult, if not 
altogether impra£fcicable» to lay down Rules and Pre* 
cepts. for all the various Cafes ; I (ball deliver^ what I 
have to offer thereon, by way of Prohkm \ beginning 
with fome very eafy ones, for the Saice of the jfQung 
Projicimt* 

PRO a L 



278. The Fluent ef — ~ ■ heing given (by Art » 1 26.) 
*ti5 propofed to Jind^ from ibince^ the Fluent of . ^ \ . 
Let both the Numerator and Denominajtor 



^p===ry be mukiply'd by fo that the Q^^tity 

x^x 

without the Vinculum, in the Fluxion, ■ — » 

thus transformed, may become fome conftant Part of the 
Fluxion of the higheft Term under the Vinculum : 
Which Part, in this Cafe, being let J of the Fluxion 
. of the firfl: Term under the Vinculum (or ^ a^xx) be 
therdore aJJ^d to the Numerator, in order to have the 

TFhoky " ^ =r=^> a complete Fluxion i and then the 

• Art, 77. Fluent thereof, by the common Rule *, will be 

\/ = f \/ : But, from thisy we are 

now to dedu<^i the Fluent of the Quantity — -- - 

■ > , J that was added : Which Fluent, aa 

thai 
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Ib^f of -7^= is given = Ijp. L9g. »+ •/Alt. ii€« 

«itt be =: Xi^!^. £#^. >c+\/<F+^; and con* 

fequently the Fluent fought =: f * \/ ^^4-*^ — J ' X 

PROB. n. 

279. Let it be propofed to find the Fluent of 



*. 

Jhm tbat0f , s gtvm hj Art. 142. 

By proceedbg as above^ and adding ~ i a*xx to 

the Nuiherator> we have . thereof 

v/ — J>f* 

the Fluent, by the common RnU^ la — | ^a*x*^ — jf* 

(=— jjrv/<j* — X*) : From which deducing the 

Fluent of ^ — 7»=^=sr, or — ^ =. (aivcn 

== — 1 41* X Arc (i^ whofe Radius is Unity and Sine 

=s ^ • J there comes out \a'^ A — \x \^a^ — . • Att. 14a. 

280. In the fame Alanner, if the Power without 
the Vincufum, in the Exprefliop whofc Fluent is (oi;p;hr, 
exceeds that in the other Expreflion given, by the Lx- 
ponent under the Vinculum, or by any MultipU of it, 
the required Fluent may be determined, by one, or by 
ieverai Operations, according to the Value of the faid 
MiJtiple. 

x^x 

Thus, if the Fluent of • -^- :==: was fought ; then, 

becaulc the Index of without the Vimulum^ exceeds 

X % that 
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o8 Of the Comparifon 

St 

that in y = by twice the Expoooit ufider the 

Vinculum^ the required Fluent may be had from that of 
—;===•, at two Operations i by the firft whereof^ 



we have already found the Fluent of — ■ ■tobcas 

J — } X y/a* — : Whence, putting this Value 

"SuB^ and proceeding as before, we alfo get — i\/ d^x^^^ 



Fluent of 



PROB. in. 

aSw Suppofmg thi Fluent of a-^^cz*^ Xa^'"*'« W 



given zsJ^ t9 find the FbmU of^cs!^ X«'"**~*'« 

zz,B [where the Eypmeni of without the Vincuium 
is increajtd by the Exponent under the Vinculum.) 

Let the Part aifeded by the Vinculum be multiply!d 

by a**', and the Part without be divided by the fame 
Quantity ; then our Fluxion will be transformed to 

^5,f +,2"+/ X2^"**"*^'«=i? ; Where lety be, now, 
fo taken that the Exponent (^+^) of the higheft Power 
of 2 under the Vinculum may be eaual to — rnq) 

that of the Power without die Vinculum + < » that 
pn 

is^ let q =5 -rrr i Then (^;f ^r/. 77, if the firft Term 

under 



. .d by 



^ Fluenu. 

vndei the l^imubm was confiaot, the Fluent of the 



£u4 Expreffion, or its Equal I «f 

would be had = - - , - ■ • But the 

Fluxioa hereof, fuppofing both Terms to be variable 
(as dicy aaually are) is az^ + rti^^^^^Xa"*^ » + 

a-iy X tfa?"T7»^"'xJt''~'» (by the common 
n+fXf 

Rule.) TJ«e«« 2iL±-£2 =£- X 

1 X«+f X 



1^"+"^^ X a'^'* =iSf that is. 



w-f-i X X c X f 

+ K == a 5 or, by fubftituting for ^, 

Xa'^ pa 



— X F/i/. +f» X 
= B: But the jp/zr, Hh^'"xa^"""'« is 



given = therefore, laftly, ^-tS 



Xs^ 



28 2. Jf the Quantity uaJer the Vinculum be a Mul- 
tinomial, + + fz^" Then, ftncc 
the Fluxion of a+c%* + i2;»«+«;^« ^J* X^f" is 



X3 



3 lo Of the Comparijon 

Xa+c7iP -i^az'^" ^c] , it is evident, that, if the 



|lucDt8 of «^'», a^+*!^«« e^r. drawn 

}nto the general MuUipliqitpr tf+^x^-^^a^' ^^.] , be 
denoted by B, C, D, C^Tr. the Fluent of the 

, Whole-Quantity exhibited above ( which Fluent ia 

^ -~^m^i S 

+ ^i." + ^2*' + ^z^' ^r .) X 2.'^''; will alfo be ex- 
pr(>fred by pnaJ+p -f i XncB+p+2m+2XndC+ 

/>+3'"f 3 Therefore, if there be given 

as many of the Fluents By C, D ^c. as there 

Terms in + -f-^a^* (jfr, miW one, that 

other Fluent, be it which it will, will alfo be given fiom 
hence. Thus, if d^o^ ^=o, ^c. and the Value of 

— — vi»r+ 1 

4 bcgivQn, we fljall have \ X z^''=:pnaj£^ 

p-jr-m+iXnc^ j and confcquently 5= . 

paA 

PR OB. IV. 



^83. Th€ muini 9f a^€%'^ X vf^^i Imig given (as 

in the preceding Pr^bUm) to determine^ from tbme^ 

ihi Fhmt of 'a^~ cj^x . fuppofmi V. 

daiiu a whole poJit,vc JN umber* ■ 

Let 
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Let «+^"*' be denoted by ilfs «Wi>P«tH-»= 

^ 1/1 

pirfn,tedbyif,B,C,/>, 4sf.. reipeaively. Then, fmcc 
Mx^* . ^ P'A^ ^ (by the pmiding 

PrXj it foUowi, from the very fmt Aro.umau, that 
• f - / _ 

- I "■ 

W+p+lXw «+/>+« X« 

He»ccr'y writing th? Value of S m the feamd Equa- 

M7f\ P''^^'^ 

^oD, wc have , — 

_L. ■ In the fiwicManner, 

fuS^iJ fivi foj C io the 3d Equation, we get 

X4 



Of the Comparijln 



===— =z= — ssD. 



IVhere the Law of Omtinuation is manifeft ; and from 
whence it appears that the Value of any of the Quan- 
tities £. tsfc. OS the Fluent expreiTed in a ge« 

neral Manner, will be ^""^ 



(v) ± J'><~[>' pT^y^^^ X a' A . 

m+/>-riX/;2+/>+2X/w+j^+3 (v) Xc"" * ' 

' : X*'*'^- i + ■ ^ 



i.j— aX^J / r + i /+2 

Hj , J V — : Whcfc, -^=: Fluent of tf+rz*^* 

Xz^^^z, q-zzp-^v — I, J=^+w, t:=zp~\-m-\-x ; and 
where the S gn of the laft Term (in which A is 
found) muft be taken + o*" — according as t; is an 
even or odd Number: Note, alfo, that the Parenthefis 
(v) is put to exprefs the Number of Terms, or Factors, 
to which the Ssiies, or ProdutSt, prfceding it, is to be 
continued. The like Nota^on is to be underftood in 
other paies of the fame Kmd, when they hereafter 
occur. 



of Fluents. 

Tbi fam itiminji* 

oW+I 

284, Let qz=p + v — I, anJ let a-^-c^*^ X 

JU^'+Sz^'-^+T^^"^^ + A z^ + eA, be 

aflumed for the Fluent fought: Then, by taking the 

Fluxion thereof, you will have m+i%ncz*''^z, x a +i 
Xiggf"+fe?*-^ + A«^+H^"^' X 

+ o+dF^X which muft be = 
propofed ; Whence^ dividing the whole Equation by 

,1 .m 

X » g, and trapfpo fingt there comes out 

IVhich, reduced, and the homologous Terms united, 

becomes 

m+ q^iX ncT\ y^^^P^ -{-pnaAl y^pn^ 

J^qn^nXaS^ +^ J 

=:o: Where, by making + ^ + ' XwiJ— 1 = 0, 

XncS-^-qnaRzuOy ^c. we have R=, *z ^= — , 
^^"^ "^T^^^ ^ (putting 



of tke Cam^aripii 

^ I qaR ^ qa 



Where, becaufe the Exponent of the firft Term of the 
Equation is {pn-{-vn — n) and that of the laft Term 
(in which A and i? are concerned) it foHowil that 
the Number of Coefficients to be taken as above ( where** 

of A is the laflj is exprei&d by vi From which \aSt'^ 
the Value of ^ is givcu s —pna^* 

But, from the Law of the faid Coefficients, ^9 ^» 
.... A, it appears that the Value of A (whofe Place 
from the Beginning is JenoteJ by u) will be = 



0 



gL>Z±£r3jJ^ ^+' _. x l--: And ifaeteferep 



1,1.x— I • •••• ^ + « + l 

c" t.t+t.t+2.i+3(v) ^ 

as before.) Now, if the feveral Values of 

S, T, and p, thus found, be fubftttuted in 

the afTumed Expreflion, you will have the very raq^c 
Coaciiiiion as in the preceding Article. 



Corollary L 



,«+s 



28 5 . Since q is zrzp+v^iy the fluent a+oi' X 
^Ts^?'-" 77. , given above, may 

be exprefied by iVX Rz^""' + Sz'"'^^" + rz'^^'^' 

(V) +0Ji where N = a+cz^ x4\ ^ =^ 
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t>f Fluents. 



p+v— . ^jj^^ ^j^^ Coefficient (IS) of the 



given Fluent (ifj will always be exprcfled by the lad of 
the Quantities J^, 5, jT. , . A, multiply'd yn^—fnat 
This is evident, becaufe it is found that — pnaJS^ 
And the fame tiling will alfo appear from the fcveral par- 
ticular Cafes {in Art, 283.) for the Values of C and 
P: hi eadi of which the Qoe£ctent of ^he laft Term 
(where J b coocern'd) is to that of the Term imme* 
•diately^ preceding it> in the conftant Ratio of pa to 

or of fna to Unity. 

Co&OLLARY II« 

286. If the Value of r be negative, the general Fluent 
(U Art, 283.) when 11-4-^' =0 (provided m-j-if »,and 

P P+i 

p )ie pofitive) will become barely == ± ^ ^ TZfT^ ^ 
^'-JL-(v) X — i becaufe> in this Circumdance, all 



«4.i 



the Terms multiply 'd by a+T? intircly vanifll* 
if, therefore, S be wrote for — € (to render the £x- 

predion niore commodious j we ihall have -j X ^qpj 
X ttl {v) X tJ for the trap Fluent of a^i^i." X 

t+2 ' * 

i^^ g^crated while bz", from Nothing, be- 

comes = If : Where denotes the Fluent of a — kz' ' 
X»f*~'«, generated in the fame timci and where 



Of the Comparifon 

/=/»-[- m + 1. Hence it follows that the Fluent of 
(wher e J^g^xc any given Quantities) will be =:A>C 

foremenuon'd Circumftance. 

PROB. V» 
tSy. Tbi Fluent (A) of 7+7F"x z^*"'* ^i- 

— ^m+r 

/<? ^ the mum of a+ rz" X z.^ "^'^^i yi^j^- 
^^A'',^' r ^^«<7/^ ^ w/j^/«r fofitive Number. 



"I ^ 



Since > = X it is evident 

a+€2r' Xas'* . Whofe Fluent Pnk. 3.; 

X«^ , /7.+iXi?/f , 
. ' + "TT — i — • Manner, if 

thU Fluent, of Xa^'«, be denoted by 



-B, that of a^c^."^ X tT « by C, ^ftf. it will ap- 
pear that ^ +^^' »"''^Xz^ _^ - ^'z XaB 

'■ -J— T-v + ^4.|„+3=A^^. Whence, 

by fubiiituting thefc Values, one by one, as in the pre- 
ceding 
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oj Fluents. ; 

ceding Problem^ and putting ^= wegct 



evident, bf Infpeaion, tiiat the Fliticnt of 

X«^*^'5^, exprciTed in a general ManncTt will be 

bf putting )w+r=;/, f +w+r=s^ mmI making ^^*X 
2^" a general MuUipUcator, will be reduced to J^'^'X 



JW+I '^^-3 r 

J+SH:7^^+^^^T^ T'-; where it 

aj-^pears (from the foregoing Values of i?, C, and D) 
that the Coeffipent of is always equal to the laft Tciin 

of the preceding Series^ aiultiply'd by m+iXna (in- 
ftcadof-^**'*'*.) , ^E.J. 

288. ff c be negative, fo that ^ or its Equal, 

4'{'cz!'i may become equal to Nothing, the Fluent will, 

2 in 



3 Of the Gmparifon 

in that drciiiBfiaiice, be birdy = p^^^ l X 

X ^^^i (r) XtfAi proiridcd the Values of jw+ii 

/>, and M are pofitivc : Or, if r, p and be pofitive, artd 
jK^f-f-^ negative, tbe l une Kxprclliun will exiiibit the 
true Value of the whole Fluent, generated wbiie 2i 
from Nothing, becomes infinite* 

PR OB. VI. 

i S^. The fame being given as in the preceding Problems i 



'tis propojed io find, the Fluent of a-^-i^" X 

2f' 



If — r be wrote inftead of r, in the laft Article, 
we fliall have m-^r ^f^ ^4.,^— rsf, and ^*+» zf* 

^^^^^ (-0 x« ^, expreiBng the required Fluent in 
this Cafe. 

— I V 

Favors, (ignities the fame thing as the Produd con* 
tinued downwards, or the contrary way, to r Fadoi^, 
according to the iame Law: And therefore is st: 

Vx~-><^^:zrW- After the la«c 



But Ti — r: X ^ , _ . : continaed to 



Manr*cr we have rSi tS: ( — r) =s 

^.^ — 1*« 
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of Fluents. J«9 

tr) <nd confequently the Fluent itfelf — (^^yj'* X 

' Corollary* 

^290. It appears from hence that the Coefficient of i/» 
the given Fluent, will always be equal to th at of the 
laftTerm of the preceding Series, multiply'd by p-j-wxw: 
For, feeing the Coefficient of the faid laft Term (whofe . 
iDiitance from the firE, iociufive^is denoted by r) muft be 

g+i'i+'i-J+l . . > . I ^ ±, (by the Uw of 

die Series) where /+rt=« and ^+r—i=:^+m—i (a» 
appean fiom above) it follows, by inverting the Order 

of both ProgiEeffions, that J Li ■ ) ^ 



y ijfo expreb the Dime CcxJident : Wkich» 
mf 

mMltiply'd by /+»X«, S've / ' ' 

-i- , the very Coefficient of above dettnnined. The 
Ufe of thii Condurion will be (wd in what folloMTs. 



PRO* 
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OftheCmparifin 

PROB. VII. 
291. Tbi frm biingy ftill, givin i to find the Fluent of 

By proceeding as ia the lad P^obleai> the required 
Fluent of a-^cz^ Xa/^*^"^^ is derived firoii^ that of 

Xz^^*^'^ {gl^cn hy Proh. 4.) and comes out 

'jTr.ff"2.^Ti:;.^' 



tz=zp-\-7^-}'^ : And where, the Coefficient of ^ is equal 
to that oi the M of the preceding Terms» multiply'd 

by — m-^p X nc* If the Manner of deducing fhe re^ 
quired Fhient^ in this, and the laft, Problein» ihould.i^ 

appear fufficiently plain and fatisfa^ory to the Beginner | 
the fame Conclufions may be, otherwife, brought out i 

by finding S^, in Terms of Bj C, or Z>, from the fe- 
veral particular Equations in Art. 283. or, by afTuming 
a defccnding Series, initcad of an afcendjng one. Fi^. 
Art. 284. 

PROB* vra. 

292. The famheing^ ftill, given \ to findtbi Flui«l rf 

w+r , 

C% X a 



Let the Fluent of ^J+fJi" Xa'^ « {given hf 
Pr^. 4.) be denoted by B> and that required by F: 

Then, 
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^ lien, if p-^v be put =/, the Val«e of F (the Fluent 

^fa+ez!' Xaf^^i) wiJl be given from that of B 

(Che Fluent of a+a^ Xa/*~'«) by writing B for 
^ and ^ for /», in wfr/, 287. Whence we g^t 

f^m+i p+m+z f+H-S 

fz=:p^^f:=iau\^^ g (=^'4.«+r) =^»^fv+.r, and 
0 \ fit • 

iVhich Fluent, by fubftituting the Value of B (in 

Freb. 4.) becomes F=. J^'"^ V X ^ + i^^.— 
^'^ ^.^ — i,n 

+ ^ — T'-; + , ^ X (r) 



X fr; XV X f X^ 

(v)X — - : Where jf=^4^i,/zzOT+^==/72-f/4.cH.x^ 

. and i=ip+m+ 1 5. and where the Sign of the Uft Term 
is + or according as v i* ah evea oi Number. 



322 Of the Comparifon 

292. tf the laft Term of the fiift Series, exdttiv« 

of the general Multipltetor SC^^ be denoted by 
ft Ibe Muldplicator, ■ ' ■ X (r)x« , ta 

• Art >t/ *e feconJ Series wiU be = 1 X * ; and there- 
' iwe the firftTerm of this Scries, mckiding »u,iVIul- 

tipKcato,., n^^W^'^'f^'- Wbd,, if 

be put to denote the laft Term ^^^vt^ of th^ 

iirft Scries (with its Multii^licator) wUl be expounded by 

' 5±if:^. Hence it fgllows, that tho Fluent of 

+" n 

Tftf?'"" X given above, will alfo be truly 
dacpreffed by lis — ^ + X ^ 



pi 

^^^^^^ » 

Where H, I, L R, Sy T, &c. repre- 

fent the Ferms immediately preccdino; thofc where they 
ftand, under their proper Signs : R being the kft Term 
of the ftrft Series alfo/=/»+r, ^ = /» + r+^ + v» 

fsiiD+v-— I, lan+fi <=sjw+/>+r, and ^irtf+ra?'* 
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Corollary U« 



Since the Divifor, ^+OT+i.p+m+2 (r) X 
i.t^ut^% of the laft Term of the Fluent (by 

f mm .aHMMM— iA 

fubftuuting for / and p &c») is ac /)-{-w-f-''^'T'''H~2 

(v) X /+v+m+i.^*fv+/9f-f-2 (r) Whcrct the iaft 
Faiftor (^-f-m-f-f;) of the firft Progieffion, ii left by 
Uaicy than the firft Fedor of the Second ; it is evident 
' that the (aid fecond FrogrdBon is onlf a CoQtinuatioil 
of the iirft to r mtfr^ Faaors: And fo, the left Term 
of the Fluent, where ^ is found, is truly exprefled by :t 

p.ffi > j>Ta fc) X ^ . . ^ 3 r^;v^**'^ 

' " - A — — • 



Hence it follows, that the Fluent of M-i-czl 

X z^^^\ or that of JIV^*"*''" X z'" « 

(making r= — ^) will, when 41— kz" becomes equal 
to Nothing, be barely ^ 

J> ' H-^* fc) ^ f^+t > (r) ^ +r / 

yf being the Fluent of ^ — X « in that Cir- 

cumftance, v and r whole pofitive Numbers, and p 
and jn+x any poiicive Numbers, either whole 01 broken. 

ScHOUtTM. 

294. If the Fluent of a-^cz' X 2 , k ( given 
^ Pr^k. 5.) be denoted by G then (/^ the Fluent of 



~ " flu -f mi i / 

fl^-fz* Xa « (where 77^ »72-[-r) will be had, 

from G (by Prs^* 4.) oiccording ta a new Form> dif- 

Y ^ fersnt 



Of the CmparifiM 

fereot (rem tho(e already given. And» by following 
the fame Method, the Fluents of X 



tf+«?**'xa^ *«, and tf+tfxf» 



X »*y^^^ be found, each, according to 

two <tiff«rcnt Forms, from a Combination of the cor- 
reTpoodiog Cafes in the fiwegoing Probkmi. 

But, as it is cxtremdy tirtfome to repwt the fame 
thine, again and again, where fuch a Numher of bym- 
bols arc neccfiarily concerned, I lhall here put dowa. 
one Solution to each Cafe (bccauCsof their Ufc) leaving 
tiie Procefs and the other Forms (which contam no new 
Difficulty) to nofi who wUl be at the Trouble to let 
about them. 

— I. , 

l®. The Fluent of a-^-cxT , Xa « is = 



Where H, h L T, fe'r. denote the 

Terms imme^iatelv preceding thofe where they ftand, 
ynder their proper bigns ; R being the laft Term of the 

firft Scries, alfo^=tf+»%/=«-^» ^=^+»+«»-rt 
^=j>+v— I, szzm+p+v—^* <=:H-«+if and ^= 

the giveii Fluent of fl+f » * a» «• 



2,^ ThiD. 
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of Fbunts. 

i». The Fluent of a+aV X 

Where f=^— f^— I, szizm+r+q, fz=:m-\-r^ g^p+m 
and the reft as in tbc preceding Cafe. 



3^ The Fliieiit of X a'*"^ « m 



;^-;r~+/+2>< . +7+3 x.W 



fc-i.f— 2.*— 4.1^5 (r+w) v--?V . 



In which f=zm-^i g^zzm^p-T"^ f«:^-i«— i, 
is^m, and tfat left as before. 

20$. F*rom what has been delivered in this Se^ion^ 
the Fluents of various Forms of Fluxions may be ex- 
hibited* by means of circular Arcs and Logarithms. 

For , fince the Fluents of tf+c**^ X 

ii-^rz*^ *X« sr, and J+f?^ Xa (which 
I call original Ones) are all of them explicable by one, 
or the other* of thefc two Kinds of Quantities (as will 

appear fertber on j ^^^y< of Xz 



*^ Xas* and tf+ta"' X 

I ""^'i will alfo be given from thence, by the fore- 

Y 3 going 



Of theOmpari/m 

going Theorems. Whence the moft ufeful Forms of 

iiuents m Cotes's Harn^onta A'lenfurarum Will be ob- 
tained, befides ronie others, more gcncpl than any, of 
the fame Kind, put down by that fagacious Author. 

Here follow a few £xaaipkft of fome oi the moft 
ufeful Caies* 

X A M P E I. 

2^. Lit the Fluxhn givm hi ^ ^-.^^ (orif-H^)'^ 



Then, the Fluent of 5^5?^"*X«, or 



J* 



bdog iSstf. Leg' 2 + v^^ !+^ > ^ il^ 

• Art Arch whofe Sine kj Radius Unity * i wording 

as the fecond Term, in is poM** or nc^tivc ; 

' let ^ be, therefore, taken to denote the faid Arch, or 

Logarithm ; and let d^±v\ Xi he compared v^ith 

a'\-tz" Xz « (whofe Fluent is, iH along, fup^ 
pofed to be given = ^} and you will have a:=zd*j fts; 
±T, 2, mz^ — -f, 2^—1=0, and therefore : 
Whence, by fubfiituting thofe Values in Jri^ 283* we 

2V — I 

likewileget g (f+v—i) = ""V"* ^ (^+?) =^ 
—I, t (fn-^-p^i) =1 • and* confcquently, the FJuent 



fought =5 JF±?1*X ±.2 ..-1^ ^ ; ^ 

2V 2i;.2«; — 2 
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. • ^ Fluents. 327 

(•) =fc -JX^X^ X|- [v) X/": In which the 
hft Term is negative, when the given Fluxion.it 



5 uid «r, at die fiune ttine, an odd Nitmberi 



but in aU other Cafe, affirmative. 

EXAMPLE It. 

tf^. La R^'iV^^db? (or X**"«J J# 

Here, denodng the Fluent of 5^ by ^ (iW 
above) and comparing X» witfi 

tTuie reft M in the hft Example: Whence alfo 
»% aid the Fluent itfelf = j^^:^ a»a» 

ceaing Terms with their Sigps) = - ^ . ' » » — 




/ _i_ ^ J. * V i- V X -s- W x£I^:' Wijere 
{w+i)±- X J X ^ X g W ^ 

the Sifttt of the laft Term muft be tepihted •» m the 

Y 4 P*" 



3^8 Of the Comfarifm 



preceding Example-^If the Fluent of ^ . or 

of tT'^i \/3*±z* (In which the Exponent is ne^ 
gative) be required ; the Anfwer will be Juid in 
Terms, independent ot J, by Art. 85. 

EXAMPLE III. 

^98. Wherein the JFtuxion prepofid is 71?"* x 
2 i r and v being any who Is p^ttive Numbtrs^ 

5iiicc the Fluent of a" ' X»* « (at wUl 

2 

appear hereafter) » truly cxpreflcd by ~ Xw^^-^^ whoTe 
2** 

Sine is — and Radius Uauy, let this Value be d^- 

noted by 4h and then, by writing d!* for J, — i for 
i for J», and i fpr ^ in Art. %^%, we fludl have / 



2«^i— I 

— / and the fluent, itiyf, equal to 



2 



* X ^"•W; In which I, K. . .R, T, tffc. 
denote the preceding Terijis with ;heii Signs j beiiig 

Ihg 
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' f>f Fluents. 3 

the laft Term of the firft Series. Hence, hecaufe all the 
Terms, but the Uft, vantfii, when ^=0, kfoUuws that 

the whole Fluent of d'-^" ' x x***^'""'*, generated 
while Xs- fimn Nothing,' become* equal to J, is traljf 

"^P™*^ 2.4.6.8.10.12 (r+t;) ^* ^' " 

a.4.6,8.10,12 (r+z,) ^ — r-* ^ ^'"^ 

f:he Semi- Periphery of the Circle whofe Radius is Unity, 
■ EXAMPLE IV. 

799. Let it be required to find the whole Fluent of 

\ gemrated wbiU h?^ from AV 



a — 07. Xz « 



d-\-k2» 



things hemgs^a i iiutt if a—bz*^ X being 
given 

Hpre, by expanding d'\'hc f our given Fluxion 
becomes = a-^bT.*^ X into X 7^ 

Whicb-Series being compared with + ^a*' 

(Vid, Art, 286. J we have §-=.1^ f = — ^ =? 

^ ^ » CsTtf, and confequently the Fluent fought 

A 

(by fubflituting thefe Values) equal Co into i — 



339 Of the Iramformatim 

being = 

Here ihe Values of « suid / are iuppofed po«» 
• Aft.s86. £tive * i and k is requifite that flKHild aUb be 

politive 5 otherwife the Fluent will fail. Although the 
Series brought out above runs on to Infinity, yet it may 
be rum'd, in many Cafes ; Thus, if the given Fluxion 

' -^-f 

be l=i£ ^ t \ then» tbe fordaid Series be- 

' comingi— |X~+iXjX^ — tfr. its Sum 



wUlbei + ^j And confequcntly £xi+^ 
the Fluent fought : Where, A (the whali Fluent of 



I— \ IfJ T I 



'a^-hz^ * X being = X Semi-Peri- 

phery of the Circle whofe Rac^ius Unity, the Fluent 

I 

g^ven above will, therefore, be =s 

X by the fame Semi-Periphery. If the Reader is dtf- 
lirous to fee a further Application of the Summation of 
Seriefes, to the finding of Fluents, I muft refer him to 
my Dijfertations (where it is handled in a general Man- 
ner) having neither Roon^ nor Inclination to treat of 
it here. 
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SECTION IV. 



Of the transformation tf Fiuxioas. 

30 1, T3'^ Transformation of Fluxions may be 
J5 iJnderflood, tht reducing any fiuxional Quan^ 
tlty to a different, or more commodious. Form i ac- 
cording to which Senfe, a great Part cf the fecoiid 
Scroll would properly fail under this Head. But, wha$ 
is here propofed, and what is commonly meant by the 
Transformation of Fluxtonsy iV, the Method of or« 
dering thofe Kinds of ExpreiHons which involve one va» 
liable Quantity only with its Fluxion ; whicbs yet, are 
fo afFe£ied by radical Signs, that the Fluent, without 
an Infinite Series, would be impracticable, were it not 
for 'a new Subftitution, or fome other Kind of Tnii(^ 
fbrmatioo, whereby the given Fluxion is reader'd more 
mtnagetble. 

Something of this Sort has been already touched upon 
in Art, 83* And in what follows I fluU farther point 
out and exemplify the principal Cafes wherein fuch a 
PrHidure wiJl be of Servioe. 

302. If the Number of Dlmenftons of the varialle ^^an* 
iity^ imthout ths Vinculum, incriojed by Unity ^ be jume ali' 
quot Part^ cr Parts ^ of the Dttmnji .yis of the fame ^iari" 
tity^ under the Vinculum, the Fluxion will be reduced to 
a better Form by fubftituung for that Power of th^ va-' 
riahle ^antiiy, which arifes by dividing Its Exponent^ 
under the Vinculum, by the Denominator of the Fraction 
$xpr effing the faid aliquot Ptfr/, or Farts, 

Si* jc 

Thusy if the Fluxion propounded be — - ; by 

T 

X** 

fub^tuting xz;:^ ^ and taking the Fluxion of both Sides 



6f the Equadotty wc hm St^lm^^^si i and tbeiv- 
foie ^ : Which Valu^, with that of 

king wrote for their Kc^uals^ in the ^vea Fluxion, it 

will 



2 Of the Transformaiim 

* 

X 

will be transformed to ^ : Which, puttine 

tfsc (to make the Terms homolo^l)*' is ^fo ex* 

piefled by / : Whereof the Fluent wib Hit 

given by Art. 126. or ^r-/. 142. according as the Sig0 
of X* is pofltive or negative. 

303. If the Power of the variable Quantity under 
the nnculum has a Coefficient, it Will'bQ beft to bring 
that Coefficient without the Fincuhm, 

£x. 2. Where let the Fluxion given be ^ * : 

Which, by bringing ( without tjhe Fifuulum, becomes 
^11-^1 • 

— ~ — : From whence, by putting x = a^* 



and {MToceeding as above, we get 



* ■ 

Whofe Fluent, fyJtt. 126. is X bfp.L^. x + 
- -{-X** This, by reftoring as, becomes ^ X 

hyp. Log. a^" + V - + • Which, correaed) by 

2 

fuppormg it =0 when z:=zq) gives, at length, — i X . 



4-X y I + f2l fifr the true 

Fluent of the Quanti^ prppolM*. 

But, 
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cf Fluxions* 

' But, when ^ It a negative Quanaty, this Fluent fiulst 
Wcaufe the fqoare Rootof c 4^ to be extn^. In 

this Oifc "^"T — ^ ' mutt be traniformed to 



: And then Its Fluent (fy 



jfrM4ft*) wiUbchadsr |; ^ X ^ ^^^^ «^ * 
Circle whole Radius is Unity, and Right- Sine s 

Eit. a. Let the . given Fluxion be — y , • 
Which, by bringing without the Vinculum^ and put- 
^ng ;r is transTormed to 



Whereof the Fluent, ^>^r/. 126. b ^^^^ hP* ^* 

^^^^^ ^.^^^ ^ pofitivc, 

th^ Numerator will be negative j In which Cafe it will 
be proper to change its Signs, and exprefs the Fluent by 

X hf.L,i. ^^"^ That,f«ch 

an 



C}f the Comparifon 

m AltenUioD of the Sfgns can make na Diftreiice in 
theFlMdon, b erident Irom the Naiare ol Logarithms! 

hecsoie die Fkution of Che lag. of — 4r (sc — z= - I 

b the fame with that of the of jr. It will be 

proper to obferve farther^ chat* inftead of theLogaritbin 
above derivedt any one of the following, equal, C^tan- 

titles may be Liken ^ t//s. i&jy. Log. 

(found by multiplying both the Numerator and Deno- 
minator ol the loreikid Logarithm by -v/«) 

s=2 X i^/?* ' . tbj the Natura 



of Logarithms) == 2 X hjp. Log. 



( by muluplyingt equally, by V^a+^ 4. y/J ) 
But, take which of thefe Forms you will, the Fluent 
faib when a b negathre ; becaufe the general Muhiplicator 

« then impolfible* In thb (Safe the Fluent of 

X / - • - • 9 or its Equal — 

^ c 

he given by Art. 142, and is expoonded by 



^ n>/^* ^ denotea the ir4i whofo 

Radius is Unity, and decant 
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9f ff8xhfi$» $1 



In tbe lame Mawicuji^ Fluent of — -^\%UmA 
" _ X Arcb^ whofie Radius is Unity and Tan* 

gent J or equal to ^^—^ X kfp^ Log. 

V^+\/=S»^ accoidingii the Value of < ii affir- 

mative or negative ; « being fuppolSnl affirmative. 

304. When the Powers or Powers^ of the vartahfe 
^entity without tbi Vinculum, or radical S 'tgn^ falU 
mfilft ^he DenominatsTy it may be of Ufit to fuh- 
Jbtute for the Reciprocal of the f aid ^uantity^ $r for 
thi ^otiittt which arifts hy dividing Jome inewn ^an^ 
tityf 0Hher^ hy f>> «r h fi^ Comfound tf it in tht Di-^ 
wtmtioior* 

Ejc.I. Let the propofed fluxion he ^^^-i-^f 
then, putting * = -j-, we have x = and » = — 
— ; and confequcntly TTTtx^ ^ ^ ✓ ^ , ^ • 
Whereof the Fluent it — V**+«*= —J ^ 
Ex.2, ifii^^ given Fluxion he -7"-n3 ^ ^ -j- » ' 

Here, putting x = we have % = 



00 <2Jf 



• X — , « =: — -"Tf »s ef — — , 



=: - VV-n»*-H* i and therefore the 
, Quantity 



33^ tbeTransformation 

Quantity propofed is transformtd to / . ' i — . j 

Whofe Fluent may be found from a Table of Loga-* 
rithms ; as will appear farther on. 

305. If the Fluxion g'rucn is c.ffeEled h-; two dif- 
ferent Surds, a'ld the iatio?2al Potior^ or the i^anttty 
ijuitbout the Vinculum, be in d con/iant Ratio to the 
Fluxion of the Quantity under the Vinculum of titber 
♦ Surd^ or be related to it as in Art. 83. the given Fluxion 
will be reduced mrt JimpU.Form^ by ftibfiituting ftf 
that Surd. 

0 

Ex. I. Lit i'^ y^^'+S l bi pr^ynda. 



Then, putting x = \/^^4-z*, we have 2*=:a^* — 3\ 
= xk^ and V^tf^-— a* = .**=v/J^Ii;? 

(by making a = x/^+T^ Whence .^^V ^^''+^* ^^l 



• Aiu 279* 



* • 
tt X 



Or, if* be put = \/7^^ finftead of \/^*+a*)j 
then a* =: tf* — x« ss — a^x, v^^» + =: 

\/^* + tf* ** = V^^* — i and confequemly 
gg\ /^^+ g g__. — Whpfe Fiuent is 

given by ^/fr/. 297. or 131. 

Ex. 2. /Af given FiuxUn bi <a+<:2." ' X >C 
' Aft S3, xf^^^ » fofpofing p ti dimti ai^ whole pofit^i Numbir 

In this Cafe, let that of the two Quantities, tf+ta;* 

and e+f^'9 whofe Index (m or r) is the moft com- 
plex (which wp will fuppole the latrer) be put=:;^)^ 

* 

then we (hall have —7- 2 =1 — 
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Fluxions. 

v^-» i 

est I {0 cx 

sza + '-^yr^ tszd^Y (by putting — 

yj and coniequently " + ^| X 

^ the Fluxion propofed : Where, ^— i being a whole 

A— 1 

fofitive Nmnbery the Value of * — will therefore 



be exprefled in finite Terms; whence, if m be alfo a 
whole pofitive Number, the Fluent itfelf will be had in 
finite Terms : But, if ttj and r be the Halves of odd 
Numbers, then the Fluent will be found (frojnArt, 
298 01294.) by means of circular Arcs and Logarithms* 

306. If thg giviH Exprejfion be affeSied by iw9 Surds 
wbenin the Powers of the variable ^ant'ity are the 
JanUy and the rational ^uaniityy without the Vinculums, 
h related to the Fluxien of either Surd^ as in Art. '6^, 
it snay be of Uje to ^ubftitute for the ^efsentf or Ratio^ 
of the two Quantities under the radical Signs ; ef^ecially^ 
if the Sum of the faid radical Signs^ or Exponents 
(fuppofmg both Surds to be reduced to tlse Denominator) 
is a whole Number* 



Ex, I. £r# the given Fluxion be % 



b^+z^ C^x-b^ 
Then, writing x =r we have TIpT * 

3a*« =z . ■ « ^^-t-^- Xc^ — z^ , ( = " ^ \ 

Z aod 



Of the ^ramformation 



and conftqtieiitly 



1 • a • 

2 - jr * 



WJiofc Fluent is -=-JL_X 



Ext 2* iM then U given 1\* - r 

Hctc, putting 4r = / , , you will have = 



^— I 



/ — cx\ nXj — cx^ 



X Jf*^) = ^^-—\ X f and confequcntly the 




'Fluxion given 



Where, if ;7i+r be a whole pofitive Number, greater 
thaa/> (alfo a whole pofitive Number) the Fluent will 
be truly had in finite Terms ; bccaufe both the Seriefe$ 

for the Values ax — r and /— ^ji? do 

#Art.9f. ^^^^ ^^^"^ terminiate *. But, if r and w-f-r — p — i 

be the Halves of whole Nuaibers, pofitive or negdtive^ 
then the Fluent will be given by the hil Se£lion. 

307. ^ Trimmidl is reduced to a Binomial by taking 
away its middle Tenn ; that is, by fubfii tiding for the 
Sum Qr Differeme of the PrMer of tbe variable ^antity 

3 w 



cf Fluxions* 339 

in that Term and half its Coeffic'unt ; according ai tbt 
Signs rftbi two Terms, wbir$ the /aid Quantity is found, 
m'i lUti, 9r unUki* 

Ex. I. Lh tbi pvm Fhxion be , , =\ i 

then, putting jras-l-io or z=:jf— If, wc have 

and (= x/^b^+cx—ic'+x^—cx-^ic^) 

= V^*— J f i wheiice (making fl*=;^* — i^*) 



there refidti — === = ; : Whofc 

Fluent Is gtven, by Art. 1 26. 
Ex. 2. Z>l FluxiiH given hi 



Firll, by bringing <: without the Vinculum^ according 
to Art, 303. we have \/ tf+^a'+ra** = v/T X 

+tlL + z*" : And, by putting = + 
— , or SB* = — r:, wc alfo get % iss'r^ and 



Fluxion^ transformed, is' 



7|+ ^■+." ' ^VT + T -^-t-- 

!i4.-^L^ = /l ^Lj^.:Therefotethe 

« V7x Jt-JL +*»" 

Whofe Fluent is given by ia6. when f is a pofitive 
Qu^uty : But, when c is negative, the Fluxion muft be 

fx 

expreiied thus, / i w i— eag— , 

Anfwering to Arm 2. i/rf. 142, 

2 2 Ex. 
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34<> Of the Transformation 



Ex.3. Let ' ■ J — ^ ' - 

prepofid* 

'^h&n, following the Steps of the laft Exampfey 



will 



be transformed to c*" X — + 1 : More- 

h 

over, 2. being = * — J^^*""^^ (^7 putting i 5s 



— ^ and s= — , wc aUo have a**^'* ( = 

r T X \ XX — dx , 



(= Si*" X*"-' =-=^ X j^-^i^ J 

tfc. ^V. From whence, by fubftituting thefe fe- 
veral Values in the gjiven Fluxion, and putting 

. — — — f*. there comes out 
c * 



nc X 

Whofe Fluent, when the Exponent m is the Half of 
any JntigeVy pofitive or negative, will be found, 'by- 
means of, circular Arcs and Logarithms, from ^>/. 

295- 

308. IVhen the DeKominator is a rational Trinomial^ 
or MuliinomiQl ( that is^ when it is without a Vinculum} 
the hejl JVay of proceedir/g^ for the general Part^ iSf ta 
refolve the given Frafiion into binomial Ones, In or^ 
der to thijy let its Denominator he feigned = o | by 

' * mam 
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(f Fluxions^ 

tmans of which Equation^ i^ff/^ nm/l hi founds ym 
ti»7/, hy fubjli-a^ing each Rwt frim the iiuUtirmnati 
^antity (x)^ have the hinmiai Uimmnatm of the re- 
quired Firaifi9Hi into which the given One Mmy he rr* 
Jfched: Whofe cerrejfonding Numeraim^ let he dewttd 
Ax^ Bxy Cx &Cc. then^ by putting the Sum of the Frac^ 
tions^ thus ariftn^^ equal to the given FraPAon^ end rr- 
iluciug the ivhclc Equati:n to the fame DoKtmniator^ the 
^£umed ^iantittcs //, ij, C Lfc. by comparing the ho^ 
tnologoui Terms y will be determined^ 

Ex. u Let the ghm Fraffm he ^z^_^^^^ ; then, 

feigning .v^4^^~h^=ot| the two Roots of the Equatioa 

will he — i a — \/ l a^ — ^, and — f %/ ^ — b : 
Which being den: tid by /> and ^, we have x^p and 
X — q for cbe two binomial Favors whereby x^-^ax-^h 

may be refolved, or by whofe Moltiplication (a— 

X X — q) the faid Quantity is produced. ' 

Let therefore " — : + zr^ be now aliumed (a= 



' . ^ , J, j = r===Ar== i then, by reducing the 

whole Equation to one Denoniuiatioa i^c, we get 
J+BXxx^qA+pB+ i X*=o : Whence 

IS found = , B s= ; and, confequently, 

• » 

p — q X x—p q—p X x—q 



x^x 



Ex. 2. Let the Quantity propofed he ^iJ^^^k^i,;,^* 

Here, if the binon Jal Factors whereby .v^"f-/7.v--j-/y 
is produced be reprefented by x—p^ x — ^, and 

Ax Bx Cx 
jf— r, and there be afiunied + '^^IZq'ir '^T^r 

Z 3 



42 Of the Transformation 

this Gile» we fliflU have dXjt^Xx^^^BXx^'K 

x-^r-^-CXx—pXx—q — ^*=o i that % by Rcdudion, 




Whence y#+5+^=i, -^X^+r+^X/»+r+CX/>+f 
=0, and Aqr-^BfT'^Cpq^o. Now, Dnom the foil 
of theie Eqaationsy muitiplyM by p-^q^ fttbtraft the 

fccond, and yoa will have AXp — r4-jBXf^=^+^ .* 
Alfo, from the firii» multiply'd by pq^ fubtrad the thiid i 

then A X pq — rq+BXpf^r=zpq : Laftly, from the 
former of the two Equations thus arifing, multiply'd by 

fubua£l the latter, then AXpp—pr^fq+fr:=ippt 
that ft, AXp^qXp^^^r^p* ; and confcqucntly = 

= — = : Whence, by the very fame Argument* 

S=: — — , and C = ^ 

q—pXi — r r-^pXr — ^ 

309. After the fame Manner you may proceed in other 
Cafes : But there is an Artifice, or Compendium, for 
more readily determining the aflumed Quantities A^ C 
► ^c. by whrch a great deal of Trouble 13 avoided : And 
that is, by conhdering the Equation m fuch Circum- 
Itances of the indeterminate Quantity Xy v^hen it be« 
comes mofi iiiupic, orwben moft of its Terms vanifh. 

Thus, in the preceding Example, becaufe AX x — q 

Xx^r+Bxl^Xx--r^CXl^pXl^'^x^ is = o 
(in all Circumftances of x whatever) let x be taken =^ ; 
then, ail the Terms vaniihing, except the firil and laft, 

we 
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bave JXp^Xf^^^*^ o j and confcqaently J s 
f^Xp — 

ilfm umverfally^ let the given Fia&ion be 



(where m and » may 

rcprefent amy whole pofitive Numbeis whatever* pro- 
vided the latter be greater than the fohner.) Then, 

Jix ^ Cx Di^ 

afluming — + + ^ + — 



"LJL — 6f<r. we fliaU have AX 



whence, by expounding Jr by ^, r foocefively, 

we obtain J = „ ,. . . > ^ ^ 



^— >c= . 1_ , 



JIZp , q — r,q — s r — p,r — q ,r — s ^c. 
hfc. Whence the Fra£lions thcmfeives, whereof thefc 
Quantities are the Coefficient > or Numerators, wiU like- 
wife be given. 

But the Numerators thus found may, fcmetimes, be 
more conunodioufly «cprcfled by Help of the given 
Coefficient! tft tf. dki€. fo as to involve only one of 
the Roots f , r in each Fradion. For, fince 

x^pX* — ^X* — r ^c. isfuppoled, uniwrfaUy^ =^^*' 

4- ax*^^ + bx^ + cx^'^ t^c, if both Sides of the 

Z 4 Equation 



Of the Transfortiiatim 

Equalion be divided by x — •/), .we (hall have x — q X 



Which Uft Expreffion, when ;r is ^» that is, when 
both the Numerator and the Denominator become equal 

to Nothing, will* manifcftly, be e<|ual to (f^q X p — r 

X />— i the Dlvifor of A. Therefore^ if the 
Fluxion of the Numerator be taken and divided bj that 
oi the Denominator, and p be wrote inilead of x {vid. 

Pttgi 1 53.> wt • ihaU have .np'^ ' + «^ x^*^* + 

iffc* =p — fXp — rX^s (st(. and there- 



fore J 



0' 



very faipe R^aioning ^ 



By the 



Hence it appears^ that^ if the Numerator of the giviu 
Fraction he divided, by the Fluxion of the Denominator 
(neglccling x) and the feveral Roots p^ r Sec, (fourid 
hy feigfting the Denominator = o) be^ fuccejfively^ fubfli^ 
tutid in thi ^otienty inficad of x\ I fay^ it is evident ^ 
tbflt the ^antities fo refidting^ divided by x^p^ x — 

&c* will be the required^ binomial^ F^aSiims int9 
which the propofed multimmial One may he refohed, 

310. If fome of the Roots />, ^, r fffr. are impor- 
fibie, which is often the Cafe, the Fra6Hons thus 
found, where the impoiTtble Roots are concerned, muft 

be 



pf Fluxions. ^ 3^ 

be united in Pairs, and fo reduced to trinomial Ones, in 
order to take away the imaginary Terms. 



XX 



Thus, let the Fradion propofed be jfij^Q^^^j^^^^^ 

and let two of the Roots> ^ and f > .of the Eqaadou 

Ax 

x^ ax^ -^-hx-^tz^o be impofiible; Then, '^^ZZp^' 
^ + - being = ^ > Ti a i »weim,byu^ 



niting the imaginary Terms, have ' " ====3 , ^ 

JU alfo, = — X rr r > ''here tbe impo^ 

fible Quantities deftroy one another. But, to render 
this more obvious* let a be taken ;= o» bz=,Q^ and 

XX 

—I, fo that the given Fraction may become i 

then the three Roots (f% q^r) of the Equation, x^^i 

=0,wiUherebc-| + y=3,-i ^J^Zl, 

ail4 I ; whereof the two former are impofltble. More- 
over^ by dividing the Numerator (a ) by the Fluxion of 
the Denominator {yc^) (according to the Prejcript) we 

liave ^ ; which, by writing r fucceffively, in- 

II ' r 1 t 

ftead of becomes rr* — and — for the Values of ^, 
and C, refpeatvcly. Whence ^+^^^^-^1^ 

X^—p-{.qXx+pq 

- — + . But the iame may be, other*- 



the Transformation 

wHe^ inveffigatedy in a more gqieral JVfamier; by af* 

+ — =;;nzr» «nd proceeding 

in the iirft and fecond Examples | whence the very ftme 
Condufion will be derived. 

If the Fradion propoied be of Ihis Foroif vis* 

» the Method of Refo- 



lutlon yn^fiiB^ be the fame: Since, b}r putdng 9 
the given Expreffion is xeduocd to 



It may alio be proper to obfervc, that, in very 
complicated Cafes, the Application of two, or more, 
of the fix foregoing Rules, may become neceflary* 
Thus, for Example, if the Fluxion given be 

>f B 

into two Binomial Fradions* rr~: + zi^cewding 

308.) we (hall have 



if 7K be a whole pofitive Number, greater than the 
Fluent will be had in finite Terms (hy Jri, 306. £x, 2.) 



•S E Cr 
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SECTION V. 

TTbe hve/ligatim of Fluents of rationhX 

FraBions^ of feveral Dimcnfwns, acccrdiNg 
to the Forms in Cotes's Harmonia. 
Mensurarum. 

311. AS the Subject here propofed is. a Matter of 

coiifiderable Difficulty, and has exercis'd the 
Attention of fome of the molt celebrated Matuemati- 
cians (who, yet, feem to have condefcended very Jittle 
to the Information of their lefs experienced Readers) I 
fhall endeavour to fet it in the clcareft Light polfible : 
In order to which, ii will be requi^te to premife the . 
following Lemmas* 

Lemma L 

« 

If the Sine of thi Mean of three equi -different Arcs^ 
Juppefing Radius Unity y be multiply^ d by the Double of 
the Go fine of the common Difference ^ and from the Pro^ 
du£fy the Sine of the leffer Extreme he fubirutled^ the 
Remainder will be the Sine of the greater J£xtrt;//ie, 

Lbmma IL 

^12. If G be taken to denote the greater ^ and L the ■ 
leffer^ of two unequal Arcs^ and their Difference be ex- 
prejfed ij D i then will% 

Sin. G. X C^'f D — S in. L. XRad. ^ 

— si^ = c^V:g 

Ctf>/ L X Rad, — Co'f G X Co-f. D 
Sin, G. X Rad:^ Sin, L X Co-f D 

3. =Gy:z. 



The 



Of the Fbimts of Rational F^affims, 

The former of thefe two Lemmas may be met with 
in inoft Authors upon Trigonometry ; and the latter is 
nothing more than a Corollary to the common Theorems 
for finding the Sine and Co-fine of the Sum and Dif* 
fefcnce of two given Arcs ; for which Reafons I fhatl 
not tto^ here to give their Demonftratiom 

CoROLLAEY* 

313. If any Arch of the Circle, whofe Radius is 
Unity» be denoted by J^, its Sine by x, and its Co-fine 
by a ; and there be taken J=2a^ 5=:2<7yf— 1. C = 
aaB'-A, VziziaC—B, £=2tfP--C, F=z2aM—D, 
^c. it follows (frm Lemma i.) that. 
Sin. 2^ (Sin. j^X2tf— o) ^2sa~^:=:sjt 
Sin. 3^ (Sin, 2$X2fl— ^) ^2sAa—s^$B 
^tn, j^(Si}h ^^Xia — Sin. 2^) =:2sBa — sJzzisC 
Sin. 5^ (SifJ.^Xia'^in, 3^) =L2sCa—sBz=,sD 
Sin. [sin. i^ia^in. ^) =:±sDasCzzsE 

Lemma IIL 

314. To refohe the Trinomial r^"* — ^where 

n is any vuboU Numbdi ^ huo JmpU trinomial Fatior$, 

Since the firft Term of the given Quantity r** — 

2kr X '\' X is divifible, only, by t'lc Powers of 
anil t: c iait, only, by thofc of .v ; and it appears that 
r and a- are concei\i)cJ, cxa6ily, alike j let therefore 
r- — 2arx-\-x^ (where r and x zTc^alfo, alike concerned) 
be aiiumcd for one of the required trinomial Fadtors, 

whereby r** — ih** x" ■^x*'* may be rcfolved : And let 

Cr^x^-\- BrW' -f At'x^ (where r and .v are, /////, af- 
fe6lcJ .dike) be ciluiiieJ — 2kr'\x^^x'-'^ '(the Va- 

lue of /J, to render the Operation more peifpicuous, 
being firft exprdicd by 5.) 

Then> 
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by refolving tbem into more fiimple ones. 

Then, by Multiplkatioii and TxaDfpofitioD^ we iiiall 
have 
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ir 




+ 
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to 
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It 
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I + 



•4 



1 + 



0* 



Whence 



Of the Fluents of Rational FraSfions^ 

Whence, J=z2a, B—2Aa-^iy C=^2aB — A D=i2aC 
— By and iC — laD-^k^o. But, if ^ be taken to 
denote the Arcl^ (£F) of a Circle EHK, whofe Radius 
EC) is Unity, and Co-fiae (Of) = a ; and s be put for 
(Vf) the Sine of the fame Arch; then (by CoroL t9 
lem. I.) sA^ .2J^ sB=iSin. 3^, sC = Sin. 4^ 

, . ^ Sin. 

(^c. and confequentJy if= ^ Bsst ,C 



More- 



over, becaufe, iC — 2aD^2l:^o, or DXa — CXi=^, 
where (as appears from above) jL>Xfl— CXl = 
Sin. 'i^XCa-f. ^-^Sin.4^ XRiiii. 
1 : = Co-f. (by 

Cafe I. Lcm.i.) vvc therefore have CO'f.^^(n^) 
z=^k. V\ hence this Conllru£lion. 

Take R to denote 
the Arch (EM) whofe 
Co-fine (ON) is the 
given Co-efEcienti, and" 
let ^ (EF) be taken 
to EM as I to If ; then 
the Co-fine [Of) of 
thisIaftArchwrnbeche 
true Vdue of a. Kit 
this is only one of the 
Values that a will admit 
of: For it is well known, 
that the Co-finc of any Arch, is alio the Co-iinc of the 
fame Arch incrcafed by any Number of Times the whole 
Periphery {P)- Therefore, feeing the Co-fuie of 

(= Co-finc of R) is likcwife = Co-fme J^^Co-t 

TP+ K ^ Cuf. 3i'+i^ ^c. it follows that ^ (whofe 
Co-fine is a) will be exprefTed by any one of the Arcs, 

R P-^-R 2?+^ 3^+^ 

T» IT- —7^. —ir (^'^ ^ EG, EH, EI, 
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by refrlving them into more JimpU dnes» 351 

tsfc. fuppofing the whole Periphery to b« divided into n 
equal Farts, from the Point F). Hence^ if the Co- 
fmesof thefe (everal Arcs, expreifing all the different 
Values of a, be iflpiefented by by c and ^c, refpec- 
tivcly, wc lhall have r* — 2brx"^x\ r* — 2crx'\-x*y r* — 
zdr»^\ ^c. for the feveial icquired Fa^xs, by which 

2ir''jr*+jr*'' may be refolved: and confequeotly 

Note, If the Sign of the middle Term ikr* bc po- 
fitivc, the Diftance (or Ccvfine) ON muft bc taken on 
the contrary Side of the Center : But when k is greater 
than Unity, this Method of Solution iails j iince no Co- 
iifle can be greater than the Radius* 

CoROLtARY I. 

315. If k r= I, the Arch R (whofe Co fine is k) be- 
ing = O, the Valuea ot ^c. will be exprefled 

0 P 2P 3? 
by the Co-ilnes of the Arcs ~» IT 

• H If ]« n 

fpedivdy : And our general Equation will here become 
r*'— zr'x'' + x^^ r^—7Mrx + x^ X r^— 2tfr* + x* 
. r*—2drx+x^ («). From whence, by extraaing the 

Square-Root, o» both Sides, we alfo have r" co / = 

^ 

r^—2brx+x*\ Xr*—wx+x^ («), 

Corollary IL 

7 1 6. But* if iss — I ( or the middle Term be 

P 

+ ar"jk') then the Archil being=i-^, the Values of 

b^ f , ^c. will, here, be defined by the Co-fuies of 

the 



35* .0/^^^ fluents of Rational FraSiom^ 

P ^ $P 

the Arcs ^> "id our Equatioiit by 

taking the Rooty as above» will become 9^ -|- «-* =: 



Scholium. 

317. From the two preceding Corollaries, the De- 
monttration of that remarkable Prq)erty of the Circle 
given, and apply'd to finding a vaft Number of Fluents, 
in Cotes*s Harmonia Menjurarum^ 13 very ca£ly, aiid 
naturally, deduced. 

For, let the 
Periphery of th9 

CirdcABB^sTr, 
whofe Radius is 
eTcprefled bjr r, 

A/f ^ .yi/'^--^ III''' divided mta 
? f ^j^^C-^ A-UC as maay equal 

' ' PattsAB,BB, 

BB, e^r. as 
there are Units 
in the given In* 
tegerxrj fothat 

AB, AH, AH, 

may refpe^lively exhibit the Values of the forefaid 
P %P 3P' 

Arcs — , — , — ISc* (vid, CorcL i*) Moreover, let 

OQ^be the Co fine of the firll of them ; and, in the 
Radius OA (produced if necefTarv) let there be taken 
OP=yrj and let OB, QB, PB, k^e. be drawn: 

Then, the Co-iine of the Angle AOB (= to 




1} rejolvthg tbim into more Jimple ones. 3^3 

the Radius l, being exprefled by c (vtd, Corol. i.) \t 
be I : f :: r (OB) : OCt= cr : Whence PB* (=a 
OB^+OP*— 2OQXO?) =sr*+4f*— 2tfr«=r*— afr# 

' By the very fame Argument Pii"^ IS =r* — 3u/rA+jp% 



^c. i^c. Therefore, bccaufcf^ / =r»— 2^*+jr»> 

it follows that their Equals, AO" OP* and PAxPBx 

PBXPi^ mud be equal likewife: Which is tbi 
pfi Fart of the Tbtorem above hinted at. 

After tlie iaine Manner, if the Aits AC, AC, aC^ 
AC be taken lefpedively equal tp — , — , ~ t^fh 

it will appear ( from Corol. 2.) tliat AO* + PO* it 

rfCXPCXPC (») Wbicb is tb$ kttirPart rftbi fame 
Tbeorm. 

Heiice (by tbt Bye) all tbe Roots of the rkfa^ 
tioti =: aic very leadily found : For, fine* 

AO" ^ PO* = PA X PB X PB ^c. where the fecond 

Fador and die laft, the third and the lail but one, ^'c. 
are refpedively equal to each o(her, it is evident that 
AO*' c/a PO" (r" co*^*) is alfo=PAxPB*xPB*xpS* =s 
X r* — 2tfr^ + X r» — 2i^r-x + ** CsTr. 

Whence, r* being = o, it follows that r^x 

2crx'\-x'' &c. is=:o: From which, by exfraaing 

the Roots out of the Equations r c/i ^ = o, r* — icrx 

—O, — 2drx 4" = 0 ^f. we get r, r X ^ 



Of the Fbimts of Rational Fra&im^ 

fcff. for the Several Roots of the Equation = 
whereof thcfirft, only, is polliblc. 
.By the fame Way of proceeding all the Roots of the 

Equation, 4- r* = o, will alio be found : For, feeing 

(=:PCXPC;XPC ^c.) where the firft Faftor and the 
laft, the fccond and the lail but one, (ffc. arc refpec- 

tively equal to each other, it is plain that + ^ 
likcwife =i — TJfrx + x"- X — icrx+x* istc. and 



confequently = r X h± s/b"^ — i &c.^c. Where 
the Roots are nil FmpoiEble i except the iait^ when thek 
Number (»} is odd. , 

Lemma IV0 

318. SufpffiH ^^^"^ remain as in the fn^ 

i $ • » 

€t£ng Lemma, ond that d kc^ denote the 

R P+R 2P+R 
£im 0/ the Jrcs -^t — — { wJIf^fe 

Oe-Jmet are dy &c.) thcn^ I fay^ the Fratlion 

nkr X 

■„ „ , ^'li equal to 2^rjr + + 

. For, fmce r»o-^2 ir^x>+^^^ 2i;^" fa 

4-Cr3*5-j.jBr*;e''+-^r;r74-jf8 .(^j the fore/aid Lemma). 

Sin. 2^ ^ 

^d it is alfo proved that A s j ^ i5&— ^-j — ^ 

1 C= 



refihtng tbim into m^re JtmpU phes; 

Sin. 4^ 

Q — — evident, therefore,, that 

Sin. 2J^ jXr^°-— 2ir5;r'+;r''» 

— J— *xr7^ (iff. and confcquently — t^—iarx-^*'^ — 

= Sin. + Sin. 2^r^x + Sin. 3^XrV"+6V«. 

4^X r^x* + Sin. s^X r^x* + Sim 4^Xr'*» ^tf. la 

which Equation, fpr a and let their feveral reipec- 

I t i ' 
tite Values h, J, CsTr. and ^, (sT^ . be, ruccef- 

lively, fubftituted i and let the correfponding Arcs ~, 

^^r^ rq>refcnted by ^, j^, GT^. 

then we fliall have 

iXr^'^'^ih'ixi+x^^ ^. ^ . ^. 



.r*^2irx+x* i -V, 

Which Equation*, added all together, give 



' 0/ the Fluena of Rational FraSliont, 
11 

a a a a ? 




Mtl^^^ ^ 



X 

•J 

V 

4- 



©a Co Co Cp 
5* . • • • 

A-e^ 

W- ■ — y ■ ■ ■ 



X 

+ 



But the Sii«« of the firft Cplmmi, ^"8 
an arithmetical Progreffion (whofe codunoD Difioewe » 

V\ by which Ae whob Periphery » divldol into » 

fO eaual Parts, their Sum wiU tberelore, it U well 
knlZ be eq"^ Nothing , or all the negative ooes 
equal to all the pofitive one*. 
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iy rejbhing fiem inio'more JitnpU Mes. 
* * The fame h aUb true with regard to the Sines of the 

2R 2P+%R ^P+2R 

fecond Colmnns whofe Arcs — » — - — > ^ 

Csfr. (having^ — for their common Difference) divide 

Ihc Periphery (twice taken) into the (ame Number (n) 

of equal Parts. But the Sines of the middle Column 
(which is the kll above exhibited) will not vanifli, as 

all the reft do: For, being =i2, »4='+*> »^ 
s^iP+Rj (ff. the common OifFerence wUl 'here be 
equal to (P) the whole Periphery ; and therefore, every 
Arch terminating in the fame Point with the. firft, the. 
Circle will, in this Cafe, remain undivided, and the 

Sine of each he equal to (i) the Sine of the firft. 



Hence, our Equation is reduced to r'® — 2kr^JC^-^J(''°K 



-T T — r-7+ -T r-1 = S^'***** which 

divided by r*** — air^jr^+jr'*, and muitiply'd by r*, gives 

^^^^ + '""^ JL . ^ ^c.^ 



W# ^tfjw otbgrwijt. 



319. Since r — 2irV+;r** is = r*— 2^r;r+;f^ X 
r^2fr*+;r* X r*-p5i^jf+** («) Z/nuna 3. jt is 

•evident diat^ Log. r"— 2ir''*''+**« =: Log, 

(«). And, as this Equation holds univerfally, let k and 
A" be what they will (which two Quantities may be fup^ 
|K>red to flow independently of each other) let the 

Aa 3 Fluxioa 



f 



J j 8 Of the Fluents of Rational FraBions, 

Fluxion of the u/k^ Equation be ta)cen> making I va' 



* • 



riable (ani) * conflant) i wbich gives 



—sir'*' 



9 



— 7lrx icrx .2drx 



•Aft. (») *• ^5 ^» Ck)fincs of the Arcs 

— — — , — - — c^f. (whereof the conefponding 

Sines are >, ) therefore, the Fluxion of the 

fiiil of thefe Arp being denoted by the Fluxion of 

h 

each of the reft will be exprelTed hj — And fo (the 

n 

Fluxion of the Co-fine of an Arch being equal to the 
Fluxion of the Arch itfelf drawn into m Sine, applj^'d to 

Radius ♦) it follows that i = Rk, b =^ ^ X b, Izs. 

n 



if X esTr, Which Values being fubffitttted in lh| 

K 

foregoing Equation, and the whole divided bj 



we have 



n 

fiir*#* irse 



crx , drx , ^ 

4- (jfV 



7xr9( + r^—2drx^ x 

Lemma 

320. To determim the Series^ artftng frm the Div'tftm 
f/* Unity by a Trinomial^ x^-^T.arx-Af-r^ ; and ia exhibit 
the Remaindo ajur any given Number (v) of Terms in 
fhe patient. 

Let x^+Arx'^+Br^x^+Cl^^x^^+Dr^'^ r&? 
present' the rec^uired Quotient continued to 5 Term^ 
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iy nfalving them into more Jimpk oms. 

[v, to render the Proccfs the more obvious, being firfl 
cjtpoundcd bjr that Number) and let £r5A^5-j./) 6j^^« 

be the Remainder. Then, becaufc . ^ ' r3 i3= 



, j^^ ~> we (hall, by reducing the whole 
Ion to one Deaomiiution, hive 



r + 
+ I + 



1 ^ 1 

t J t 

•s* 2* ^ 

1 ? 1 

« M j» 

J 

"4- I *T* 

t \ \ 

+ I + 

t I - 

J" ^ 

+ 1 + 

> • ? 



Whence jfesM, B^iaA-~iy C=:iaB^J, D^taC 
^B, £=mD— C, and f = — i?. 

Aa 4 There- 
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Therefore, if ^ be now put for the Arch whofe ^ 
Kadius 18 I and Co- fine and there be taken S ^ Sin* 

^ S=zSm. 2^, S^Sin. 3^ JSfc. we {ball, alfo, have 

& & s $ „ s 
M = J. *="5'» '^=y> ^^"s 

Sin. 6.^ Sh.s^ ^ , . 
= — =: (h Cvr^^ 

Jaem, I.) And confe^ucntly ^» ^ ^ ^» = 

— ' — , Whence, umvef 

I ^ 

My^ ^* _ 2arx + 

""^^ 

laft Equation (tho' obvious enough from the preceding 
one) may be iiivedigated in a general Manner (if re* 

quired) by affuming x^+Arx^^^Br^jr^-^^Cr^x^^ 

^ dr^^x-^+er^'x^^ + 

ff^x^+ir^^x-^^ . ' 

* . , ^ = . ■ ,^z > proceed- 



in|; as above: By which Means ^ou will fm^A^ia^ 

Sin, ^ ^ , 

(=c — #) sc * And tbiK may the thij^ 
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by refihing them inh more fimpk Mes» 361 

Lemma be made out, if any Objedion, or Di^cui^, 
ihouid ariTi^ about lU being general. 

> » r 

1 

4 

Corollary. * • . . 

37 1 . If, in the given Trinomial a-* — 2^rr-(-r*, we • 
fuppole r^, inftcad of x"^^ to be the leading Term , 
whereby the Quotient is produced ^ then, fince r and 
;r ^ affi:^ exa^y alijcei we ibaUy by wrkiiig r iof:- 

I 

and * for r, have ^» a4»«r+^* ^ 



p R o a 1. 

A-' 



XX 



Let ABM {Jff. be a Circle whofe Radius OA (or 
OM) is r, and let the Angle AOB be fucb, that its 
^b^fine^ to the Radius 

inay be equal to or ' 

ib« that 0(2L (ruppofing • , . 
BQ^erpendiodar to OA) / 

my be =<rr Moreover 

ht s denote the Sine of , Q P O 
'diefaid Angle A0B> cor« * . * 

lefponding to the Co-fine <r» and let OP (conMeied 
as variable by the Motion of P along OA) expreis the 
Value of x: Then, PB* (OB^+OP*— 2OQXOP) 
— rr — zarx'\'xx : And the Fluxion of the Mcafure of 
4iie Angle (^P ^Radius bfing Unity) will ha repro* 

(enCed 
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362. Oftbe Fkififs of Batimd FraSim^ 

fdntcd by -gpi {vid. Art. i\t.) or by 

; — 5 and conleqiiaitljF that of OjSP, by 



rr 

. rsx 



: Whence it is evident that the Fluent ofi 



rr — zarx-^xx 
rr^2arx+xx (coatcmpo'ancous whh *) is truly cx^ 
preflcd by j^XOBP. 



XX 



fince ^^^^^^^^ mvfhe transformed to 
m^£frx'rXx nrx 

rr" " 'i.ofX'^'Xx 

•Art. 126. the former Part tt = { hyp. Log. — ♦ =; 

PS* PB 
Ihyp.Log.Q^ ^h^.L9g. and that of the latter 

Part = 7" X OBF ; it appears that the Fluent of 

XX PB 
' rr^^x^xx ^-^^^ expounded by hyp. Log. 4- 

Corollary 

323. Since, P5 : PO :; Sin. BOP (s):Sm. 0£P=s» 
sx 

; it follows^ if the hyperbolical Lo* 



^rr^2arx+xx 



prithm of ^ijr*^^ be rcprefented by Ad, and 

the Arch, whole Sineia —========. and Radios 

\r rr'^iarx'^xx 

Unityt 



ty refohuing them into more fimpU ones. 363 

X 

Unity by JV", tfnat the f iuente of - ^ .— aad 

4ri ' N' aN 

rr^i^+»x ^ ''^P'^^^ by - and i!f + — re- 



324, Sr« detarmifu the Fluent of fLf ; fi^f9* 

/^i^ m any wb$U pofitsve Numhr^ and a lifs than 
Unity. 

• Let every thing remain n in Lmma 5. and then, if 

tfie Equation there brought out be multiply 'd hy^^x^ 

«ind V at the fdiiie time be expounded by m — i, wcfhall 

get 



SXxx—TorX'^rr " • 

Whole Fluent will therefore be even by the preceding 
Propofition : For, fiippofing the Values of il/and Nv» 
be as there fpecified, the Fluent of the laft Term 

V 8Xxx — larx^rr ^ 

U punifeft*, be expreiled by-^ inio Sm, mJ^Xr*** X*^3*}> 



into Sk. m^XM+ C*^. m^xN [iflmA. 



364 'Oftbe Fluents of Rational FrailionSj. • 

Cdfii,) To which adding the Fluent of the preceding Series^ 



■t 



there rcfuUs-«- X . A- ^ ^ (ot— x) 



+ !! X Sin, m^XM+a-f. m^X ^E.l. 

S 

CoROLtAftY. 

225. Hence, the fluent of "^^^^^ , ^ may 

be deduced ; For, by writing m — i, inftead of the 

Fluent of — will be found -o- X 

• . XX — zanc+rr * 



Si»,m—iX,£t)iM+Ca f,$(^iX^N: Which Flu- 
cnt being multiply'd by and of 



{given s^bove). by -^tfj we {hall, when the homologogy 



Terms are uaitcd, have-p- X — aSX — — S X 



< » 



2 



Sin. m^a—Sin. m — 1 X jll Cn-j.m^X a — 

Co-f. m — I X ^XiV, for the tru^ Flyent of the Quan- 
.tity propounded* 

But {h^ Ca/i u Lm. a.) (= 

s 

sin. i^y a—Sln^X RaJ.\ , „ 
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hy rejbhing tbeminto mrtfimpk wes. 3 6 5 

f^e. And, by Caji 2. of the £une LmmOf 

Co-/. H^X^-C^p;;^ ^ Sin, m^: Whe»«. 

S 

by fubiiitutmg tbefe Valiieiy our Fluent is reduced to 



m — 3 01 — ^4 



, C^/ »a^X M— Sin. M^X N. 

^326. To dftimum iii Bmt 9f » ^ ^ 

, thi R^riilms ffecifitd in ibi p'icgMng Pr9bkm. 



If the Equation in drt* be multiply'd by x 
and V «t the iame time be expounded by we 



ftall have 



r* — 2«rsr + 
5 ' («) + 



Where, the Fluent of th^ laft Term being 

N „\T 



'3 *6 Of the Fbients of Rational FraMions\ 

Shi. m -\- I X ^ — Sin. m^Xa f 



Sin. m^XM+ C^f. m^XN {byCafe 3. Lem. 2.) 
II follows that the Fluent of the whole Expreffioi], or 
tlie Quantity fought, will be tiulj cJ^JprclTed by 

S ^ i—jn + z^m ^ + oriteEqual 



j-X ijuij - + . + == — W + 



-PR OB, jy. 



A .V 



' 327. To find ihi Fluent of — — \ m and n hiklg 

any whole pofitive Numbers^ whereof the firmer ieo 
rri exceed tie latter^ 

Let rf, denote the Co-fincs of the Arcs 
2fl ^ 2k * — 2»^» (^^"« being Unity) 
Then C^;' O-Wl a. Lm. 3.) we Ihall liavc + V = 

_ ^. J 

* 

(«). Whence Lag. r" + x" :=z\Log. rr^-zbrx^xx 

iLog.rr — 2crst^xx + iLeg. rr-^ zdrx -(. jne (n) 

and, confequently, by taking the Fluxion, on bath 

Sides, fdi =5 Ax^^rx ^i-^^;^ 

r« 4. i^f^^rx'^'fr xx'^zcrx^^^ 

xx-^drx 

^2drx-{-rr * i^) ' ^^^^^ Equation, muUiply'd by 
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h ^(ff^^^S f^^J^f^ ones. 

• ;r*— au/r*-prr hereof be aow 

fubtradled from 72 (or, which comes to the ikme thing. 



let be taken from and each of the in) 

Bin * * * 

Terms on the other Side» from Unity) then we 
ili.Ub.ve =« + 



t«»tf>r W ^t''^ multiply d by l— 



f 



But now, to detennine, the Fluent hereof, let the 

/1800 3Xi8o*> 5 X 180^ ^ ^ 
lereral Arcs , — — * — ; ^^0 above 

fpedfied, he denoted by ^ ^ 4» rcfpec- 

tlvely^ alfo let iv, iV", i^£, cxpicfs the Meafures of 

. X X Sin, 

the Aneics whofc Sines are y , > 



Jdf, the hyperbolic Logarithms of ^^'' HiLH^, 

CeroL to Pr^. i.) tfie Fhient of die firft TenD» 

—b^T'x + r^'^'ir « bgr >} comes oitt ' 



368 Of the Pluents of J^tional PraSiionS^ . 



3^X + r*"' into SSTS^XiST— 

. In the fame Manner, by writing c for tf^ ^ for 
Jl^for Mf and i(rfor ATJ the Fluent of the fccond Term, 

xx^2crx+rr m— -t 



rx 



4. 2 

Therefore the PlueAt of the whcJe Expreffion, by 
^ O 

^ s» 




D D S> D 

« ^ ^ 
5^ ^ ? 11 it 



I 



I 



I 



, 

p. P s> ? 

<. V, 

X 



«* 
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4y refohlng them into more P.n^pk mes. 
Sin. m^XN — X M 



Sm. m^X k— Co-/. m^X M 



+ r^'X< 



Sin. tn^X Co-/. ffl^X AI 



Sin, mj^ X N— Co-/. m^X M 

But the Co-fines of the firft Column being thofe of an 
i«A««ical P«grdEo„ C^, 

360* 

^e.) whofe common Difference is , whereby the 

whole Periphery is divided into n cqunl Pnrts [v'.d. Arf. 
317.) they will therefore deltroy one another ; lince it is 
well known that, if the Periphery of any Circle be divided 
into any Number (») of equal Parts, the negative Sines 
and Co-fines will be equal to the pofitive ones j which 
is felf-evident when their Number is even. 

Hence the Co fines in the fecond and third Columns, 
Cfff. will alfo dffhoy one another [vld. Art, 318.) But 
tho/e oi: the iaft Column of all, ns well as the Sines, having 
Moequal MulupbcatorSf muii remain .as above, and 

that Column, aUm^ (drawn into r*''] will be the 

true Fluent of . Whence, putting 

+ y 

8 ° ' 
(:=:in X = ^ and ' dividing by Jir*"~', we 

fliall Cbccaufe 4= 4= 5^ 4=7^^<:.) have 

■ 

' Bb 



370 Of tbe Fluents "of Rational Fra&hn9^ 



f 

n 



Sin^^RXN^^J^RXM 



- - — : — - // 



= Fluent of 



iw. — , in 



f ^" + 



Sm.'jRXN--Cfi-J,'jRXM I 
\, ^c. (jLon Lines,) J 

» Corollary* 

328 Since the firft and the lafl:, the fccond and 
the laft but 01 <e, ^c, of the foregoing Quantities 

— 2brx + rr, xx — Txrx + t'r^ — 2drx rf- rr 
i^c, are refpedively equal to each other (vid. Art^ 
a 17.) the correfponding Fluents, found above, wifl 
iikewife be cqiiaJ : And therefore the klwDt of 

WkU, alfrf^ be exprefied by 



Sin. RXiN-Co-f, RXiM 



r Sin , 



lRX%Pf—Co-f.iRX7M 
" ' )sm^X2N—Co/.sRX%£f 

The Number of Lines to be thus takea being 
ssr { «, when n is even ; but, otherwife, = j ia 

* 
■ 

which laft Cafe, the Logarithm, in the laft Line* 
muft be taken only once^ inilead of twice & being that 

r4-x 

of hid. Art. 31 J.) 



PROB. 
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iy refolving them into more JimpU ohes. 37 1 



PR OB. V. 



319, To Jind the Fluent of ^ j mand n hiingai 

in tbi preceding Problem* 

If be taken to denote the Co■f^le8 of 

o 360** 2X360° 
the Arcs > ""T"** ~r — to » Terms, it will 

appear (frm CoroL i. to Lem. 3.) that r* — a" is = 
(n). Fcom w^ence> by following the Method of the 



laft Problemi wc aUb have 



n — I y- m — I . 



-rr-r +' — i 

Which Fluxion having exafily the fame Form with that 
in the preceding Problem, its Fluent will alfo be ex- 
preifled in the very fame Manner ; that is, by 
Sin. m^XN— Co-f. m^X M 

/Sin, X V— Co f. m^X Sf 

^^c* io n Lines,) 

Only ^ ^9 ^ mufl here ftand for 

2X3600 3X360^ ^ r a J t ^^^"^ 3Xi8o» 
. — — — (^^^ (mitead 01 — — , ^ , 

5X1800 \ 

Bb a There- 
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37^ ^ Flueiits of Rational FraGlonS^ 

Therefore, fmce the multiple Arcs m^^c* 
are» in thK Cafe, equal to o, mX -^-^ , tmX — » 

3»J X (whereof the Sine of the firft is =o> 

and its Co-fine =: Unity ) we ihall, by putting R=mX 
* , and dividing the forefaid Fluent by nr , have 

r* — M-) 

Sin. RXN^O'f. RXm\ 
X< Sin.2RXN—C0'/.iRXM > •'''"''^ 



. cut oi .n 



* Sm.^RXN^O'f.iRXM j 

CoROtLARy. 

330. Since, in the Fluent here given, the fccond 
Line and the Jaft, the third aod the Ia(t but one, ^r. 
are rcrpe(Stive!y equal {vid. Jrt, -) the fame may, alfp 
be exhibited, thui| 

* — M 

^Sitt. R X 2N— C*-/. R X zM 

\tn. zRXiJSf— Co/. 2R X %M 

;i 4- r 

({sTtf. to LincSe) 

9 * 

Scholium. 

331. . If the Sedii-Perlphery ABCH of the Cinrle 
whole Diametor AH is tr^ he divided into as many 

cquu 
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refohing them into more firnple ones. ' 373 

equal Parts AB, BC, ^ ^ 

CsTr. as there i 
are Units in n (fo that 13 |\ fj >,C 

""'^ =«• ■ /■ ". '- , 

' 180° , A b 

dsTr. vzV. Art. 317. and 327.) and in the Radius OA 
(produced, if neceffary) there be taken OP=:a-, and 
PB, OB ^c, be drawn, it will appear (from the faid 
Articles, and from Prap. i.) that the Quantities 

; * 

\/r^ — %brx'\-xx^ \/ r^^zcrx-j(rx^ k^c. in the formef 
ol the two preceding Problems, will toe be expounded 

by PB, refpe^vely : From whence it is al« 

to plain, that the MeaTures N ^c. of the Angles 

whofe Sines are . ^ . ' . - =— p-^ 

err,«wjll)iere be expound^ by GBP, OBF, err. ^f^^l'^ 



Therefore the Fluent of , given in the Co- 

rollary to the forefaid Propofition, may be thus exhibited, 
^ KShTRx 2 (OBP) ^Cijlt X a {OA: PB) 

^ — X <si^Rx2 iphP) — c^T^ X 2 (Oisr : pk) 



Where the Arch ii is (= « X — 1 z=imXAB^ and 

where ipA:PB) is put (after the Manner oi Cotes) 

PB . 

to exprefs the hyperbolical Logarithm of "q^' " M 

alfii tQ be obfenred. tbat, when the laft of tbePoint* % 

Bb 3 
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374- Of Pi^^f^^ of Rational Fra&ion^ 

B^c* fills upon H (which will always happen 
when n is an odd Numher) the Angle, in the lad Line 
of the Fluent, wiU vaniih, and the correfponding 

PH\ 

Logarithm (which is that of jqJ muft then ht 

takeUf inftead of twice» only once. 

In the very Ua\Q Maiuief it will appear, that, the 

Ara ^ k^^c, in the fecood Cafcy where the Fluent 
of is fought, i«U be, refpedively, expounded 

by Ac ^c, alfo the correfponding Angles N 

l^c. by OCP, OOP ^c. and the Fluent itfelf by 

• . — {OA '.PC) 

, ^ ^^^^iex2 (06'P) — a-/. iiX2 (o^ : i'c) 



Where the Arch ^ (= iw X ~ 1 = w X wfC j and 

where, as well as in the preceding Cafe, all the Arcs, 
Sines and Co*iuies arefuppoled to have UnUy for their 
lladius. 



332» From the Fluents of - — — and 



thus given, ihofe of 

r -J- * r 4" * 

, and . , where denotes any 

whole Number, may be very eafily deduced ; either from 
Art. 283. and 291, or (more readiiy) by dividing the 
Numerator by the Denominator, and 'continuing the 

Quo- 



. 1 
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fyrefoii^fjg tbeM into more fimple ones. 375 

Qi^iotient to as many Terms as there are Units in v *. By * Art.iso, 

wiiich means, if p put =:p ot, qzzzvn — w, and 

the Fluents of — ^- and fZljL be denoted by V 

r + X r -^x 

and refpedively, the i lucnts, in the four Cafes fpc- 
cified above^ will be expreffcd by 



- — '4 -(v)±r 

p^n p—m p — 3« 

~ =r + (v\ ± — 



jrefpe^velyi 



r 



m 

2 X 



Moreover, from the lame Fluents, tbofi of ^ , 



X as 

amd ~-— will likewife become Jcnown : 

For (having transformed the Fluxions here pro- 

pofedto 7X?^ ^..J let :^bepuc=/. 




confequentV »' i=^| X»w x. 

Bb 4 
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Of the Fluents of Rational Fra^im^^ 

m _ m 

Whence a" « = y X j |" X*"'^'^, and i 4; 

m 

^ sst±3i' i and theiefbce /'rs — X — 

/ I±X y ^ fl I±Ar" 

Whofe Fluent is given, by Pnb. 4* or 5, But, r being 



here = 1, the general Multipiicator -H , there gn 

ven, wUl be bareJ/ = ~ : Which, drawn into — X 



n m 



licator 



jn this Cafe* 

One thing more, though well known to Mathemati- 
cians, it may be proper here to take notice of; and that 
relates to the Sines and Co-finea of the fore-mention'd 
Arcs, JJ, 7.R^ 3^, ^c. €jfr. (multiplying the fcvcral 
Angles and Ratios) fome of which Arcs do frequently 
exceed the whole Periphery : When this happens to be 
the Cafe, the Periphejfy, or 360^, mufl he fubftraaed 
as often as poifible, and the Sine an J Co fine ui the 
Remainder be taken* If the Remainder be greater 
than 180% the Sine, falling iii the lower Semi Circle, 
will be negative ; if, between 90'^' and ayc^, the Co- 
fine, falling beyond the Center, will be negative. 



PROB. vr. 



* . X 



333. To find the Fluent of — whirt 

n eind m,den9U aty wboU pofitive Number and where 
the given Exprejftiw cannot be refohed into two Bin(H 
mials (k being lefi than XJnit^. Art. 30b, aad 310.; 

» Let 
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refohing them into more fimple ones. 3 

LeC R be the Arch wiiofe Cofme is i and Radius 

Unity, and let Jt be the Sine of the f^me Arch ; more* 

R R+z6o^ R + 2 X>3^o^ 
over, let the Arcs — , > V " , 

V - ^ ' tft. be denoted by ^ ^, ^ 

^r. and let ^, d &c, and ^, d iffc, cxprefe tha 
£ines» and the C^-fines of the iame Arci xcfpedivel/. 



Then will 



crx , fifr;r 



Fn»n wfaencey multiplying 'the whole Equation hf 



iLJLuwhave 1! = ' , inco 



r»— 2Ar;r+;r* r* — ^crx'^x*' r* — 2drx'^ 



o w> the Fluent of the hr Term hereof — 

(if A/ be put for the hyp. Log. of V^'*^ TT .t'If.'^^ » 

r 

and N for the Arch whufe Radius is Unity, and Sine 



r* — zkx-\-x'-J 



will appoar (/t^ai Prop. 2.) to be =^ 



W— 1 .. — -2- 

X I «. ^ -< 



^in. <^X 1 + Sin. 2^X + Siji. 3^5^ X 



Of ihe Fiuents of Rational Fra£tiom^ 
Ffom whence, if the Arct wbofe Sloes are 

♦ 

— . --^ -y ■ ■ ^ <^c. be repre« 

< iif 

rented by J/, ^ ^e, and the Logarithms whofeNuin'* 
ben are V^HEEH, V^El^E ^v.by 

JV, iV £9^£. re^pe^Uvely, the Fluent of the wiKtle £x- 
preffion, omitting the genetai Mulripliaitor f — ] 

will be 

&».4 



Sin. a^i 



iJJ, ' Sin, 2^ 1 3^ 



{^c, no Terms) 



+ 1 



Sin. m^jk+a-/, m^N 



^ Sin. m^Jk^Co f, m^N " 



Sin. m^XM+Co'f, m^XN 



Btit» the Sines of the firft Column beuig thofe of an 
arithmetical Progreffion (whofe common Difference is 
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ty refolving them into more fmpk ones. 

36o<>\ 

«~: i which arifes by dividing the whole Periphery into 

77 equal PartSf their Sum will} thereforci be e(|uai to 

Nothing. 

Moreover) the Sines of (he fecoiid Coliunny having 
fof th^ common DifF^^rcncc of their refpefliv* 

Arcs do, alfo, divide the whole Periphery (twice taken} 
into n equal Parts, and therefore deilroy each other. 

The fame is Jikewife true, with regard to the Sines 
of every other Column (except the hi\ of nil) when 
m — r is lefs than But, if m be greater tluin v, the 
Arcs, in the Column, whofe Place from tiie hrii» in* 

cluiive, is denoted by being exprefTed by 

n^i^c. (px R, ^+360% R+xXi^o'' ^c.) whereof 
the common Difference is the whole Periphery 5 the 
§ines of that Column do not deftroy one another, but 
each is equal to that of the firft Arfc R [Vid. Art. 314. 
and 3i8.)and caiiiequcntly theii Sum equal to fi\Sin, 

In like Manner, if m be greater than in^ the Series, 
continued to m^i Term^s, will take in the Column, 

#1/ 

where the Arcs are 2n^ 2kJ^ for 
a*+2X36oS 2^+4X360** &c.) whereof the Sine 
of each is, alfo, ec|ual to the Sine of theiirft (2^) and 
therefore their Sum ±znXSin. 2R, 

Thus, alfo, it will appear that the Sines of tl,c Column 
whofe Dillance from the firft, inelufive, is (when m 
is greater tlian ^n) will be each equal to ^iu. 3 iv^ OV. 

Therefore, feeing all the Columns do a£lually vani.h, 
except ihofe above fpecified ; whofe Places from the 
Beginning are denoted by ji, 2», 3« (ffc. and wli ^ic 
correfponding Terms, or IVlultiplicators are, thertloie, 

reprefented by s — > — 

6 1. it is evident that the whole reiEon wili r^- 
iJ^ced tQ 



Of the Fluents of Raiional Fraaions, 



Sin.RX 



nr X 



'Sin. m^XM+Co/jn^N 
Sin. m^M+Co-fjtt^k 
+ r*"* into ^ !ii+Co^j:mkx:tf 



Which, multipljM by 



» the fore(ai(ij general. 



Multiplicator, gives Sin. R x 



1 + Sin. 2R X 



m — 2« • k 



m — n.i 

Sin. m!^XM+Co'j: m^N 
Sin. m^XM+Co-/.m^2>l 
Sin. m^X^+Co'f, w^X^ 



X ^ 



for the true Fluent of 



: Where 



the former Part of the'^^xpreflion muft be continued to 



as many Terms as there are Uiiits in 
fliatiKler, if any> being negle^ed.} 



I 



(the Re- 
E. 1. 
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by refohing them into mrtJimpU ones. 381 

COROLIARY* 

334. If the Quotient arifing from the Div'iiuMl of 01 
by n (when the former exceeds^ be denoted by and 
the Renuiiider bjr / 1 or» which is the iame, if im+izs: 

m, it is evident the Arcs mj^ ^c. which 

360** 

aie refpe^ively equal to m^-^'mX m^-^-zmX 



fn^+ZmX 4r » (by Cottftmaion) wiU 

alfo be equal to «^+vX36o« +/X »J^+2v X 
360** 

36o°+.2/X whereof the Sines and -Co-iuies 

(omitting 7^X360°, 2vX;^6q'' i^c. the Multiples of the 
whole Penpheiy] are the fame with thofc of »»^+ /X 

3600 ^5qO 

—J—, //i^4"2^X Csfi". refpedively. 

Therefore, if the Arcs of the ProgreiHon, whereof 
the firil Term is aod the common Difierencc /X 

^360? rf * " 

be reprefcnted by 7, 1\ T ^c. refpedively; it 
'ibllowB tint the.Flucnt (tf ( or, 

i— 1 wiU» f^, be truly ewpreffcd by 



l»— 311 « i 
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I 



* 



{Sin. rxM+Co'f. Txsr , 

Sift, ixM+Co-A */xAr 
Sm.'lXM+Co'f, 'jLXiyf 



t 



In the very fame Manner the Fluent of 

(^^here the Sign of the fecond Term 



X 



is politivc) will be exhibited , \i R ht taken to denote 
fhe Arch whofe Co-iine is — k i which wiHi in thi» 
Cafe, be greater than a Quadrant. 



PROPOSITION VII. 

-I . 



335, To find thi Flutnt of 



'9 under 



the Reftriiliom mentioned in the iafi Froblenh 
Let every thing remain as before : Then we ihall 



have 



—I. 



into 



bx 



cx 



(jf) Whereof tRe Fluent {by Fnh 3.) 



appears to be ~ into 



_S , 



nkr 



Sin. 2^ 



I — m 
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refihnng tbem into more Jmffh om. 

Sin. 3^' 



(«) + 



Which, by Reafoning as above, wiU be reduced to 



— Sia. R X 



^ Sin. X 



X 



— SiiL 2R X 



m — in^kr 



(to ^Tcrms^ 



f— SiH. 7 

' i «+« —Sin. 'I 
Mnr 



m — 3» . kr 

— Sin. TXM+C9'/. TXN 



— Sin. fxM+Co'/. 'I'X^ 

SCHOLIITM, 



336. If, from the 
Center O, of the 
Circle ABCD,whofe 
Radius OA, or OV, 
is r, there be taken ^ 
OL equal to i and 
OP=:;f; and if the A 
Arch AB be to the 
Arch AK, whofe 
Co-fme is ± as 
I to n i and each 

of 



KCK 




Of the Piuents cf Ralional FraSlions^ 
of the Arcs BC, CD, D£ be taken equal to 

fstc. ^c. Then the Angles U^c. fpc- 

dficd (in the two preceding Problems) being here ex- 
pounded by JKt jfB^ AC ^c, refpe^vely, we hav( 

{Vid. Aru 317. and 323.) Whence, alfo, the Angjes 
iV, N whole Sines are 



xXSin. 



xXSim ^ xXSin. 4 

^ x.» 1 — x» ^ y J I > wiU here be 

equal to ^, C» i> Therefore the Fluents of 



aiid 



given) will, alfo, be truly defined by 



(there 



Sin, 7R 



J»— 2» Silt, it 3JI 



^to 2^ Terms) 

(OB : P5) +ay: rx [B) 
Sin. rx {oc : PC) +Co-f. rx iC) 

Sin. he {OD : PD) +C0'/. hc (D) 
Sin. fx (O^lPE) +C(Hf.^fx[^E) 

Sin. i X ifiF: PFJ +C^/. r ir-F) 



4 



n^iSin. R 



« « 



And 
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^ re/ohing them into more Jimple ones. 
And by — "^"^ ^ X 



4Mh 



-(-) 



r—Sifi.Tx(OB:FB)+Co'/.r)i{B) 
—Sin.rx(OC:PC) +C0'/.i'x{C) 

^SimTx(OE:PE) +Co'/,rx (—^J 



teTpedivd/. 




Where the Arc i/JT (or R) will be greater than a 
Quadrant when the Sign of k is pofitive ; but kfs, when 



negative; and where the Arcs T, r, ST {^r, denote ail 
arithmetical Progreflion, whofe firft Term (T) is equal 
Co mXJB^ and whereof the common Di^ienoe la 

equal to 2^ (or BC) multiply'd by «, when m is left 

than ni but otherwife by the Remainder> of m divided 
by 



386 Of the FkMi of Rafmal Fraftiw^ 

at jB 

237. Hence the Fluent of — ■ ' , where f 

IS any Number, either whole or broken, may be very 
caiily deduced : For, having transform'd the Denomi- 

mtortofX— qp^+«*i put j5=r , ^ = 

apd 8^ ^ tken it will become = ; X 

:r*'q:air*V*+**' ^ Moreover> »^ • being =s 



;?)'"• = and j± ijX»'±^ "^'i = 

Xjp*""*^'j<^, the Numcritor ■will be reduced to 



■2- And fo^ we have • ^ 



If A- , ^ 

X-t: ' ! In which xz=,z ^ r = 



I 



7\2V , ■ i/^ 1/ 

^1 , and^^ (= J = But, it may be 

obferv'd, that the Flurat hereof is, only, given when 
1/ 

"-7=1 (or its Equal i) islefs than Unity *. Therefore, 
Art 333^ WJ? _ 

*if if he greater than \/ eg; or if the Values of e atui g 

are unlike, with regard to politive and negative, lb that 

%/ eg is impoiBble) the above Solution fails. But,hcre» 
the given Trinomial may be refolved into two Bino* 
mials {by. Art, ^10.) and, from thence, the Fluent 
piay be found at two Opcratiom {fy Prok* 4. end 5*) 

For, 
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iy re/bhing tbm into more fmple ones. 

For, by kigaiagezf.fy+gy'^=:o^ m order to fuch St 
Keiolution» we get f*=*/+V^ jA* — 

^if'^^if^T'^ for the Roots of that Equation, 

i 

or the two firft Terms of the required Binomials : 
Which therefore are always poifible when J/* — eg is 
pofitive, or when the foregoing Solution fails* 

By denoting the faid Roots by H and K, the Trino- 
mial i^faf+gt^^^ is refolved into ^Xi^^f Xi^^ 

from tritence „ is reduced to 



L_ + 



whofe 



Fluent is given by 332. 

338. By proceeding the iame Way the Fluent of 

» 

may likewife be found : For, 



2 X 



e+fz' +gz'^ +hz* 

fince one, at lead, of the three Roots of the Fq-jation 
+,^^'■ + ^7^=0, muft be poflible, the propofe^ 
Fluxion, if it cannot be rcfolved into three Binomials^ 
mav, however, be reduced to one Binomial and one 
Trinoir.ial ; and fo, be brought under the foregoing 
Form"?: Butthis being a Speculation toomuch out of the 
Way of comnum Ufe to be farther purfued, I fliall 
here conclude this Sci^ion, with obfcrving, that« when 
in the original Tiinomial, above fpecified, is neither 
lefs, nor greater than Unity, the Fluent cannot then be 
had dircdly, from either of the preceding Methods j but 
muCt be found by Comparifon from the Fluent of 

~i ^ . Fid, 289. 

Cc a SEC. 



i 



.388 ' Of the Fluents of Expreffiom^ 

SECTION VI. 

T'be Manner of inveftigating tluents^ when 
^tfantities^ and their Logarithms j Jrcs 
and their Sines^ &c. are ijtvohed together : 
With other Cafes of the like Nature. 

P R o a L 

Q^UPPOSING ^ and tt to denote ghen 
^ Quantities i 'tis propoftd to find tbi Fluent of 



Let SC X + ^A^''""' + C;t"-* k^c. be affuroed 
for the Fluent required : Then the Fluxion thereof, 
which is 



inuft confequently he^st^se$!^: And therefore, by 

putting m for the hyp. Log, of we have 



Whence, comparing the Coe^cients of the homologous 

Terms, we get d^^Zt ^= — "IT = —1:^9 
^ III m jw 



— eff. and confequently ^ X 

tit ffl' 



^F" ^5^*. Which 

&riei| 
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involving the Fluents of other given Fluxions* 

Series, it is plain, will always terminate when w is a 
wliok pufitive Number. J^. E, L 

340. In the preceJii^g Problem tlie Coefficients vf, 
Cy c^c. of the aflumed Series were taken, in the 

common Way, as conltant Quantities i wliich, becauie 

of the general Multiplicacor was fufficient. 

But, in other Cafes, where a proper Multipllcator* 
to expreis the mechanical, or Jogarithmic* Vc. Part of 
the required Fluent, cannot readily be known, it will be 
convenient to afTume a Series for the H^btli (independent 
of any general Multiplkator) wherein the Quantities 
jt, Bf t?9 (sTr* muft be coofidered as variable. 

PROB. II. 

341. T9 find the Fluent of z^jc^^'^x ; z bang the 
Hyper bolt c-Lo^anihnt of x\ and m and n any given 

r 

Let there be afTumed y^z* + C**"* + 

Dz"'"^ i^c. — the Fluent of Then, In 

Fluxions, weihallbave 



X 

But s = --^ ; whence, by ordering the Equation, there 

arifes 




Now, by making the Coefficients of Uie like Powers 
of 2, equal to Nothing, we have ^=;.^***'jr, 



<y Fbienti of ExpreffiGns^ 



Mid confequeody the Fluent fixigbt 
into »- — !!2 + ^^^-'-^ ~ 



i n . I . m —z . % . m.m — i,m — z.m — 3. a' 

Ifc, Which, when m is a whole pofitive Number, 
will ternimate in m-^-i Terms. ^E* L 

PROB. m. 

34a, 7i the Fluent of ; % hiing the Arch rf # 
givin Circk% and y the Sim {dmfpon^ng. 

Let there be aflumed A^"" + Bx""^^ + Ct*^ 4, 

Dz^'^J 3E= Fluent of at^j then, by taking the Fluxion, 

wc ihaii have 

Whence, putting A — y = o, + nAic vO, C + 



. B«:=o» Z) + « — 2 , C«o, €9V, we get A=y\ 

But, if ^7 and x be rakcn to denote the Radius and 
Co-line of the Arcli 2;, it will appear, from Art, 142. 

jthat y» — *• 4fAf and =: ay : Therefore B ^ nax^ 

• 1 1 

and B = »^J<f ; alfo C ( = — w — i . Bx) = 
H.s— — •nd C= — n.n — 1 ,a*yi 
likewife D (= — »— 2 • C«) = tt . if — i . n — 2 ,a^ya; 



— i.Ji — 2»tf^i^and 1?=;^'— .« — z .tf^j^ 
3 
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tfmking the Fluents of 0tber given Pkxim. 391 

l^c» and confequently A" + B»*^*+Car^ 



II 



19 



1 



In Ae very lame Manner the Fluent of a'^w, or 
X — X («/ being the V«rfcd-Si«c of the Aicb «) 
will be found = — a-" +nyg a;^""+» . «^ . 



Cc4 



PRQB. 
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♦ 

39« Of the fbmts rf ExpreJftotis 

\ 

PR OB. IV. 

343. The ^antit'ies^ a-, y and Z being tb( fami as in tU 
trteedmg Pr^Um % t9fiiidtbtFluintrf%*/y% 

By afliiming ifa* + ^^•^'+C«"-*+I>a»-3 
tnd proceeding as above, we have A = x'fy, j5 = 
nAtc^ d = — n^i .B%^ bz=, —ili^ . Ci i^t. or 

^ _ _ . aCy Therefore, if the Fluent 

of /y^r (found from Art. 142. and iqu) be denoted 
by i^i /^tf/ of — , by is: i that of by //^^^ of 

— , by y (aTtf. it that the Fluent of ^^aW 

will be truly reprefented by ^*~-ftaR%^* + n,n^i . 

Corollary 

XX' XK 

, 344, Sincc> =: — y = (^''^- 142O it foU 

' Iowa that ^Vy^f is = — »V*';."-«* == j'V^'/^ . 

a 

Therefore the Fluents of thefe two laft Expreifions are, 
exhibited in the foreeoing Series. 
345. Aa the Values of^R^S ^c. in the preceding 
Articles, are tOQ complex to be purfued in a general 
Manner, it may not be ami(s to iliuftrate the Method 
of proceeding by an Example or two» 

Let 
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involving the Fkents of. other given Fluxions, 353 

4. • 

hetf then the Fluxion prc^fed be : Where n 

if 



-«2 



being =1, m=zz^ aod r = — i, we have — — 



' ^Jzzy^ V/-** Whence ^ - 

Lyx/7^+laz——lyx+laz *, and therefore * Art.i7f- 

— ) = — — =— iiy + ia» (becMifc— = 
«) and confequently R = — J + } 2* ; and iu, 

— — Xz + aX — - — , or J a 

the true Fluent of — (= ^ zyi J •Art. 3^. 

Again, let the Fluent of ^fJeX (expreifing 
the Content of the Solid generated by the Revolution 
of the Cycloid) he required. 

Here, the given Expreffion, in flmple Terms, will 
become — ^a*» — 2pzyx — py*x : Wliereof the Fluent 
of the firft Term ^pz^x, will be had, by making «=2, 
m _ I = o, and r + z = o {VU. Form. 2. in CoroL) 

Where, wc therefore, have ^ = — = — whence 



^=-.^5alfoii and ii = -jr; 

Ry\ ff 
likewife*!*' (= y; =— — =:;r, S=:xi and 

confequently the Fluent of — z'-x — naRsu*^^ 

To which, addiqg the Fluent (f2!z;222±SL'j of the 

fecond 



I 
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Of the Fluents of Expreffiam^ 

ftcond Term — tzyx (found in the preceding Exam* 
pie) and alfo that of — fx (or— «*jr + 4P**, found 

the common Way) we get, w the Whole, ia — x X 

+ 2«y— y« X » + f <'/4"^** + i'** J which, multi- 
ply 'd by />, and correded, gives, p into \a — *Xz* 

true Fluent that was to be determtned. 

PROB. V. 

346. Suppofmg H U dnufU the Flmnt of k+k* ' X 

aj*"""'* I ufimtAi whole Fluent of H\a-^l^ X 
{wbdn a'^hz" becomes equal ^ Nothing.) 

By refolving Jt^lz ^ X»**^*k into {\v .p\t Terms* 
and taking the Fluent, the ordinary Way, .ve getH= 

i^x-^ + =I^|=— +^^1^— esr.. Which - 

Value being fubftituted above, and p wrote inftead of 

q+v, we ftall have H X a—hr^\ a^-V= ' ~ X 

If 

Let, now, the Fluent of ri^bz«^ Xz^"""^« (in the 
propofed Circumdance) be denoted by and put /=2 
/-l-^+i S follows, from ifrr. 286* (by writing 
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involving the Fluents of other given Fluxions, 395 

+ 



t.v+i t.t+i.%.v+z tk 

the true Value of the Fluent. ^ E. /. 

Ntte^ p and here be pofuive Quantities * j • Art. iSi* 

/ 

and it is alfo requiUte that -j ihould be greater than — 
~ ; otherwife the Fluent will falL 

Ex, I. Lit A=:T^ /x>$ 4mdiit tin wMi * 

1 

Fluent of MXT^ bi dmandid. 

Then, k being =1, /= — i, % yy « = 2, r= 
— f»v=:i; alfotf=i, ^=i, m = — 

p (=±^+v) =1, / (=/>+'"+i; and the 

I 

whole Fluent of 1 — -y^ ^ yy) = i j weihal), by fub- 

ftituting t't ?fc feveral Values above, get I +~" + 
' 3*3 

f 

* Xy (or UH) when jcsi. Which Fluent 

being alfo expreifed by — , it follows that — = — + 

' ft 1 

^+ ^ + ^ + H is i of the Pe- 

riphery of the Circle whofe Radius is Unify. 



Ex. 



Digitized by 



39^ Manner of maJUng Fluents converge. 

Ex. 2. H ? + %^ ^X%\uJmdihiFhtita 



T 



Here, /=!, iiz=2, r = — i, « = fi alfo 



(p+m+i) =i, and^ (= tt;^fl/> Fluent o£iF—a^ 
X ass) = i& .* Whence, by Subftitution, we have 
h* 

ibXi— i X;r+J X^— ^X-s- ^f. which. 
muUtply'd by (the Coefficient of n) gives -j- X 



i&* 

b— + "TT — ' r:T fo' tbc true Fluent in this 

Cafe : Where the Series is that cxprefTing the Arch of 

• Alt. 142. the Circle whofe Tangent is h and Radius c* ; and is 

therefore equal to ^ X Arch, whofe Radius is Unity and 

• • ' h 

Tangent =; — ; Whence this kit Arch (taken without 

the Multiplicator () is the M:ue Value of the f luent. 



SECTION vir. 

Shewing how Fluents^found byMsam of InjuiiU 
Seriefs^ are made to converge. 

347* »8 found, in Art. 85. that the Fluent of 



Infinite Series* 
(,making «+f =sj) is cxprcilcd by ^ ^ X 



« 



Digrtized by Googl 



Tbe Manner of making Fluents converge. 



+ »-H. C-^" _ jj,,^ 

it follows (and is evident by bare Infpc£lLon) tbatt the 

Tluent of /7 — f)-* ' Xy > (where the fecond Term 

under the Finculum negative) will be truly defined by 

l^c, fuppofing i=r4-^' 
V But, bcfidcs the Series here given, and Thofc, tn 
Art. $3. 84. expreiling the iame Value, tbe Fluent of 

i-^i X/'^'> will, yet, admit of another Form, 
different from all of them ; by means whereof and that 
above, we ihallbe enabled to draw out fome very ufeful 
CodcluGons* 

348. Ptttft" = -i2L_i then/ = -5^, and 



therefore ny^^j = — ^ alfo (t^y* = 

confequently a — ry" X >^''"*'V — a*^** X 



V— r*— f— I 

ij-f-^a X a Which Fluxion, fo tranf- 



form'd, being compared with a-{-c%" X d^f^^x ; we 

have«i= — r— ^ — dz=,a^^^^^i and i (^+«) 
= — r — X J whence, by fubftituting thefe Values 
in the firft Series, above given*, the Fluent fought wiii 



T^be Manner making VhenU converge. 

Which, by reftoring / (or wrldog uA ■ ^ 

^ — fy — tfj^ 

for their EqoA « -h ^s'V a»d z') becomes 



fit f+i ^+i<f+2 



X 



. the true Fkcnt, of c/^ X 

349. This Fluent may be otherwifc found, tnde- 
pcmkiic of timt above, in the foUowing Manner : 

It is evident, by taking the Fluxion of ^ — 

fit 

(which Quantity would be the Fluent fought, if 



a — c] X y 



a — 9 was conftant) that — — is s= the 

Fluent of a^'^Jxf^^j — Fluent of y X 

4—^** X>^^'^j: This Equation, by tranrpofuig 
the bft Temi> and writing 4r in tile room •of 4t^^ 

(for the Sake of Brevity) will become Flu. xy j = 
+ T X Flu, /~*>'"^'" jf. From the very lame 

Argument (if, inftead of r, we fubftitute r — i, r — 2 
^c, fucceffivcly j and, for a, write ^+1, f+2, ^+3* 
(s^tf, refpedivdy) we (hail, alfo, have 

y j> = ■ ^ + ■ ■ X 
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"The Manister of making Fluents convefge^ 399 
Whence, by lubft^ting Ihefe Vakies, one by one, ia 
that of. Flu. //•"ly, we get 

^ . q+l.n H+i 
X /7fr. X r J' = + • + 

Where the Law of Concmuation is nianileft ^ and 
wtere, by making ^ a geneial Multiplkator, we 
fliall have the very Series above exhibited. 

350. From the Equality of the two foregoing Ex- 

preffions, for the Flu«it of a—c/ x/*^!/, (or 

^r^V^^j) the Burtoefs of finding Fluents, by infinite 
Scricfes, will, in many Cafos, be very much facilitated. 

For, in the firft Place, it follows (by dividing both by 

^> , or ■ ^ J that the Scriei^a i + 
qna qna J 

0" + ^v. and JL X 



(sTr. mud alfo be equal to cacb other,. let the feireral 

Quan- 
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400 ^ Manner of making Fluents coftuerge. 

Quantities, therein omcenied, be what tliejr will (whicli 
may be otberwtfe proved^ independent of FlotioDS*) 
Thcrefore» if in the room of q and s we write any other 

Q^tantitics p and /, the Equation will, Jiilly hold, and 

wai then become i + + ^jE^ 



{i being = H^r.) 

Moreover, if as many Terms of the firft Series i -J* 

tffc, be taken as are denoted by any given Number 
and the laft of them be reprefentcd by it is evident, 
from the Law of the Series^ that the hdi of the re- 

maining Tcnns wiii be exprefied by ^ X ^ "ST * 



the fccond, of them, by ^±1 X ^t^t^ ^ 

liL* and fherefore the Sum of alt of them (putting 
H-«^ and $+v (=:r+^+v) ss*) will be =^X 



(by writing the Series iound above in the room of its 
Equal) and confequently the whole Series (including 

the V firft Terms) =Ji + ; + 
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Whicbs dcawii into the geaeml MiiItipUcatiDr 

{vid. An. 347.) will gm the Fluent of 5— ^ x/"^^ 

according to a new Form, compounded 
out of the two preceding ones ; where the fecond Series 
(the Value of p being large in rcfpedt of r) will al- 
ways converge much fafler than the remaining Part 
of the firft, for which it is fubftituted : But this will, 
more fuiiy, appear from what follows hereafter. It will 
be proper to , take jiodce here that the Fluent of 

(the Fluxion iirft propofed, where 
tbei^cond Term under the Vinculum is poiitive) will 
^•Ub be had from hence writing % for m for r» 

and~< for r) and is therefore c^ual to t zLL 

qna 

drawn into the Suni of the tm^ following SeneTes* 

' : - V ■ "" ■ ■ ' ■ ' 

— - X I — + r=e=— =-r— ^ 



• Where, f=«+^, f = /=j+t;, ^-rz^ + .2.*', 
and .^=: the bft T erm of the firft Series continued 
to V lerms, v being any whole Number, at pleafure, 
A few Examples will Ihcw the Ufe of what is above 
<lelivercd. . *" ' n ♦ * i 

' ' Ex. 



402 Tloe Manner of making Fluents e^pvergil 

351. Ex. I. Lit jqpj> ox JB, be propound. 



1^^"^^^^^*^ on^m»t 
WW i,ivi> ^s^^ - X X tf» we 

have »=l, W— -^I, gn — 11=65 

or ^=1 ; whence alfo s (^«+?) T^^^) =^'^+1^ 

/ (j4.«y) and confcquently the Fluent itfelf (by 

fubftituting thefe feveral ViUues in the laft general Thc- 

Qvcm) ^ mto 1 - -J + - - - W - 

% 2.2;* . a • 3 . 
^ I J. . _L - — - r . 

Where the laft Term of the firft Series 



== — J tothe 



Second, wSlbe = 7 -±r— ; «^ & ^ itielf 

a* jgs as* 

wUIbereducedto*— — + T~T (*i ? >c 

^ o r V'i'i^x 



tbc Signs — and +, before z^*\ obtain alternately^ 
according as v is an odd or even Number. But, to 
ihew the Advantage of expreiling the Fluent in this 
Manner, by two difFerent Seriefes, let 2=:i, and let 
V be taken z=i 8 ; then the Value of the firft Series (con- 
tinued to 8 Terms} being ==: 0,6345238 and That 

i , J 2B 3C aJ> 
Of the fecond Scries = Jg + ^ + ^ + ^+Jg" 

28 (where J, D ^c. denote the Terms 

preceding ihofe where they fland) =: 0,0555555 + 
0,0027778 + 0,0002525 + 0,000031 6 + 0,0000048 
4-0^0000009 -[-0,0000002=0,0^86233 j it 15 tvidcnc 

that 
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9^ Maimer of making Fluents converge. 403 

that thcFIuent of -rri% when % bccomci = i> wSU 

I -f-Z 

be ss 0,6345238+0,0586233 = 0,693 ^7 ' • Which 
is tiue to the very laft Decunal Plm \ and would have 
fe^uired, atleall, lOOQoo Terms of thefiift, or com* 
nooy Series. 

^ 352. Ex. a. Ltt tkFkM of Y'.^x {ixpreffmgtbiArcb 

wbofi Raditts is i and Tattgini x) hi nqnirtd. 

In this Cafe we have «=2, Azzii-f-zz, 

I, 1=0, or £ = |, i = — I, + 

2' 3K^ »^ 

and the Fluent itfelf — *T + — — — (v) ± 



X 1 + 



2*4.6.2^ 

^c. Where, if z be takea 



a©+3 • 2V+5 . 2V+7 . 

=1, and «;=6, we (hall have i— + T" — + 

3 S 7 

I'll 112 12 

^ ^r. ss 0,785398 = die Fluent of whensi 

SSI (si of the Periphery of the foiiefaid Circle) 
.Which Number, brought out by taking, only, 8 Terms 
of the fecond Series, Is more exa^ than if looooo 

' t r f 

Terms of tbe common Scries + "j — y ^'^^ 

had been ufed. And, if sbe taken s ^/ -L (9s 

^ 3 

Tangent of 30^) and ^-^6, as before, the fame Num- 
i)er of Terms will be iutiicicnt to ^vc the Anfwer, true 

, ,to twice the.Pecima^ Places above exhibited* 

jPd 3t 353- 
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Tke Manner of making fluents comkrgii 



353. Ex. 3. Let fhe Fluxion propofed be 

Here we have, az^ie-*-^ c:zziy %rzzy^ '2=4» Ar=f 

m=f, f=:J, s{m-\-q) = h P i'O + q) ='e;+ ^ ; t 

[s+v) = V + 1 i and theieioie ibe 1^ luent lougiht (by 

1 

* J 7)>* 7 . 1 1 j'* 

jBubftttiition) i8 = — intoi— ^ 



Iffc, In which (as in all other Cafes) ^deaotea the laft 
*Xcrm of the firft Series. This Fluent approximates 
equally faft with thofe in the foregoing Examples : And 
it may be obferved farther^ that the Fluent will always 
^converge) however great the Value of s is taken, if 

both a and r,. In the general Fluxion a+€z^^ xz 
'are pofitive Quantities. But, if the fecond Terai ulid^r 
. the Vinculum be neg^ve,. the Cafe wiU be otherwife, 
when that Term brnmes greater than half tke Firft $ 

fince the Powen of —t iii the latter i'att of the 

Fluent, will then form an Incres^mg Geometrical Pro- 
greffion. It may, therefore, be of uie to ihew how t^e 
Theorem may be vamtA fo as to anfiver in thb Caft. 
In order thereto, if in the Equations ^r4*f, and i-f* 



^+r.o>' ^ s+J .54-2 ,^y* -3. ± 



1+ + r • '^y^^ l^c. (given in Art. 350^ 

you write k for r, and p (or.f, and intiltiply by 
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yop will bave ^=:i+/, and i + _ - + 
/+»•/+»•*' 

^ Moi.eoyer, if the v firft Terms of the above Scries 

.. 4- ^ * ^"""^ • . be tajcen, and the laft 
"itof them be denoted >by \^9 it is plain- the £rft of the 

the fccend =.^X X X J^,£<^. 

'iuid the Sum of them all (putting q-^v^p, and 

r-^v=:i() equal to -i — > X i + — + 

. liiZLifJL efff, = ^ X - XI+ _ ■ 



I. J+i'J+^'O (^tf, (by the Equation above) and 
jl^e^uently the Sipi.of the \«hole Series (1+ ~ 



*+tHi2C+ fciE^+Wf. Which* 
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multiply'd by thL , gives the Fluent of a—cf 

qn 

•Art. 348, (*or where kz=Lr — v^ 

s (=^/f+/>) ='-+f and*=M-^*. I Ihallpttt 
down one Example of the Ufc of thii lift gencial Bjc- 

preifioni where we will take j V^2;^— y , or 2— y*.X 

(being the Fluxion of the Area of the Clide whofe 

Radius is Unity and vcrfcd Sine r) In which Cafe* 

az=i7s c-=.ly »=l, r=i> qn — i— J> f=^i> ^ =^ 
-J-|, />=z;4-J, i=2, jr=;2— >' i and therefore the 



I 3 



Fluent fought si: HJL into i + ^— + 
* 3 5* 5.7* 

3y* SJ'* , 3r' , . 

5.7.9*' 7.9.11** 9.ii,i3»* »^ ^ 

S^x^T ' + ==l=-''l- 4- 

_ * 

3-4 SJ'V er^. Which, if^ be taken 



J ^ C 

=1, and v=S, will become = "5^+y~'y+'^ 

(where C ^V. denote the ftvcral Terms, rc- 

fpeclively. without their Signs.) In bringing out wiiich 
Conclufion, fix Terms of the fecpnd Series are required : 
But if y be taken =f the Radius of the forefaid Circle, 
then four Terms of each Series will be more than fuffi- 
cient to give the fame Number of Decimal Places. And 
it may likewife be obfcrved, that, although no general 
Rule can be laid down for affigning the Value of (o 

as to aofwer the beB: u\ ail Cafes, yet the Conclufion 

will. 
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^ill, for the general Part, require the fewefr Terms, 
^hen the Number of thofe, taken in each Series, is 
©early the fame. 

354. But, after all, another Theorem or Series, ftill, 
fecms wanting, to exprefs the Value of the whole Flu- 
ent, when the Quantity under the VincuLm becomes 
equal to Nothing (which, in the Reiolution of Problems, 
is, commonly, what is required.) For, it is i Lhh the 
above given, anfwers no better, htTc, than that 
preceding it ; becaufe (the Divilbr {x) being Nothing) 
the former Part of it fiUls. 

In order, therefore, to 4ctenmnc a. proper Form^ to 
obtain in this Circumftance, it will be requifite to ob. 
ferve, firft of idl, frm ArtUU a86v tbait the whole 

ffluent of 7Ii?*"x%^'"^'*"'«. ftippoCng itat of 
T^^X »'""'« to be denoted by wiU be uuljr 

which 1 ; and where it ii fcquifite that tbb 

Values of /w+i and p (hould be pofitlve, otbcrwifc, A 
being infinite, the Fluent (or Comparifon) fatb. Hence, 

becaufe the whole Fluent of a— ^2."' Xa k, (when 
= 0} is found = , by the common 

.yrzj ; it follow*, by writing thi. Vahw in the Room orj»-^7. 
J, and expoundii« / by i, tl»t the iM* Flutnt of 

fi-~hP' Xis!'+'^»« n rightly ej^refied by ^^q:^ X 

Dd4 ■ That 
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Thsxoia—hr Xz* by fiibftituting r iafiead of 

I 2 

vri't, will confequcntly be equal to j^^ - X 

^ mi« W • I-ct thb Quantity be denoted 

by theO) th$ fame Article^ the Fluents of thi 
feveral Terms o^ the Series iL., , 



drawn into ibc general Multiplicator te*' Xfs*^'«, 

will be> reipe£Uvdy, expounded by thofe of the Series l% 

— — ' ot, drawn into 5} ihe^ 

ing 

If now the Differences of the Quantities i, 

" -r — be^ contmyaUy, taken f; ami feriw/in 

Equal —m — i be fubftituted, the Value of any Terqi 
of the Series, whofe Diftance from the firft, exclufive^ 
is denoted by or whole correl^ndiog Term, in thf 

fjrecedipgSeiiesy is ——a be tuuveifaUy cx« 



preflcd by i —llfL±L^ '^'-t^ni+i.m^z _ 

1.2.3 X /./i:r.ffl^ 

if i be interpreted by o, x, 2, 3 {sV. fucceffively, you 
wiU have the VaJuca i, "^'Cjl! - <s^c. above exU* 

bited : jBut, If i be taken as a Fraaion, then the Value 
pf fiich an inteimcdiate Term will be found as will giv e 

the 

^ ^itmj MathemMical Ep^s^ p. 9^ 
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flitf Huenfof tiL. Xi— Xa'^**, illanypro- 
• • • if 

pokd Clrcumftancextf s% which Fluent, It is cvtdtnt, 

will therefore be expreiled by B X l — _ 4. 

1.4 * 

I. a . tjt + t . 



8 



X— 1- (0 X— — ilfjii — 

- - 4.^+3 ^ 

G iffc, (where £, G isc denote the Terms im- 
mediately preceding tliuie where they {land, under iheu: 

proper Sig^.) Whence, dividing by ^ ^ we have 



m 



' 2.t + l 



XE3 ibr the troeFlucot of a^^"' X 

From the kft Fluent /ito of a--^' Xz m 
(ift which p denotes any poiitive Fraaton, proper 
or improper) is very readily obtained : For, if the 

iame (when a — Bt^ z=.o) be denoted by ^1 then the 

fluent of a—bz"^ Xa'***^i^wiU (according to the 

p 

Article above quoted) be exprcffed by J^pjjqpj ^ 
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* 

pofitive Integer. Therefore, by making a — ^^a"' X 



2 



the correipondiiig Fluents muft» alfo^ be equal i that is^ 
— - — Xit-^ttW X ~ =--rT X 



X (r) X 1— r- V I — !l2±i-. And 



confequentl/ A (thp whole Fluent of a^b^. X 
••—I. ^+^+1 ^+»»+2 ^+'"+3, J " 

X -XT X rx:; (0 X _ X into the Scries i— 

tnil^liG esftf. where ter+^+i and i=/ + 
. 4-^+3 

V-^ $ V and r being any whole pofitive Niunbeni at 
pleafiue* 

355. An Example, or two, of the Ufe of this Coni 
duUon, may be proper. 

f 

latt iht whole Fluent i — x (exprefling 

the Length of J of the Periphery of the Circle whofc 
Radius is Unity) be demanded. In which Cafe, a be- 
ing =X, ^=1, a=:i--|, nz^2^p:^^^ ^=;?r+|=S 

Ir-J-i 21/ — zr-f-i 

^ — » and i=5v — r+£ = 9 the Flueat 

fought wiil> therefore, .(by fubftituting thefe Values) be 
• . « 4 6 ^ 4. 6 
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— into I —iJ^^i^ii^^^E^ 



, . 2-,_2^_3 ^ _ 7-^-^-5 G y,. Which, 



by expouading v by 5 and r by s% will become 
a,,67i9 into 1 - £ - ^ /4- 

In tiie bringing out of which Value, all the Terms above 
exhibited* are requifite : But, of the common Series^ 1 

dmeSi that Number of Tenm would be nece&ry to an* 
fwer with the iame Degree of Exadnels. 

E.. L. ... Fl..i.n i>e ^ 



(whofe whole Fluent, whjcn expreffts the Time 

of Deicent ot a heavy Body in half the Arci) of a ^mi- 
:cirde» whofe Radius is-^*.) • 

r-l 

Here, by comparing — Xx with 

a—^iisP XTif X, wc have <2=i^% ^=i,a=2,/« — i 
= — i» or^=f ; alfo s (^ + «— r) =:v^r4-J^ 
# 1 ) =f{+i:: Whence, by taking r and y« 

cach» equal to 4» the Fluents itfelf> comes out ss 

. 8 4*9 ^''i "-'S i6.i$ 

1. ■■ 



Aft. aoj4 
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= %^62l$d : Which is to 2\/ id^ the Time of Dc« 
fcent along the vertical Diameter of the forefaid CirdCt 
as 2,6215 to 3,8284, or as 100 to 108, nearly. 
. After the fame Manner the Fluent will be found in * 
other Cafes: But, with regard to the affigning of the 
Values of r and Vy it may be obferved, that the An- 
fwer will, commonly, be brought out with the ieaft 
Trouble when v is taken greater by an Unit or two than 
r; which laft Quantity muft be greater or lefs, ac- 
cording as a greater or lefs Degree of £xa6tnefs is ne- 
cefTary.— -From the foregoing Exprefiions, by varying 
the Values of v and r, a great Number of TheoremSt 
for the Summation of Seriefes, may be deduced. But - 
this being foreign to my prefent Puipofey I am no| at 
Leifure to purfue it here. 

356* Hitherto Regard has been bad to Fluxions of 
the Binomial-Kind : But, from thence, the Fluents of 
Trinomials may alfo be found 1 when thefe laft. can be 
xeduced to Binomials {by Art. 307O without introducing 
new Radical QiMntides««-»-«B(£des which Method, I 
ihall, here, give anotber^ which will anfwer wbere that 
failsy and is alfo applicable to Midtwmab* 

In order thereto^ let the Fluent of a+cx!^ X 

af ' be denoted by Ji and let it be required to 
find, from thence, the Fluent of the Radical Multiao-^ 

iww/, or Infinite Series, a-^cx"-i'dx'^"'^ex^'''{-fx^''l^ 

Make f*" = + dA^-' + m3« + (^c. and y=^^ i ' 

then, AT being , if tbis Value be fubftituted for 

f 

»\ in theiiril Equation, it will become 4* 
*- JL 

+ ry^ {sTf, Wlhence, 1^ reverting the Sferies, (^jr - 

4rt. 
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Where -R. = -7. S =^:HI X^-^. 

^ MoKOTer» by takii^ the fluxion of ihe Equados 
thus brought out, and diviidiog by pn^ we have if"~^x 



Now let this Value, with that of cx^ + dx^" + £x^ 
4- (given above} be iubftituted in the propoied 



Fluxion^ and it wUl become li+fi"^ X » « 

; AUb, let V denote the Place, or Difiance, of aiy 
Term of this Series from the firft» exdufive ; then the 
Term idelf> drawn into the genend Multiplicator, will 

U exprefled bjr a+tzT^ X ^ A / ^ « ( A 
Jieing the corre^onding Coefficient^, S, T, i^i.) and 
the Fluent thereof by A X a-i-cT." Xtft" K 

run — n 20 — — — 

a Where, 
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Where, fsi^^-t^ — 19 iavf-^f) t-zzp^i^^i^ and the 
Sign of the laft 't'enn is -f* , according as b aOi 
even or odd Number. Now, if in the Fluent thus gi- 
ven, V be expounded by i, 2, 3, 4 ^f. fucceffively, it 
is evident the Fluent of the whole ExprclHon will, ia 
all Circumlbnccs of be obtained. But, if the Co- 

cffident c beneg^ive, fo that 0+^" may (by increaiiiis 
s) beoome equal to Nothing 1 then^ in that CSrcum' 

■ I I tmJm 

. ftance, the Fluent of the forefaid general Term c+ca*" 

^ P P ^ 

making — r ssl) beingv far^^, = X 

the whole Fluent of the given Expieffioii> <tf its Equals 

^'"xa.^'^'«+ ^-fci^"^""" « Csr<:. wiU be truly 

rcp refented hyAX t+^^^^ V , g^,. • 
+ ^l K^ - 4'f'^ ^c. In which, = 

^ +LI±1 X ^ + y, and theFiuent 

tf—iar^ X& whentf— =0. 

357. Hence, if the Fluxion given be of the Trino- 
mial Kind (then^ o/, ^c* vanShing) die wboUFlutpt 



» 
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< 

.of + dx^"^Xx^'^^x (when 4i^x + dx^!" 

= 0) will, by fubftituting for 5, T, ^f. be=^X 



i + -j-p-x~+ ^^^^ ^ .Hn^^^ 



+ 



358* If m-^-l and ^ are the Haiires of any odd A£r- 



mative-NumberS) ihe i^/w^w^ of a — ^a" ^ Xa/* 

i 

when 0 ~ ioif =5 will be equal to 

l>3>5.7 (^+l)Xi.3>5'7 (^-i) ^-'"■^^^^ . • Art. 

2. 4. 6. 8, 10. la # ^ vcA^^l. ^ 

I G being the Feri{ihery of the Circle wl^ofe Diameter is 
Unity. ThereforetheFluent of tf— Ja^+.^s- -,,f 



X or its Equal, » + t±i 

X R^f^^^^^ ^V. is found, in this Cafc^bymuhiplying 
the Exfffeffion here g^ven, into ihe foregoing Series, i4* 

359. An Example or two will help to fhew die UTe^ 
of what is above delivered. 



Firft, let die fhunt of ^ 



^when die IXviTor becooif s equal to Nothing) be re** 
quired. 

■ i 

; ^ * 

Then, by <»mparing a* — wItK 

tie 
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iBic general Trinomial a^bx" + dx^""] Xx^^x, it 
• appears that a' muft be, here, wrote in the room of 
\mi that m, b and will be interpKeted by 2, 

'IX I 

~ T> "Tj and — «• ti: rcfpeflivcly ; WbenGe wc 

IBVC / {^+«+0 = I, — — ^^^^^^ 

X I > and the Fluent fought T ^ 

nf 

a. or"*" 2«a.4»4r* 2.2.4.4.6.6r»**' 

360, The fecond Example ihaU be, to find the Fluent 
cxpfcffing the Affide-AngU m an Qrhit defcribed Jbj 
means of a centripetal Force Tarylng accoiduig to aoy 
'Power of the Diflance. 

In which Ca(b tiie given Fluxion being 

( ifrf- 242. 



2 I 2X 



x7 — 

^ere A is fuppofcd the higher Apfe, and CA (and 
confet^uently Cb) equal to Unity) we lhaii, by putting 

J — p* -J— ssvi and i-r reduce it to 



T — 7; r — I 
•yX'^ftr + j-;^;;; — - 

2.3 ' , 3 .4 



^ X y J + +y V + /> + Wliere the Quan- 

tity 
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tit3r under the Radicd Sign (now anfwering to the;,. 
Form above prefcribed) being compared with 

a—bJ'+ibi^^ex^ {jTr.f, wehaTCJW = ~ f, 

^r. Alfo the Value of p with regard to the firft 
Term ^y) will be = | (bccaufe pn^i = — ^) 
Jikewife its Value in the fecond Term (y >}is= |- j in 

the third = ^^r. In the firft of thefe Cafes we, 
therefore, have / 1) = i, J5 0 X =5 

^ * . 72 ^* ^ 16X45 

Whence it follows, that the Fluent of the firft Term 

T + TTj":-^* ^""'l V/whenthc 

Quantity under the Radical Sign becomes equal to No- 
thing (or the Body arrives at its lower Apfe> will be 

truly exprefled by ~==r into i + — . e + 

In the fame Manner it will appear, that the Fluent 
of the fecond Term, in that jCircumftance, is = 

X • . ^ + ^ ' "^ . iS - + 3 5 ^^^2^ 



8 ' The Manner of making Fluents converge^ 



O 3 

that of the Third = X ^* • + 



Whence, the Fluent of the whole Series«^ by cd- 
feding thefe feveral Values together, will come out = 



G 



1 . 2^3_6^i;^— 42t;-8 ^,.Which,drawnmto 
6 X ^^v^ 

i X 1 — 5 iS — i^^— T^^^— (the Value of 
the general Multiplicator f \/ i-nis) gives X 



2,2 V 1 tV 2,2V l,2V 1 

f ♦ +- 5 ZZ 

48 V 72 

X ^ ^'c. for the true Meafure of the Angle required, 

^3 

in Parts of the Radius, or Unity : From whence, by 
writing x8o inftead of G, we (hall have the fame m 
Degrees: Which, laftofall, by raring 1^ becomes 

18 »+3' ' ^ 

Where n is tiie Exponent of the Law of the Force, 
whereby the Orbit is defcribed ; and /3, the Detect of 
the Square of the Meafure of the Celerity, at the higher 
Jpfe^ below That which the Body ought to have to re- 
volve in a Circle, this Uft being denoted by Unity. 

The 
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*The fame Conclufion may be otherwifc derived, by 
bringing i — y, in the transformcii I lux'on, under the 
Vinculum \ but this Way of going to v. ork, though 
we have but one Series to manage, will prove rather 
more troubiefome than the foregoing. 

■ It will appear from the two preceding Examples, ef- 
pccially the firft of them, that this laft Method of find- 
ing Fluents is, chiefly, ufeful when aH the Terms of 
the given Exprcflion, after the two firft^, in refpcdl of 
thcfe*, are but fmall. Which is a Circumi^ance that 
frequently occurs ia the Refjlution of phyfical Pro- 
blems ; fuch as determining the Effc£l of ihe Atmo- 
rphece's Refiftance upon the Vibration of Pendulums; 
and the Inequalities of the Planets arifing from their 
A^ion on each other>' " i nfhort, wherever the Fluent, 
or the Quantity it expreflTes, would belong to the Citcle^ 
or fome other of the Conic-Se£lions, were it not for 
the Interpofition of (bme fmall perturbating Force 
fwhereby new Terms, fmall in C^mparifon of the two 
firft, are introduced) the faid Method will found of 
very great Service. 
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SECTION VIIL 

^ ifi&tf Vfe of Fluxions in deterinining the Motion 
of Bodies in refiJUng Mediwns. 

* 

P R O B. L 

361. Suppojtng that a Body^ lit go from a given Point 
A, with a given Celerity^ in a Right line AQ_, is 
refifted by a Medium ( or any Force ) ailing according 
to a given PciVt-r of the Velocity : To ddaijune the 
V *locity^ and alfo the Space run over^ at the End of a 
given litme* 

LET the given Celerity at A (meafur'd by the 
Space which would be uniformly defcribed in any 
propofed Time r) be put == c, and that at any other 
Point Bj = V J moreover put AB = jt, and the Time 

Ai— \ 1 Q. 

C H — • iD 

of itsDefcriptioa = % ; and let theRefiftance, or Force» 
ading upon the Body at A, be fucfa, that, if the fame 
was to be uniformly continued> the Body would have 
all its Motbn dcftroyed thereby, in the Time wherein 
it might move, uniformly, over a given Diftance d 
, (CD) with its firft Velocity c: Which Time, let be de- 
noted, by /. 

Then, fince the whole Celerity c would be deftroy'd in 
the Time /, that Part of it which would be uniformly ta- 
ken away in the Time r, above propofed, wiii be truly re- 

r cc 
prefented by j X ^ i or by j which is equai to it, 

becaufe the Spaces {c and d) defcribed wub the fame 




in rejifting Mediums^ 42 1 

Celerity are always as tbc Times { r and i) of their 

r c 

Dcfcription 5 and therefore -j- =s -j-. 
Hence, the Refinance at B being to that at A (If 

Hypotbifis) as to , it follows that the Vdodty 
which might be deftroyed in the given Time r» by a 
Force eqinl to the Refiflsmoe at will be exprefled bj 

€C ^ ' 

~ X — , or its. Equal ^ — : Which Expreffion is, 

therefore, the true Meafure of the Force of the ikid 
Refi fiance. 

Now, it appears, from ArL that, iF the Force 

with which the Body is acicd on (or the Velocity it 
would generate in the given Time r) be reprefented by 
the Relation of the Meafures of the Vek city and 
Space gone over, will be expitiTed by the Equation ±w 

SB FSi : ftem whence, by writing — ~- infiead of 

if" * 

Ff we have — t^v = (the Sign of w be- 

ifig negative becaufe v decreafes while x increaTes ♦ ) • Art. 5* 
From this Equation, we ^ x^ — de'^v^vi 

whofis Ftaent is x t=— fSS-Tl^i^IZ" + ; which, 

2— « 

correded (by taking a* = 0, and v = ^) becomes' x =s 



z — n 



Moreover, fince the Time («) is to the Time r, as 
the Dii^ance x to the Diftance v, we alfo have » (ss 



rdc V zAi confe^uently % 

Ee 3 
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n 



vming / for its Equal J : From which Equatioq 



wc get S zsz 1+ n^i XtI J Liij^cwiCb, - 
v * 

tiom the preceding Equation^ we get — ?s 

1 1 <^ • ' - 

I ^ n — 2 X ^1 i Which two equal Values be- 
ing cojupired together, there, at length, refoits x 



into I + n—i X 7 -^ij for the required Re- 
n—a ^ * 

littion of A' iiiiti s, ^ L, /. 

Corollary. 

362* If ^ r= 2, or, the Refiflaoce be in the Duplicate 
Ratio of the Velocity, the Equation exhibiting the Re* 

e 2 

lation of 9 and v* will be — ^ i + Tj otvz^ 
c 

^- : But tb^ other Equation (the Fluent £»ilU)g) 

» + T 



« r 



becomes impra^icable. Here x, the Fluent of — * 
.«4itii6. ^iii be explicable by d X h;fp. Log, ■^*,orby4^X 



2 C 



In 



L. -fc.. ♦ . ^5-^ ' Diiiili.'Cd by C.O( 




in refilling Mediums^ 423 , 

. In the like Manner, when »=t« or the ReGftance is 
as the Velocity, the Relation of v, x and 2, will be 

exhibited by the Equations vzzcX , and 2 / X 

€ . d 

hyp. Log. sztXhyp. L^. jn^.- Which Cafe, and 

that above, are the only two wherein the genera} So- 
lution fails, 

fROB. II. 

Q 363. 1/ a Body, lei go from a given Point 
A with a giviti Ciliriiy^ in a vertical Line 
x* CAQ, is aSled on by an unifsrm Gravity^ 

and alfe by a Medium^ refilling according t9 
any given Fewer ef the VeUdty ; pre" 
. po fed to determine the Relation if the Times f 

A- • the VeinitieSf and the Spaces gone wer. 

Let the Notation in the precedipg Pro- ^ 
]g I blem be retained ; and let the Force of Gra- 
vity, in the given Medium (meafured by the 
Velocity it might generate in -the propofed 
Time r*) be reprefented by b. Then, * Art 361, 
this Value being added to, or fubfira£led 



from ( ) the Meafure of the Re- 

c W~v 

Mance f , according as the Body is in its Afcent, or f Art. 361* 

n 

Dcfcent, we thence get — !I — ± b Cor the whole 

Torce (F) whereby the Motion, at B, is affe^ed : . 
Whence {by Art. 218) x (=5 = Ilf5C^; 

£ e 4 may 
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4^ , t^/' tkiyM^m /v^^^. 

ma]^.^ had, by tb)» pf f^fcular Ar(;s^ 



'♦.3 



4 



Co&OIrLA&Y I.. 

It apij^jirs that th^f orce ( ^ — il-T-r^ 

fiSllDce is to ('^j of Gravity, m the. ^y«A. M#9» 

dium, as / to.^it""~"?: Therefore, if this Ratio be 

expounded by that of to tf*, or be put -rz ldc ,\ 

it follows that ^ will exprefs the Celerity with which the 
K. ..:u. cc would be equal to the Gravity (fmce, when 
uic Lid Riitio becomes that of jtqualuy.) Jtieiuxy . 

alio, by fubilituting ^ for its Eqiol ^i^" we gpt 



A" 



, and X, zz 



Corollary IL 



365. If the Rcfiftance be in tjic Duplicate Ratio of 
ihe Cekricy, our two iaft fiqiiationa will hecome s 



hX vv zt aa '^^ , X aw dt tfa 



: from' the fer- 



uier whereof we get ;r = — ^ X h/i. Lqe, -S^^^S^ 

^ (bec^uic, heru, a'-^cJ.J From whence, when «^'~o, 
. (fuppofiiig tjhe Body to afcead) there oomes out x zr 



cc 



• A ■ 



•J- X A^^v/ + ^» ^ox the Height (J^) of the 
AivciU, But, if <: he taken =?:o, or the iiody 
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be fuppofed to dtkend from Reft, we ihail tlien have 

^ W 
*— --- X iyp* Log, I — — =theDiIiance-<f^ delcend- 
* aa 

^» Whence* if N'h^ pu t for tiie NMmber whofe Hypf r* 
bolipat I^qg^rithqn i» -jy it follows^ (becauiea Log. i ^ 

=r — y — Log. N) thaf i ^ -= ^, aii4 

co^fequcnlly v=ur ^ ^^^Jp" ^'^^ which, the Di- 

fiancees being given, the Velocity acquired in the Fall 
will be determined. But, if the Body, firft^ afcends 
from a given Point v#, with a given Celerity and- tUtui 
Celerity, acquired in fiiliing, when it arrives, again, at ^ 
that Pointy be required i the fuofi may be exhibited in 
a more commodious Form^ independent of Logarithmsy 

i 

and will be equal to — \ ; becade in this 

^ aa 

Cafe> b found above to be = i + r** Furthermoret 

aa , 

with re^od to the Time (s), we have ah^y found 

— ra^tf — ra*v 

&at« iss? — , > or = —======= (=s 

• ) according as the Motion of the Body 

is from, or towards the Center of Forces Therefore 

ra 

the Time iticif, in the former Cafe, will be = 
drawn into the Difference of the two circular Arcs 

C V 

whofe Tangents are and — , and whereof the com* 

mon Radius is Unity * : Whence it follows ^at the •Art mu 

Time 
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ra 

Time of the whole Afcent will be denoted by mul- 

tiply*d into the former of the faid Arcs. 

But, in the other Cafe, the Fluent, exhibiting the 
Time of Defcent, is not explicable by the Arcs of a 
Circle^ but by the Difference of the hyperbolical Lo- 

ir-^v ra 

•Art, ia6, ffiuritfains of ;; and drawn into -7 There- 

® a — V a — e 1.0 

. fore, when « =s o, or the Body from Reft, the 

' ra fl+'y ra 

% will be barely = ^ X hyp. Log. j—^ = y 



X hyp. Log. N + N^^^ (by fubftitutlng the Value 
of V found above, and ordering the Logarithm as in 
ArL 303.} This Equation, in the iorcmention*d Cir- 

cc r 

cumftaoce, where x 4* ^^t;* ^ = 



^ 1 + 

aa 



ra I c 

becomes « = -r X byp. Lor. I i + — J , 

^ ^ <M ■ a 

Scholium* 

366. If, according to Sir Ifaac Newion, we fuppofc 
the ReAftance of the Air, to Bodies moving in it, to 
be in liie i>)Liplic;ite Ratio of tlie Celerities * j and that 

* That the Rc fx fiance is as tbt Sfuaro of the Celerity^ tb* 
l.earner may, in /ome me^fure^ concei*ve^ by confidering that 

the fame Ev^y, ivith a double Velocity^ not only puts tnx ice the 
f^umber of re/ifiing Particles in Motion, in the fame time, but 
alfo aSJs upon each uuith a double Force ; and therefore mufi fujfer 
a four-fold Rejijlance^ or a Reftfiance proportional to the Square 
of the Velocity, ^his njoould be [IriSlly true^ nuere it nat that 
the Particles fo put in Motion impel others lying before them^ 
and tbtreby prevent , as ii *tvere, the Mion oftbo Body. What 
Diviatiom from tbe foregoing Law nuy bonce arifi^ is not eafy 
to determine, Ihis, ho<wevir, feems piain^ ^ that tbe Refipetnco 
, at tbe Beginning of any very fw\ft Motion ( till the Air in the 
Way of the Body comes duly to participate of ihut Motion) nniii 
be greater than That fuftained by anther equal Body, moving 
with the fame Celerity, that has been in Motion fjmo time* 

a 
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a Ball, in the Time it might mnvc, uniformly, over a 
•S(»ace (d) which is to ^ of its Diameter as the DenGty 
of the Bail to that of the Medium, would have all its 
Motion taken away by a Force equal to that of the Rc- 
fiftance, uniformly continued : Then, from thefe Data^ 
apply 'd to the Theorems in the preceding Article, we 
flball be able to determine the Velocities, and the Times 
of the perpendicular Afcent and Defcent of Bodies near 
the Earth's Surfaces allowing for the Refiilance of tiie 
Atmofphere. 

^ Thus, for Ihibnce, let a Canon Ball, of four Inches 
Diameter (whereof the Deniity^ or fpecific Gravity, is 
to that of Air as 6000 to I, nearly) be fuppoied to be 
projected, perpendicular to theHorizon, with a Velocity 
Sufficient to caufe it to aicend to the Height of half a 
Mile, Of 2640 Feet, in vacuo ^ which Velocity (hy Aru 
203.) will be found to anfwer to the Rate of about 412 
Feet fir Secwd s Then, according to fJie Proportion juft- 
now mentionM, it will be as i : 6000 :: | X 4 : 64000 
Inches, or 5333 Feet ; which is the Value of d in this 
Cafe. Therefore, if the Timer, in the preceding Ar- 
ticle (which may be aflumcd at pleafurc} be here inter- 
preted by cue Second^ the corrciponding Values of t/, c 
gnf] b will be expounded by 5333 F. 412 F. and 3 2-,V 
F. * refpedlively. Which Values being fubftituted in* 
the feveral Equations in the lail Article^ we Oiall get 

l9. a (== \/hd ) 35 414 E. the Velocity, pit Si- 

€ondy wherewith the Refiflancc would be etj^ual to the 
Gravity, or Weight, of tlie Ball. 

d ec 
2®. — X h^. Log. i + ~= i835 Feet, the whole 

JHeight of the Afcent. 

ra c 
3®. X Arch, whofe Tang, is = 10,08 Seconds^ 

^he whole Time of the Afcent (which is leis than the 

S ' 

Tifl^e, in vacuQ, by 2,73.) 

4 ? 
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c \ ^ 

4^ V {= — / I = 29a, the Velodty, per 



Sumiy acquired io tbe Defoent* 



Lailiy, X hp.L^g. y ^ + ^ + T = 
11,30 Seconds, the Time of the Defcent. 

Noie^ In this Example the Meafiire the abfolute 
Gravity of the Body, in vaaiOf is taken, inftcad of ill 
Gravity in Air (the Differencet th0ri^ being too incoiH 
fiderable to be regarded.) Bot, tn GUes where the {[t^ 
dEc Gravity of the Medium beass a fcnfible Proportion 
to that of the Body, the Force of Gravity (h) mtifk 

be esEpounded by 3212 X — g — (inftcad of jtrs) . 

where B is to if as the fpecific Gravity of the Body to 
that of the Medium. 

PROB. ra. 

367. Ti diternune the Reftjlancey by means whereof a 
S&dyy gravitating uniformly in thi Dire^iin offaraUil 
Lines ^ may deferibi a given Curves 

Let ABC be the given Curve, and let BQ, parallel 

to the Axis (or anv r»iven Line) AH, be the Dire^ion 
or Gravitation at a.. . ui.u R : Make PBR pcrpendi»- 
cubr to AH .ind BQ ; and let AP=:a', PB^j, AB=z, 
BM (N/y) -z^x, MN (B/-) BN^x, and the 

Velocity of the' Body at B in the Diredton i'BR =7;, 
ThfM, the Decreafc of Vtlotitv in the faid Diit:ction> 
• vvhidi i"> wholly owing to the Refiftance *, being re- 
pfclented by — it follows that the correfponding De- 
creafe of Motion in the Ditcction BN, arifing from the 

• • • 

fame Caufe, will be cxprcfled by -j-X — — -ji 

and 9 that in the Direfiion BM, by — But^ the 

of 
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Cderity in this laft Diredioa betog, every wheftf re-* 

X vx ^ tfx 

prefented by v X -r, its Fluxion ——5 — will be the 

A 



p 










^ H 


c 



w^^/-? Alteration of Motion in the fiid Direciion, ariiiag 
from the Refiftance and the Force of Graviiy, con- 
juQ<^y ; From which dedu^g the Part owin^to the 

Refiibnce* found above to be t- • the Remainder -r 
will be the Y&dk of the Gravity. Which being to 

(— -j^ the Effed; of the abfolute Refiftance in the 

• » 

J>ircdion BN, as i to — ^ > the' Force of Gravity, 
muft therefore be to that of the required Refiftancci in 

« • 

the feme Ratio of i to ■ . 

Vx 

Moreover, the Force of Gravity, meafurM by the 
Velocity it would generate in a given Part of Time ( i ), 
being denoted by Unity, the Velocity generated hereby, 

in the Time ("^^ of defcribing B^, with the Celerity 

y 

will likewtfe be truly exprefled by, -^t the Meafureof 

the 
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Che faid Time: Which being put = to the Va- 

lue of the fame Qtiantityi given abovej we thence hvm 

if 

fr*s=^: Front whence» not onljf the Velocity, but 

the Refiftance will be (bund* But, if you would have 
the Refiftance exprefled independent of V| then let the 

Fluxion (2W=s — — J of the laft Equation bedi- 

• I • 

V ^ X 

vidcd by the Fluent^ which will give ^ — : 

I 

And then, by fubAItuting this Value in — ir^*9>ou will 

get for the true Force of ' the Refiftance, that of 

Gravity (or the Wei^c of the Bod; ) being expounded 
by Unity. 

Thi fame otberwiji. 

Let BO be the Radius of Curvature at B, and let 
OQ^be parallel to PB, meeting BM, produced, in 
Then, if the abfolute Gravity, ai&ing in the Diredioiib 
BQ2 be denoted by Unity, its Force in the Dire^^ion 
BO» whereby the Body Is letained in the Curve, will 

BQ. 

be reprefcntcd by ^|q. Therefore, Cnce the \ eloci- 

ties In Circles are known to be in the Subduplicate Ratio 
e Alt. SIS. of the Radii and of the Forces conjundly *, the Ve- 
locity at B will be rightly expreffcd iy VbOX 

or its Equal (For the Curve at, aau indc-^ 

iinicely near, B may be taken as an Arch of a Circle 
Awhofe Radius is BO : And it b evident that the Re* 
fiiUnce has nothing to do in forcing the Body Irom the 

Tingen^ 
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Tangent, but only ferves to retard its Motion fo, that 
it may, every where, bear a due Proportion to the 
given Force of Gravity a^iing in the Direction fiO.) 
Hence, putting BQ^::=: (be Increafe of the Celerity 

in AeTime^^^^ of defcribing BN^ will be ex- 

prefied by the Fluxion of or ■ ■ Moreover, 
the Celerity that might be generated by Gravity in the 

£ud Time —p. being meafured thereby, the Increafe* 

V s 

in BN, ariiiog from the (ame Caule, will therefore be 

• • ■ • 

% gt X 

ss: —7:- X — = -7= : Which, being takcQ from 
^"^^ ^ whole Increafe, found above, the Rc- 

S 2X 

maiiider, — 7::-, will be the EiFeci of the Refiftancc: 
Which is to the EficA, of the abfolute Gravity 

as — -T- to X* Therefore the Refinance is to the 

Gravity ^or Weight of the Body) as : — to U- 

nity : Where the Signs arc changedj bccaule the two 
Forces aft in contrary DiiediQas. 

Bccaufe BO =^ *, therefore s (BO X ) =» 
"5* 5? — T. — - (=; the Square of the Celerity) whence- 



• Zxxx V* X^ X X 

^ = ^.T ■ » and confequently the Re- 

£i(^ance 
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finance = ____ = /i-* v^j Same 

Corollary* 

368. If the Refiftance l>c fuppoTed as any given 
Power of the Velocity drawn into {D) the Denfity of 
the Medium ; then, froia hence, the Denfity of the 
Metiium, at every Point of the Curve, may be deter- 
mined : For, the abiuiute Cckrky at B being repre* 

fcnted by -r, the Refiilaiicc at that Point will> according 



to the faid Hypothells, be aa — XD^ and therefore 
Ac Velocity that would be dcftroyeJ thereby, in the 

Time of de(cribiiig ^isT, as^j X^: Which 

• • . 

being put = ^— ^ J tiie EiFe^l of the fame Re- 

fiftance, found above, we thence get D =: — 
Which, by fubfiituting for v and becomes D 



In this Corollary, and what, elfe where, relates to un- 
equal Denfities, the Gravity of tbe Body in the Me- 
dium is fuppofed to continue, every where, the fame, 
or, that the Attra6tion increafes with the Denfity, ib- 
that the Difference between the fpecific Gravities oi 
the Body and Medium may, at every Point, be a cen- 
fiant Quantity, 

E X- 
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EXAMPLE L 

369* Ltt the propojed Curve ABC be the co/nrndff 

Parabola : 

Then, * being here = -r, we have x = — , 



^ and *=:o; and therefore ^» is alfo =: o i^^'-i*^ 

Whence it appears that a Body, to dcfcribe this Curve, 
muftmove in Spaces inlirely void of ReMance. 

E X A M P LE U. , 

370. Lff the Curve 
ABC be taken as a ^ia- 
drant of a Circle^ whoji 
Jiadsus BO is =^ a. 

In thb Cafe we hatred 
(BQ) •ss^ (=:AO 
— AP) whence s =— 

and therefore ^ s= 

2?=:3??.» From which it b evident, that the*^'*^ 

2tt aAO 

Velocity b, every where, as^V^BQ]. and tfaeRefUbuice 

to the Gravity (or Weight of the Body) as 3PB to 
2OB. 

PR OB. IV. 

271. T^he CcrJr 'ipctal Fcrce (F) bcin^^ given \ to find 
the Refifiarue and Feiocity ivbereby a Body may dijh ite a , 
given Spiral (or any oiher^ po£ikle% Curve) ^abyut the . ^ 
Center of Force. 

Let? be the Center of Force, and BO the Radius 
of Curvature at any Point B in the propofcd Curve, 

F f and 




•Art. 367^ 



Digrtized by Google 



434 



Of the Motion of Bodies 

and let OQ^ be per- 
pendicular to BPQ_^; 
alfo let BP=;^, BQ_ 
.J =1, AB=:z, BM 
^ and BN 

= «. Tben, k » 
evident from Art, 367. 
that the Velocity at B 
will be exprei&d by 




BOX 



BO 



its Equal, yyiT\ And therefore its Increafe in the 

(« \ sP'4'Fs 
—p^ ) of defcribing BN witi be : 

From which, deduding {FX ~= X ^) the Ef- 
fect of the centripetal Force, in the iame Time and 
Dircaion, the Remainder, 'Z+^i?^, isihcEf- 

fea of die Refiftance* Therefore the Refifiance is to 

the centripetal Force as ^^+-^ +2^ ^ ^ ^ 

%y/sF s/iF 



as 



. + ^Fi y^^^ 



%Fk 



EXAMPLE. 



372. Let the Meafure {F) of the centripetal Force 

be expounded by any Power / t)f the Diflance ; and 
let the Cyrvc be the logarithmic Spirnl ; putting the 
t Art. 61. Co- line of the given Angle PBN f (to the K.adius r) 

X Art. 74. = 'c. Then, s being here — J, F^n/"'^' 



we 
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sF+ Fi + 2Fy +2/i «+3 
we have = ^-f 

y «+3 c 
\ Hence it appears that the Velocity muft be, every 

where, asy * ; and theRefifiance, to the centripetal 
Force, as -r^ X -r to Unity. But, when « = — 

X — becomes = o j therefore the Body, in this 

« 

Cafe, muft move in Spaces incirely void of Refiftance $ 
agreotble to Art^ 233. And, if ff4'3 be negative, an 
accelerating, inftead of a refifting Force, will be required* 

SCHOl I V M. 

373, If the Denfity of a Medium, wherein a Body 
moves, be either uniform, or varies according to a 
^ven Law, the Nature of the Curve, or Traje£lory» 
may be determined from what is delivered in the pre-^ 
ceding Pages. ' 

Thus, for Example, let the Denilty be fuppofed every 
where the iame, and the Reiiftance as the Square of the 



Celerity j then, from Art. 368. we have — = D ; 

Six 

which, in order to exterminate s, may be transformed 

to x 'i '=^yy + X D^xx : Where, D being a conftant 
Qi^iantity (depending upon the given Denfity of the 
Medium) the Value of x will be found, as is taught in 

y* DvJ 

Si^. 2. Art^ 268. 271. and comes out =-7 + 

+ ■ 4sftf, h\ whicii p is put to denote the Para« 

F f 2 meter 
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meter of the Curve at the Vertex* or higlheft Point At 
(to be determined from the Force of Giavityand die 
given Velocity of the Body at that Point.) This So* 
lution anfwen near enough when the Renftance ii but 
iinall in Proportion to the Gravity ; in other Circum* 
fiances, the Serfes not converging, it becomes ufelefi : 
For which Reafon, and becaufe the Cafe above fpe- 
cified is That fuppofcd to obtain, in refpecl to the Air 
near the tartli's Surface, and iis Rchltance to Bodies 
moving tl.cicln, I inall Ihcw, by a cliiFcrcnt Method^ 
how tlic Nature of the Curve may be inveftigated. 

In order thereto, let the Celerity at the higheft Point, 
A, above the Plane of the Horizon EC, be denoted by 
ci anvl let a ht the Celerity with which the Reliitance ' 
is e4u.ii to the Gravity (wd. Art. 365, and 366,^ 




Moreover, let d be put for the Diftance over which th^ 
Sail might imiteoily move In the Time that the Me- 
diw would deftroy all ity Mdtion, was the Refiftance 
to continue the fame, all along, as at the firft Inftant 
(WhicHj^ance^ according to Sir Ifaac Newtoriy is, al- 
ways, in - Proportion to § of the Ball's Diameter, as 
the Deniitjr of the Ball tp that of the Medium.) 



Thea i^ wilf bc, iW i^:«{BN):: j^^ the abfolute 

Celerity at B, to \^ ^ j the Part thereof that would 

be uniformly dcftrtvcd by the Refiftance in the Time 
pf defcribiqg BN, with the Velocity at B; Which 

Value bjcing alfo exprcficd by — : — (w^ i/r/. 367.) we 

there- 
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therefore have = -r j whence = — ,and 

X 

confcqucndy, by taking the Fluent, ss — h^p. 

Log. v; which corre^ed (by putting 2=0, and v=zc) 

z c 
gives -J (=:hyp.Log. hyp. Log.v) = hyp. Log. — • 

Furthtrmore, fmce (by Hypothefis) the Redllance 

with the Celerity ~ (at B) is to the Force of Gravity, 

Dr the Refiflatice with the Celerity as " - to i 

and it appears, from the aforefaid Article, that the fame 

• ■ 

Ratio is alfo univerfally expreiFed by that of ' ^j — to 
I, it follows, ftom the 'Equality of thefe Ratios, that 
!-r is =s ^ -T-* But, in order to the Refolution of 

the Equation thus given, let the Tangent of the AhltIl^ 
PBA (or N) which the Ordinate, PB, makes wiih 
the Curve (fuppoftng Radius Unity) be, every whcce, 

rcprefented by v) : Then, becaufe xrrtt/", :i (v^ '+v"^) 
r= y\/i + u/% andA'=auy (j being con ft ant) we 
ihalli by fubftituting thefe Values in the forefaid £qua* 



tion, get — — = w \/i + w* j whereof the' 
Fluent will be given, — =^ J w V 1 + w^^+fhyp. 



Log. w + i+w^ t ; Which correi^td (by taking! Art. 
t«f and «r=o) becomes = I 



+ { hyp. Log. w + V^* + to Oiorten the 

' Ff 3 re- 
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remaining Part of the Procels, let the latter Part of 
the Equation, or the Fluent of <w v/ i+w* be de- 

noted by ^% then — being — + ^wcbavc»=5 

' y . =\ and confequcntly tC^'^JP'^^S^'TJ 

= hyp. Log. -L 1 I hyp. Log. i^- — 

a da ^ 

From which two Equations, the Velocity of th^ Ba]l> 

and the Diftance it has moved, when its Diredioa 

makes any given Angle with ti c Plurizon, may be com- 
puted, let t!jc Medium be as cicnfe as it will: Alfo, 
fiom hence, if the Cclcritv anfvvciine to ain^ one irivcii 
Angle of DirecElion be known, the Celerity ccrrefpond- 
ing to any other given Direction may be found, together 
with the Diftance defcribed between the two Pofitions, 
For V (in the Defceut of the Body) being, wiiverfallj^ 

ac 

equal to — the Value of u expreffine 
the Celerity at the Vertex will be had from that 
Equation, and comes out ss ~ . whcnco 

alfo z ( = iXhyp. Log. — } = ^ X hyp. Log. 

y ^ ^ = —idX hyp. Log. i-^J!^ . 

From which, the Celerity at A being known, the reft 
is obvious. 

But, in the fifcending Part of the Curve EA, both 
2; and Q_muft be conlidcr'd as negative, or wrote with 
contrary Signs : And then, from the foregoing Equations, 

ae av 
we flwU alfo get w= y ■ =, f = 



and 
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w,d^« = lrfXbyp.Log. >-^= -s''>< 
hyp. Log. ,1+ and, confequently, 2 = — H 

X hyp. Log. I— ^= i X ''i'P- ' + 

S= X hyp. Log. — : Aafwering in Ais Cafe. 

It ftill remains to ta.vc feme notice of ' the Values 
A' and V (in order to have the Form, as well as the 
Len-th, of the Curve.) Thac, indeed, arc riot fo 
caly^to bring out as That of z, given above 5 nor 
can thev bc^ exhibited in a general Manner, either by 
circular Arcs, or Logarithms (that I have been able to 
difcover) but may, however, be approximated to any 
requited Degree of Exadnefs, as wiU appear from what 
follows.. , , T 

Since as (= AB) is found = I i X hyp. Log. 

aa 4- gg^^ ^ Fluxion thereof, we get 

aa ^ 

^^^^^ ^si^rnT^) 

Therefore j (= ;;7j^J = ^ + zc^^' ' 



: Which Equations, by taking 

r to t, as fl* to (or as the Square of the Force of 
Gravity to the Square of the Rcfiftance at A) are re- 

^•-•^ • jtez^^ Whence 

• duced to i = ^ r + 2it* ' "^"'^^ 
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(brought out by aiTumiog ^7^7^+ -t- 

for tbc Fluent fought, and proceeding as in Art, 340.) 
converge very faft when r b large in comparifon to 
but in other Cafes the required Values will behad9 With 

lefe Trouble, from the following Method. 




Let PKTK ar>d AAITM be two Curves, whercoC 
the Ordinates and SM, to the common Ahjdjfa w 

I w 



AS) are exprcfTed by 



and 



refpeC" 



tively : Then it is plain, from the rorcg;oinc; Equations, 
that the Meafurcs of the Areas of the faid Curves, mul- 
tiply *d by dy will truly exhibit the Values of y and ;r; 



an* 



Digil 



I 



in rejtfling Mediums. j^i . 

anfwering to any giv en Value of w (or AS) the Tangeiiit ' 
of the Angle of Dire£^ion $ or, to fpeak more geo* 
metrically, a Square upon AC (fuppofing AC = Radiui 
= Unity) will be to cither of the (aid Areas ASKP^ 
or ASAi as the eiven DUtance to the Value of jr or 
X require d 'B ut now as to a Way for computing 
thefe Areas (without which what has been faid about 
them would be to very little Purpofe) the Meihod of 
Equi aiJIantOrdinates may here be applyM to very good 
Advantage (when the foregoing Serlefes do not converge) 
By means whereof the required Quantities may, with a 
little TrouUe, be brought out to a fufiicient Ikgree of 
Exaclnefs, let the Refiftance be as great as it will 

According to the fame Way of proceeding, the Va- 
lues of X and in the Afcent of the Ball, will alio be 
found, if the Oidmates and sm, generating the re- 
quired Areas, be taken, every where, equal to ^^^^ 

sind ^ rmftead of — r — si and — j — 1 , 

From what has been thus far delivered^ it will not 
be very difficult to calculate (according to die foregoing 
Hypothefis) all the principal Requifites concerning the 
Motion and Track of a Ball in the Air, projected with 
a given Velocity, at a given Elevation ; as will be more 
dearly fecn bv the Example fubjoin'd. 

Suppofc a Cannon BiiU of 4 Inches Diameter (where- 
of the Weight is nearly g Pounds) to be difchargcd dt 
an Elevation of 45 Degrees, with a Velocity fullicient to 
carry it to the Diftance of one Mile, on the Plane of the 

Horizon, were it not for the Refiftanceof the Air. 

Then that Velocity, being the fame as might be freely 
acqulr'd in a perpendicular Defcent oF half a Mile*, 3^ 
will be found to anfv^'er to the Rate of 412 Feet, per 
S^con^y zccord'ng to Jrt. 202. and 366. From whence 
it is alfo plain, that the Diftance d (fo often njention'd 
above) will here be expounded by 5'?3 > Feet ; and that 
the Celerity (a) with which the Rcniljnce wouia be , 
equal to the Gravity (or Weight of the BaiJJ anfwers 
to the Rate of about 414 Feet fcr Second* 

More- 
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' Of the Motion of Bodies 

Moreom» (mce the Tangent of the Anjle of Ele^ 
vation» or die firft Value of is given efaal to Unity 

(or RsMitiu) we have ^ (f + i hyp. Log^ 



W'^^vf^'^'i) =:i.i478; From which) and v(: 



4i3t ViX wcgpt « (= f i X hyp. Log. i+^i^) 
S5 2025 Feet = the Arch defcribed in the whole Af- 
cent. Alfof (ss ■ . 1 = 199 f- Feet, foJr 

^ * aa ^ 

the Rate of the Velocity, per Second^ at the higheil 

Point: Whence r (= — y = 4>3H i ^7 Meant 

ivhercof the greateft Altitude of the Ball, and the ho- 
rizontal Diftance coifcfponding thcicio will likewife be 
found : For kt AF, tn the preceding Figure, be taken 
= I (the given Value of w) and let the iaaie be di- 
vided into three Parts by equi diiiant Ordinates (which 
Number will anfwcr fufficiently exad) then the fucceflive 
Values of it/, for the Ordinates AP, /j, h and TF, 
being 0,1, y and r, thofeoi ^will he 0, 0.3394, 0.713, 
and X. 1478) and the Ordinates tbemfelves (or the cor- 

refponding Values of y^^^ ) =to 0.2318,0.2751^ 

0.3463 and 0.4953, refpedively. From whence, by 
adduig the two Extremes to three times the Sum of 
the two middle Terms, and dividing the whole by 8, 
we get 0.3239 for the Value ot a mean Ordinate f : 
Which, as AF is here equal to Unity, is alfo the Mea- 
fure of the rcf-uircd Area AFTP : Which, therefore, 
being multiply'd by 5333 (d) gives 1727 Feet, for the 
horizontal Diibnce made good in the whole Afceoc. la 



\ Set ^. 11-; . of my Mathmctieal Di£eriathnt. 

the 
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in reding Mediums. 

iht fime Way the Area AFm is found :^atl28« 
Whence die greateft Height of the Ball appean ca be ' 
(=0.1828X5333) =975 Feet. 
- By taking ACssi » and xepeating the Operation (onhr 
changing r—aJ?, tor +2^) the Area ACTP wiU 
come out = 0.2883, and ATC = 0.0875 ; which 
multiply'd by 5333 (as above) give 1004 F. and 467 
F. far the Amplitude, and the Diftance defcended, from 
the bigheft Point, when the Direction of the Ball makes 
an Angle with the Horizon equal to that in which it 
was projedted. 

But, to have the DirccSlion when the Ball flrikes the 
Ground, and the whole Amplkudc of the Proje<5lion, 
we muft find the Value of the Tangent AB, when the 
Area A BL is equal to (0.1828) the Area AFm (fothat 
the Dclccnt, from the higheft Point, may become equal 
to the whole Afcent.) In order thereto, let 0.0875 
(ATC) be dccJuaed from 0.1828 (AF/w) and the Re- 
mainder 0.C95 3 will be = CTBL ; this, divided by 
TC (0.15 1 3) cjuotes 0.63 9 which would be the Value 
of CB, if all the Ordinates CT, SM, ts'c. were equal: 
But, as it is obvious from the Nature of the Problem^ 
and from the Law of the Ordinates alre<tdy computed, 
that BL will be fomething grcacer than C T, and con-^ 
fequently CB icfs than 0.6 3 ■ 1 theretbre fuppofe the 
Value of CB may be about 0.56 ; and, accordingly^ 
proceed to compute the Area of CBLT anfwcring to thh 
Number ; by means of C T (0. 1 5 13) and BL (o 1 85 2) 
and one intermediate Ordinate SM (0*17 15) and Had 

CT+Bi.+4SM 
it (from the Approximation ' ^ — ~— X C^} 

« 

Co come out = 0.0955 : Which Is fo near the required 
Value 0.0953, that it will be altogether needlefs to re» 
^ peat the Operation. It is evident from hence, that the 

Tangent (AB) of the Angle of Diredion, when the 
Ball lirikes the Ground, is i.56 ^ anfwering to 57^: 20': 
From whence, CBKT being (bund =1:0 0752, the 
whole Area ABKP will be had = 0.2635, and confe- 

qucntly 0.263 > X 5333=1405 ^* — the Amplitude in 
tne whole DwiLcnt. 

X ^ Fur- 



^44 ^ tbeMotim of BoJUes 

Furthermore, from the laid Value of w and that of 
jr (= 199 1) given above, we get z (s= 1 1/ X hyp. 

Log. f + 3ff^) := 1788 Feet, for the Arch defcribed 

in the Defcent ; and alfo v = 142 f F. which multi- 
' ply'd by 1.8527, the Secant of 57° : 20', gives 264 F. 
ibr the Celerity of ihe Ball, j^tr Second, at the End of 
its Flight. 

Now, by colleding the principal of the foregoing 
Conciufions, it appears. 




That the Velocity at the higheft Point A of the 
Trsje^ry will be at the Rate of 199J Fee^ fir^ 
^nd : Which 19 to the Velocity at the higheft Point m 
of the Parabola (Etfc) that would be defcribed, were it 

not for the Refiftance, as 2 to 3, nearly. 

EA=2025 and £^2=3030*1 

EF=i727 and £/'=:264o / 
AF=: 975 and tf/=:i32o > Feet, 

AC=:i788 and ^7f=:303ol 
F 0=1405 and fc =2640 J 



4 • 



8^ 



Angle C=57°:20' and c (=£) =45', 
Velocity at C to that at £» as 264 
to 41 2) or as 2 to 3, n^rly. 



Thefe Proportions, between the Diftanccs, in 
Air and //; vacuo^ hold at an Elevation of 45 when 
the Rcfiliance, at going ofF, is nearly equal to the Gra- 
vity,, or Weight, of the Ball. If the Velocity be greater 
than that above fpeciiied, or the Body, projedcd, be, 

cither,' 
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In rejifling MeSuml 

cither, kfs, or lefs denfe, the Curve will diEcXtJiiii^ 
more from a Parabola. 

Hence it evidently appears, that the EfFe£l of the 
Air*s Refif^ancL' upon very fwift Motions, is too con- 
fiderable to be in ti rely difiLgarded in the Art of Gun- 
nery.—-— *Tis true the Method izivcn above is, by 
much, too intricate for common Pra<Stice} but when 
the Law of the Rcfi fiance to very fwift Motions is once 
fuiEciently eftablifhed (which, according to fome late 
Experiments} feems to be in a Ratio greater than that 
of the Square of the Celerity) it will be no very difficult 
Matter to find out proper ApproiuiiatiQas to corred 
the Proportions in common Ufe. 



S E C T I O N IX. 

The Ufs of Fluxions in determining the 
traStion of Bodies under different Forms. 

p R o a I. 

374* C^^PP^J^^i perpendicular /3 AB, and i hat a 
)^ Corpufcle at C is attraSIed towards every Point 
or Particle of the Line AB, by Forces in the reciprocal 
duplicate Ratio of the Difiances ; to determine the Ratio 
of the whole Force whereby the Corpujcle is urged in the 
'JDi region CA. 

Put AC=<7, and 
let AD (confidered 
as variable by the 
Motion of D to- 
wards B) be de- 
noted by X : Then, 
the Force of a Par- 
ticle at D bdng as 

i 

|[jJ5I (byHypothc- 
£vi) its JEfficacy in 




The VJe of Fluxions 
the propofed DircdioA AC (will by tbe Refalution of 

^ ' AC I AC * _ 

Forces) lie ai cD^j^ = ciJ^=I=L- There- 

£>se rrr w Ac Fltuoon of tbe whok Foi«c » 



whofe FliiciH, which (hyJrt^ 85 ) igss ^ ^ 

AD 

Q^^cD* ^^^'^ AD=AB, be as the Force 
itfclf. ^E.l. 

PROB. It 

375. Suppojtng BCDE to reprefent a circular Plam^ 
and that a CorpufcU H, in the Axis thereof AH, is at- 
traded by every Point or ParticU of the Plane by Forces 
in the reciprocal duphcatc Ratio of the Dijiances ; to find 
the ivhole Force by which the Corpufcle is urged towards 
the Flanem 

Let AH=tf, and 
H^i=;ir; then A^* 
= — a*; which 
multiply by (p-^ 
3,14159 eff.) the 
Area of the Circle 
wboie Radius is U« 




AH 



nit}', pvts4>xx^ — ^2* 

for the Area of the 
Circle f^cdbe : whofe 
\ fuxion is = 7prx, 
But the Force of a 
fingle. Particle at ^» 
a 



in the Diredioa HA, is as » or — (fee the laft 

Problera} therefore the Fluxion of the whole Force is 

truly 
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in determining the Attraciion of Bodies^ 

a 2px 
truly defined by ^pxx X ^ or it;^ Equal -pr^ and the 

Force itfelf by the Fluent of -pri which (properly 



eomSbei) is — -f-4- -f- = X x— — = X 



I _ whcn*=:HB. J^. E. L 

BH 

376. In the preceding Problems, we have fuppofed 
the Attradtion of each Particle, to be as the Square of 
the Diftance inverfely ; that being the Law which is 
found to obtain in Nature: But if the Force, according 
toany oter Law of Attradion, be required, the Pro- 
ce(s will be very little different. 

Thus, let the Attraction be as any Power (n) oi the 
: Then (in the laft Prtk.) the Force of a 



^artide at b (upon H) being as its Force in the 
Dtreaion HA will be as -^X/ or tf^ i which 
attltiplyM by 2pxx (as before) gives tpax^ji : whereof 
^ Fluent (=;rf^X 

' 1 

Aif X BH «^ AH ) will be as the Force required. 

PR OB. ra. 

377. To determine the Atira^ion of a Cone DHF at 
in Viftex ; the Attradion of each Particle being as tbi 
Sfuan of tbi Dtftaoa hroirfely. 

Put the Axis £H7=tf, the Length of the Slant-Side 
HD (or HF) = and AH (co.nfidercd as variable) 
= ;r; Then' (hy fim. rrkngle^) a (HEj : h (HF) 



» * (HA) :HB ss^. ftiT, by ie laft Pioblemi 




tbc Attradion of all the Pai tides la the CSrcle 
BC wiU be mcafurcd by 2/> X i — gg=2f>C 

I— J (bfcauTe JriB = ~ J : Wiiich therefore being 
multiply'd by and the Tlucnt taken, we thence have 
— ^ fur the ArciacUon of ACHB : And this, ^heil 



wUl be, 2/> X EH— Hi , the Force of the 



whole Cone DEHF : Which, if HK be made = HE, 
slnd KG perpendicular to HE, will likewtfe be truly de« 

Med by 2/ XEG (bccaufe HG = j^) . ^E^I* 

COROLLA&Y. 

378. Seeing the AtLr*idioa of ACHB is, every 
where, d$ X — y , or — ^ X it follows that the 

Forces of firoilar Cones, at their Vcrtexcs, aredire€Uy 
as their Alutudes* 

PROB. 
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in dettrmnif^ the Miration of Bodies. 

PRO B. IV. 

' ^79. To find the Force of a Cylinder CBRF, at any 
Pdtnt A in the produced Axii \ the Law of Attraiiion king 
Jlill as in the preceding Problems. 

Put BG ( = CG = 

RH) :=Lb ', and let AS 
(taken as variable) ^ ; 

ThciefbrcAT=3v/^*+«*f 



J — Which 

+ 

f^j^ Pw^. 2.) expreflcs the 
Force of all the Particles 
in the circular Siur£M» 1ST* 










-A 



Therefore zpXie — 



XX 



b the Fluxion of thu 



required Force : Whofe Fluent (a? X * — 

when jrss AG, will be::= 2^ X AG— ABj but when 

9t = AH» it will .be = 2/^ X AH— AF : Hence, by 
taking the former of thefe Values from the ktter, we 

have %p X AB+BF — AF for the Measure of the true 
Force by which a Corpufde at A is urged towards the 
Cylinder* 



PROB. 



45^ Fluxions . 

PR OB. V, 

380. Law %f tbe Force hting ftill fuppofed the fim ; 
t9 ditirmint tbeAitraphm rf a ^km OABGSt 0»jr 
gmtn Point H abow its Surfaa* 




Let BS be perpendicular to HG, and Jet HB be 
drawn; alio put the Radius AO=ay OH=^, AH (A — a) 
= f, Hn=iy, andHB = ^+;ri then Anzzy — Gn 



zsiza — y-\-Cy and confcquently y — c X 2a — y-^c (= 
hnXGn = Bji» = BH» — H«*) = 7+1^*^^ : From 

which Equation we get y =: "" ' za { 2c — 

— (bctaufe a+cz:^.) Whence alfi> 2/X 



Art. 3^5* I — 55 •= 2* X I— ■ , ~^ -=S ■ r 

WhU* niiiltiply'd by =j gives i^i2^E£f 

Tor the Fluxion of the required Forced whereof the Fluent 
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in determining the AttraSliou of Bodies 451 

^ wiU be the Attraction of the Segment 

ABS : Which therefore, when B coincides with G and 

X h = 2a, becomes -rrrs ^or the i^Ieafure of the 

3^ 

Attra<^on of the whole Sphere. ^ E* L 

COROLLA&Y L . 

attheSur&cc 

of the Sphere, where ^ Js ^ (z, will be — j and 
therefore is direClly as the Radius of the Sphere. 

Corollary II. 

382. Since -^^T" is known to cxprefs the Content of , 
Sphere whofe Radius i§ a*, it evident that the At- •Ait. 

tradioa ^"^^ J Sphere is, univerfally, as its 

Quantity of Matter dire£Uy, and the Square of the Di* 
Aance from its Center inverfely ; and is, moreover, the 
very (ame as it would be, was all the Matter in the 
Sphere to be united in a Poirit at the Center* 

Corollary III. 

383. If inftead of a Corpufde, or a fingle Particle 
of Mutter, at H, we fuppofe another Sphere, having its 
Center at H : Then, fiiice tlri two Spheres, at O and 
H, atSt upon each other with the very lame Force?, as 
if each Mafs was contracteu hito its Center, it lollowa 
that the abfolute Force, with which two fplieiical Bo- 
dies tend towards each other, is as the Produ6l ot their 
MaiTes directly, and the Square of the Diftance of their 

Centers 



7*be XJfe of Fluxions 

Centers inverfely : And therefofe* if the Mafles are 
given, will be bardy as the Square of the Difiance. 

P R O B. VL 

384. To determine the fam at ia the lafi Prthkm^ the 
Force of each Particle being as atiy Pmvtr (n) ef the 

Let HB JTt and let every thing elfe remain as 
above % then we flull have y =: = + 

^ (by putting <fc= — 1 and confequcntly ^ = -j- • 
Now the Attradion of all the Particles in the circular 
Surfoce BS, » a» ^ X HuXHB"*'— H«"^* (bj 

Jrt. 376.) = X y*"*'-/^* : Which, muiti- 

ply'd by jf, gives X yy—y'^jr for flux- 
ion .of the required Force : Which, becaufe jpf is = 

XT^~+2F»^ likewife be cxprcffcd 

Fluent is X Sl+Ii"^ - ^ff ; 
Which, when B coincides with A, or xzzyzizc^ wUi be=: 
^ X„r4 H=:4^ — JL_;But,whcn 



B CO- 
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in determining the AttraSlion of Bodies, 453 
B coincides with G, w xz=iy:^2a-\- c {=/) it will 

income =^ x£i-+^":^"^ : 
Therefore the Difference of Aefe two, which is =: 

n+i X «+5 X 2b* »+« 

? + 5 X 2^</ — 2^ * — X _ 



li+Tx »+3X Jf + 5 X ^» 

(becaufe fz=ia-\-h^ and 2^/^=:t*4"^0 ^^^^ 
Attraction oi the whole Sphere. ^ E. L 

> 

385. Hencp) the Attraction at the Surface of 
the Sphere ( where . == o ) will be X 
HrnXlS""3^H:?Xo"'^ Which, if « + 3 be 

pofitive, will be = — i but, othcrwife, in^ 

finite. 

P R O B- VIL 




the common Vertex A, of either their firft or fecmi Axes^ 
in an indefinitely fmall Angle BA^ ; To detemnne the At' 
traSlion thereof at the Point A, fuppoftng the Force of 
each Particle of A^atfer to be as the Square of the Dijlance. 
inyerfeLyi. 

G 5 3 I-ei 



45^ 7^ Ufs of Fluxions 

Let DE be any Ordinate to the Axis AB, and let 
AD be drawn j alfo put ABzzza, BC=r, CD=:v, and 
the Sine ot the Angle BA^, formed by the two Planes 
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(to the Radius i) z=Ld\ and let the Equation. of either 
Curve be)'"=/.v — Which will anfwer, 

to the Conjnn;ate, orTranrvcrfc Axis thereofj accorfling 
as the Value oi g is pofitive or negative. 

Now it wUl be, I (Radius) : d xi (AC) : & 



z=z dXa — the Thicknef^ of the Cuneus at the Or- 
dinate (or Sedion) D£ t Moreover, becaufe AD"^ = 

AC^+Cr)% we have AD = s/'^^^f^^^^gk' ; 



DE X 

Whence, ^^^^^^,expneffing 374O theAttiraCr 
tion of the Particle^ in the indefinitely narrow Re^langle 



DEXCr, will be Jtiined by 

Which therefore, multiply'd by a-, will give the Fluxion 
0 thp Forpe to tfe found. But when fjc^x^-^gx* 

bpT 
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in determining the Attra£iim of Bodies. • 45 5 

becomes o, ;^ will be = j;^ (=AB) =stf ; there- 
fore, by fttbftltuting for /, our Fluxion will be tranf- 

Uic s/ i + ^ X ax— 7+ g X Jf* _ 
formed to . =^ 

+ 7^} X — 1 +^ X** 

\/7qr}x* 



r+^^xx^x _ 1+?: X 



ft 



X 



a 



£f J. il.- — 3 ' S^^^^ esfr. Whereof the 



Fluent, when *=s *, will be i+jp* X aa^ X 



Whidi, becau fe H?^X# js =/X i+? ^^/'X 

T £. 4. JL 3 * Sg (4f^^ /jjy multiplying 

2 ^ 2.4 2.4.6 

the two Seriefes together dTc.) be reduced t0 2<yX 

3 3-5 3-5-7 3-5-7-9 

It may be obfervcd, that the Fluent given above 
may be brought out without an Infinite Series (l>y Avt^ 
126. tfiw? 278.) But the Solution here exhibited is beft 
adapted to what follows hereafter ; to which the Pro* 
pfition tt^f is premifed » a l^mna. 

Qg4 PRPB- 
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456 7kf U/e of Fluxioijs 

f> R p 3. yiij. 

' 387. Tit (UUrmine the Attra£l'm at any Point Q^'m tbf 
Surface 0/ a given Spheroid OAP£S» 

Let QRL be perpendicular to the Axis PS of the Sphe- 
roid, and QT perpendicular to the Tangent Ff of the 
generating Ellipfis at Q^, meeting PS in T : Moreover, 
let QriHh be a Sc^lion of tiic Spheroid by a Plane per- 
pendicular to that of the Ellipfis APES, and thro' any 
Poiot r, in the Axis thereof, clraw CBc and rL parallel 
to AE and PS : And make the Abfcifia Qrzizx, its cor- 
refpondipg §emi-Ordipa^ ra (or rb) =:jry QR =: 




and RT = ^ ; alfo let the Sine (NG; of the Angle 
HOP (to the Radius NQzzi) — its Co-fine QG 
=:y, and the Ratio of OA'^ to OP% as any given 
Quantity h to Unity. Now, by reafon of the fimilar 
Triangles QrL and QNG, we have rL (BR) -jjfi 
find (iL== p, and therefore Br (RL) z=: q'x^jgi 
Alfoj' from the IJaturc of tl^^ Ellipfis, AO^;|!(^ 

: i) RT (h) : OR = j: Likcwife AO»:PO» 
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in determining the AttraBim pf Bodies* 

(hU) :: QR* : OP* — OR* % and PO* : AO* (i : b) 
:j 0P\— OB* : BC* =: A X OP* — OB* = * X 

OP*— OR+RB>*=:i&xOt'*— OR»— iORxRb-^RB^ 
=:QR*+i&x~20RxRB^B^I becaufe (by the former 

Proportion) QR*=i&xOF*— OR* ; Whence, by thePro- 
perty of thcCirde^Cw^weget/ (BC*— Br*)=QR*— 

Br* A X 2ORXRB + RB* =11*— 5?^* — *X 

^ X fx + p*x* = 5?=^ X 2*— J* + X**: 
.Which Equation, by making becomes 

J3^*ir* (becaufe =1= QN* : Which being only 

ef two Otmenfions, the Curve Qtf whereto it bcj- 
longs, if an EUipiis. 

The Equation of the Curve Q^H* being now ob- 
tained, let its Axis QH be fuppofed to revolve about Q, 
as a Center (the Plane of the Curve being always perpen- 
dicular to that of the Ellipfis APES) and let the Fluxion 
of the Arch MN (expreffing the Angle defcribed from 
the time the faid Axis beginij its Motion at the Pofition 

ALD) be denoted by i^.* Then, it is evident from 

the prieceding Problem, that, 2aq^2bp X 2^ X 

13^1^^1:51^4^., wiU be theFlMxion 

of the Attraction of the correfponding Part DQH of 
the Solid, upon a Corpufcle at Q, confidcred as aaing 
in ttc DiicCfcion HQ, ( which Expreffioo is found, by, 

barely, writing 2aq — ibp^ A and 5/)% in the faid 
Problem, fpr /, and g refpeaivcly.) 

• Ifcnce, 



I 



458 The life of Fluxions 

Hence, by the Refolution of Purees, the Fhjxion of 
the Attraaioii, in the Dirc^ons (^l and Q^o (per- 

peadicuiar to QR) will be truly ejdiibited by laq — zbp 

y^^A,y,l^LL^^ll±±££l ^c. and 
3 3-5 3-5*7 

^ ^ 3 3-5 ^ 3-5-7 

Let now ano^r Plane be fuppofed to revolve 
about the Point the contiary Way to the former, from 
OP towards Qfi and let (ng) the Sine of the Andc 
RQ/; be denoted by P, and it» Co-fine {Q^) by 
Then the Fluxion of the Attraaion of the Part DQb^ 
in the forefaid DircdHonsOR and Qw (by writing— P 
inftead of ^ and ^ inftead of f> will appear Co be 



2i,FX2J^X ^ + 



3 3-5 3-5-7 



. „ 2 2.4 BP^^ , 

anditfj^+2^i"X— a^PX — ~- J- 

^ ' • (5ft-. Which being added to thole of 

•3.5-7 

p 

the former Part, in the fame Diredions, and and 
'Art 141^ refpcftiveiy fubftituted inftead of ^ *, we have 
4a into - X — X?/''^+-^^*^ 

t9 mS J 



+ 4^ into jXFP— j;yXP'P-#V«irtf. 
And 



-^4.0 into -"X + — r:r X + —5— <3€m 

4 »« 3 f ^ ^ 3.5 i 



for 
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ffi»r die Fluxion of the Attradion of both Parts together 
in the fonfaid Dirodions : Whereof the Fluents, %hen 
N coincides with F, tnd n with will be the Attrac- 
tion of the whole Spheroid in thofc Direaions. But 
HOW. in order to determine thefc Fluents with as little 
Trouble as poflible, let m be alTumed to denote any 

whole pofitive Number i then the Fluent of or 



-j^^. wai be .niverfiUr = ^'x/> 



+ 3-5 ".2m-t ^ ^^^^ ^^j^ ^^^^ 

pimp pa«»p 

Andthatof i— T. or ■^ L^-LL. (in thet 
fim Manner) = P*^'+ ^ X P**^ 



+ X Atch {M») whofe Sine 

is P. But when N coincides with F, and n with /, 
the Sines p and P, of the Arches MF and M/, be- 
coming et^uiil, and (the Co-fmc) ^= — (Co-line) 



it h evident that the Sum of the Fluents of ^ and 
will, in th^t Cafe, be txuly exhibited by 



I . 3 . 5 * * * * — ^ ^ l^p 1^ 1 . 3 . ? • • . . <.2fn I ^ 
ft e 4,. 6 ^ a. 4«b.*« 

M/, or ittEqual i j'?.-.;;,'^' XFM/i be- 

2 • 4* 0« • • 201 
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caufe, then all the reft of the Tenns (by reafonof the 
cqual'Quauitides PtpuuH^ — f J deftroy one another. 
After the lame Manner the Sum of the f kents of 

and ^^p9 in the foreOud Grciimftance, will 
«Ait.a97. appear to be = JislLilllLl^^XFMf*. 

Now, to apply this to the' Matter in hand, let the 

Exponent of 5, in any l erm of cither of the above 
found I' luxions be, univerfally, exprcflcd by n ; then 
the numeral Coefficient (anaexed to £) wiU be deiiaed 

by^ ,^'4»6... 2;/+- ^ and the variable Quantities 

1.3.5... 2«4-3 
multtplied thereby, ia the firft Line . of the formq; 



Fluxion, will be fp'p + ^P"' P : Therefore 

2.4.6..,2j+I ^^ X^TH^JTV i.aGer 

1 . 3 . 5 • • • 2«+3 

neral Term, (from whence^ if » be expounded by r, 

2, 3 esTr. fucceffively, tfiat whole Line will be pro- 



duced.) But, the Fhtent of j^'V + ^ in the 
Circumftance abov^ fpecified, (putting and FMf 

ssi, appears to be— ^-z •♦•2^— t 

2« 4 • 6 . 8 . . . in-^x 

Which, tfaerefiMre, mulUply'd by j^4.6...irf2 

3- 5 • • • ^" + 3 

X£% gives ^-3 .^>7'"2!.Z! .^ ^'^'^""^"'^^ 
2 . 4 . 6 • 8 , . • 2«4-2 3 . 5 • . • 2W-J-3 

X5«i = , for the true Fluent of the 

i«id General Term; Which^ if « be eipoiinded by 

o. 



Digrtized by Google 
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^9 h ^$ 3 fucceflively, wiJl become equal to j-j % 

Bk B'k B^k ^ , 

I—, — I, — - (fTr. reipeoivdy; and idtnamtt the 
3 • 5 5*/ 7 • 9 

Fluent of the whole Line (drawn into the general 

Multiplicator Aa) is = Aak X -A- <— • 4- — - 



But noWj for the Fluent of the fecond 



7-9 

2 

J^ine : This, it is plain, will be = 4^ into ^ 



£:_i!-2^x£:-JL'i.-.. Which, in tl,e 
2 a 3*5 4 4 

forelaid Circumftance, when P zz. intirely vaniihes. 
Therefore it appears, that the Attra£lion of the whole 
Spheroid, in the Diredion QR, is truly exprefFed by 

4<7^ X — + 9 or its Equal 

'*3 35 5- 7 7-9 

4i X — + — Uc,X^. 

'•3 3-5 5-7 

After the fame Manner the Fluent of the firft Line, 
in the latter of our two 1* luxions, will be found to 

vaniOi : And ^'-^'^■-^*+^ X i^" xSTi 

I • 3 , 5 . • • aa+3 q ^ 

will be a General Term to the fecond Line. 
Whereof the Fluent (by expounding am by an +2} 

aj^ars, from above, to be s ^ * 4 » 6.,.. z w^z ^ 

3«5*7»«»» *»+3 

^ r rrr; • Wh^cb, when 

2*4«o.«. 2ji+a 2»-t-5 

» ta 
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n is interpreted by o, i, 2, 3 ^c* fucceffivdy, corner 



out equal to 



Cifc, refjpedively : There- 



3' 5' 7 

fort the AttraaiMi of tht Spbmi^ in die Dtrcakm 



Qwy bexhibitcdby — 4^iX-L-, — 

^c, and coniequently, That in the oppoUte Direction 

Qv, by X IZT^jT^Z^ =; 4i X 
^ 3 5 7 9 3 

£ + £ ere. XRT = 4^ X iTsxi.^^ J, 

2^ 7 3 5 ^ 

(5fe. X OR (becaufe i+^X OR = RT.; 

From which and the Force in the Dircdion QR \ 
(found above; not only the Diret^iion qi the abfoiute 




Attraction, but that Attra£^ion itfelf will be known: 
For, let Rl be taken to QR, as the Force in the Di- 

rt^tiou Q3f to thai in the Dire^n QR | and then, by 

the 
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the Compofitton of Forces, QJ will be the Direction of 
the Attn&loo^ or the Line in which a Corpufcle at 
tends to defcend : And the Attradion Itfelf, in that Di- 
Fcaion, (being to that in QR, as QI to QR) will be 

defined by 4^ X -i — — ^c. X QI ; 

* • 3 3* 5 5' 7 

wUchf fince 4^ is cooftanti will alio be as -d. _ 
' • ^ 



3-5 5-7 

Corollary. 



388. Since, by Conftruaion, RI I QR :: i+RX 



xoR:-I ^ 

J 5 7 9 '-3 3'S 

+ ^ ^<r. X QR, it Mows that 7-^ — + 
5 .7 ■ • 3 3 • 5 

~ fifr. : I+i^ X ^ + ^ esr^. uROiRI; 
5.7 3 S 7 

whence (by Divifion) — — — + * 3T5 

cofifequcmly^ T-z—— + r— ^f. : 3 X — 

* • 3 3 ' 5 5*7 3.5 

— JL esTf. :; OT : 01. 

5.7 7-9 

Hence It appears that the Direction QJ, of the 
abfoiute Attra6lion, divides the Part of the Axis 
OT, intercepted by the Center and Normal, in a 
g^ven Ratio; And that the Attrition itfelf (being de- 

I £ncd 
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% 



fined by J. + ftTf. XQi; is cva^ 

1 - 3 3-5 5« 7 

where as the faid Line of Direftion QJ. 

Scholium. 

n^%q. Although the foregoing Conclufions arc ex- 
hibited by Infinite Seriefes, yet the Sums of thofe Sc- 
riefes are explicable by means of the Arch of a Circle. 

Thus, let the Senes "J J + J (^^^^ ^ 

one of the two original ones above found) be put 
• and let ^ = i*^ i then by Subilitution, and muiiipiying 

the whole Equation by /», we ihall have "J ~ "J + 

— = pS, and confequently / — "3" 5"" f 

= / — VS : Where, the former Part of the Equa- 
tion is known to expreis the Arch of a Circle, whofc 

Aft* 14a. Tangent is t (bO and Radius Unity *: Wherefore, 
putting that Arch = 4, we have t'^, and con- 

fequently S = -jt" = 7~7 + 7 
Moreover^ fince it appears that 

(where the Sum of ~ j + ^' fe'*. « 

found ='-9^XB as '-^^t wid where Tl»t 

of 
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^ — — u — by the fiunt Method wUl come 
5 7 

out = ' ^ - ■ ^ - ■ ) it ]g evident that - — : — — r 

, 2B^ t — A t— A— ^ 

_1 L. — 

* 7 9 f ~ I* 

' 7; —'"'' ' 9 and conitquently - — - — * 

3.5+5. 7 5ifi — ~y 

= ' + — * . Whkh is ttie Value of the odier 

r 

original Series found above: From whence that of 

■ ~ + will aUb be had =s 

5.5 5.7 ^ 7.9 

4t±i£lzi3£>Ll±Z. 

Hence, if 

— V 1.3 3-s^5'7 

And 

. 2* v.-" 3-5 5-7 7-9. 

it is evident that OT will be to OI, in the conftant Ra-' 
fio of ^ to /; ; and that the Forces in the Diredions 
QI, QR, and Qy, will be as^XQI, ^XQR, and/X 

^ AO* 

i+Z^XORrelpcaively: Where i+B ia 
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PRO B. IX. 

390. To dtUrmne ibi Juration at any Point D within 
a gmn Spheroid OAPES. 




Let Oapos be another Spheroid* concentric with« and 
fimilar to, the given one; whci^ Surfisucc D^M Csfr. 
pailes thro' the given Point D ; alfo let FDf and HDi^ 
be taken as two oppofice» indefinitely fiender. Cones 
(or Pyramids) conceived to be form'd by drawing innu-* 
merable Lines HDF, bDf ^c. through the common 
Vertex D) which Cones (or Pyramids) having the' 
fame Angle^ may be confidered as fimilar ; and fo their 
• Art. 378. Forces, at D, will be as the Altitudes DF and DH * : 
And, therefore, the Exccfs of the former, above the 
latter, or the Force whereby a Corpulclc at D, tends 
towards F, through the, contrary, Action of the two op- 
pofite Cones, wiii be as DF — DH, or as DM; becaufe 
(/>y the property of the ElU^Jis) MF is, m all Fofitions, 
equal to DH. 

Hence it appears that the Parts of Matter FMmf , 
and HD^, vi'uhout th^ Spheroid apes (acting equally, 
in contrary DiretSlions) can have no EfFecl at D; 
And this, being every where the Cafe, the whole, efE- 
cacious. Force at D muft thereiore be that of ttie 
Spheroid Oapes, 

Hence, if the Ratio of O^* to Op^ (or of OA* to OP*) 
. be denoted by that of i+B to i j as in the laft Problem, 

a it 



Digitized by Google 



in determining the AttraSlion of Bodies* 

it follows, from thence, that the Attraction atD, in the 
Dire^kioos DM and DN (perpendicular to PS and A£ ; 

fii ihemxt Fig.) will be expounded by -i A + ?L 

'-3 3 5 5'7 

tiftf, XDM, ;md t+Sx Jl^I + ^ _ £! 

3 -5 .7 9 
fcfr. X DN refpeiftively, or by their Equals g X DM 

mod fx i+B X DN ; Where the Values of /and g 

are the fiunc as given in the preceding Article. 

C0&0LI.A8.Y* 

> • 

391, Hence the Force wherewith a Corpufcle, any 
where within a given Spheroid, is attraded, either, 
towards the Axis, or the Plane of its Equatort is di« 
f ediy as the Diftance therefrom. 

PR OB* X. 

^92. Suf^po/wg every Particle of Matter in a Spheroid 
to have a Tendency to rcade, both, from the Axis PS, and 
from the Plane of the greateji Circle^ by Meant of Forces 
tt^t are as the Dijiances from tlxe faid Axis^ and Flane^ 
TifpeSiivily ; to find the DinaiM DI wherein a Corpufcle^ 
at any Point D, tends to mavi through the A^ion of the 
/aid Forces and the Attraifion conjmSily ; and Ukeunje the 
wbok confound Fmo in that Din^ion. 



Let DM and DN 
be perpendicular to 
PS and AE, and let 
the given forces, in 
the Direction of thofe 
Lines (independent of 
the Attraction) ex- 
prefled by zwxD M and 
0XDN refpe^tiirely. 



p 




5 

H h a Tfaer«- 



STi&tf XJfe of Fluxions 

Thcrerore, fincc (by the laft Problem) the Force 
of Attraction in the laid Dirci^ioos is defined by ^xDM^ 

and / X I +iJ X DN, the wiiole refulting Forces 

will be truly denoted by g — mXDM^ and /X i+B-~n 
X DN : Whence (by the Compolition of Forces) it 

will be, g-^m \ fX 7+5— » :: DN (OMJ : MI ; 
whence the Point I is given : 

Alfo DM : DI :: J^m X DM (the Force in che 

DircaionDM) : g—m%Dl^ thcForccinDL J^.^.J^ 

P R O a XL 

* 

393. Every thing being fuppofed as in the preceding 
ProhUms^ 'tis required to determine the Force of all toe 
Particles in the Line (or Column) QDO tending te the 
Center O (f the Spbercid. 

Let J H be perpendicular to QO produced ( fee the 
kji Fig*) then the abiolute Force, in the Diredion DI» 

bcin^ g — X DI, that in the Dire£^ion DH, whereby 
a CoipuiUc (ii D ii urged tuwaidi) die Center, will be 

g — wiX DH. Let now OD (confidered as variable) 
be denoted by x s then becaufe the Ratio of OM to MI 

j8 given (being every where as m to /X i+5 — ir, 
h the Precedent) and the Triangles ODM and lOHare 
limilar, it follows that the Ratio of OD to OH will be 
given, or conftant ; and confequently that of DH to 
OH, likewife : Let therefore this Ratio of DH to OH 
be exprefied by that of r to and we (hall have DH=: 

rx f 

7-, and confcquently U~"''^XDH) the Force atD, 

oqual to g — m X -j" .* Which therefore being mulii« 

ply'd ' 

V 

\. % - ' ' . . . 
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ply'd by a-, and the Fluent taken, there comes out 
r- X rx^ ^jzZ^ X DO X OH, for the whole 
Force of the Line or Coiuinn OD at the Center* 

CoROttAKY. 

394. If the given Forces m and n be fuch that the 
Ratio of OM to MI« (which U fouod to be univerfally 

• I 

— fn to fx 1 + ^ — «) may become as I : i-f-jB 
(or as />0* : flO*) it is evident (from the Property of 
the Ellipfis) that th6 Line of Direaion DI will be al- 
ways perpendicular to the Surface of the Spheroid Oapes: 
In which Cafe OD X DH is alfo (by the Nature of 

the Ellipfis) = 0«* : And therefore the Force ^— ^ 

X OD X DH) of OD is =^ X Oa\ : Which, 

when D coincides with Q% will become — j — X AO*i 
^d isy therefore, a conftant Quantity. 



Moreover, fihce in this Cafe, g — m IfX i+J5 — « 

n 

I : i-f-B (by Hypothefis) vwe have m — JIpJ — ^ 
— / ; Which Equation, 'if n be taken = c, gives 

_i£l4. !!!! -3±>!i±i3f.,. 



£ut. if m be taken =o» it will then give «= — 1 -f- i> 

^/ir7= -T+^xi^ _ l£ + ^ £^^. Where, 
* 3-5- 5.'7 7-9 

f = 2?', and A = the Arch whofe Tangent ii t, ani 

RaUius Unity. ' „ 

Hh 3 PROa 
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PR OB. "XIL 

395. If an ohlati Sphereid OAPES, whereof tbf 
Square 0^ the Equai^real Diamfter A£» ii to that of tkff 
j/xis PS, in iwy ^hen Rath of i + B ic nvohei 
atout its Jxisy in fucb a Time^ that tin centrifugal Foree^ 
at the Equator A> is to the Jttrafiion at the Surface ejr 

a Sphere wbofe Radius is OA, in the Ratiq of - — - — 

^ * ^ 

• — ~ 4- — - • to • ^ Pyy it that Cafe^ every 

particle of the Spheroid ivill he in EqulUbrio } fo tbai^ 
ib^ the Cohefion of the Parts vfos to ceafey the Figure itfeif 
Vioidd remain smcban^ed^ 




For, the Attra&ion of the Spheroid, at A, being it* 

fi„,d hy J-:'-^ -^^(i(, XAO (Ai. 387.) 
* • 3 3-5 5 '7 

AO 

it 18 evident {by conceiving ^ 0} that -r-* will re* 

prcfent the Attracl:ion at the Surface of the Sphere 
whofe Radius is AO ; Whence (by Hypothefis) the 

centrifugal Force at A (putting m j-^ — j-y + 
will be truly defined by snX AO y and con- 



7-9 



fe^uentJy 
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lequently Tl»t« at any other Point D, by mXDM (be* 
caofe the centrifugal Forces of Bodies defcribing unequal 
Circles* in equal Times, are known to be direiSlly as 
the Radit Hence, and from the Corollary to the laft • Ait. 213. 
Problem, it appears that the Direction of Gravitation 
DI is always perpendicular to the Surface apei\ and 
that the Force of all the Particles in the Line (or Canal) 
OD or OQj towards the Center O, will continue in- 
variable, take the Point Q in what Part of the Arch 
APE you will ; From which laft ConfiJeration, it fol- 
lows that the Force, or FrclTure of every Canal QO, 
at the Center O, (confidering the Body in a fluid State) 
will be the fame : Whence (by the Principles of Hy- 
droftatics) a Corpufcle at D has no Tendency to move, 
cither Way, in the Line OQj And therdbre, as it 
hath no Tendency to move in jihe Dire£lion of the Sur- 
face Vife (the Gravitation being perpendicular thereto) 
it is evident, frm MechanicSy that no Motion at all 
can enfuC) in any Diredion. ^ E D, 

Corollary I, 

3q5. Since m is = + — - ^r. the 

3-5 5-7 7-9 

Gravitation « XDlj at any Point D in the 

I ' 3 J?* 

Spheroid will therefore be as — — 1- — 

3 5 7 

i A 

X DI = X DI (fii Art. 389.) 

■ ^ 

Corollary XL 

397. If the Time of Revolution be given and 
q be put to denote the Time wherein a (folid) Sphere, 
of the fame Ucnfity with the Spheroid, mult revolve ; • 
fo that the centrifugal Force, at the Equator thereof, 
may be equal to the Gravity : Then, as this \Ai Time 
is known to continue the fame, whatever the Magnitude 
of that Sphere is t4 and the centrifugal Forces^ in equal X Arr. aij. 

H h 4 Circles, ^Si. , 
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Circle*, are ak(b known to be inverfely ae the Squared 
of the periodic Time*—— it follovfs, that : f • ?: f AO 
(the Attraflioji, or centrifugal Force» refpe^ling the 

Sphere OA, revolving ia the Time q) : — 

, 3-5 5-7- 

4- — - 6V. X AO» the centrifugal Force of the 
7-9 

. Spheroid at h; Rvolving in the Tine From whick 

Proportion ^ =^ J7i it? + = 

'^^^/^y (^r/- Whence^ b/ Hdp of tho 

Trigonometrical -Canon, the Value of / {^B^) and^ 
confcquently, the Ratio of the two principal Diai|ielen» 
' will be found y To that all the P^rts of the Spheroid 

may remain in Bftilihris, But, when -~ is fmali, 

the Solution by an Infinite Series Is preferable : For, then 

zB . f 

the ^cncs fT^—JT^^^- (== ^} con verging lu(- 

iicicntly fwift, we fliall, by the Reverfion thereof, iind 

^ Caf - the '^itio of the Eijuatoreal Diameter to the Axis, 
a we take only the tijrii 1 erm of the Scries, will be, aa 



Which, i^ p: 289, or the centrifugal Force at 

the Equator be to the Gravity as i to 289 (that being 
•Axi.%ij, ihi: Proportion at the Equator of the Earth*) wM 
Wiac out a$ 234 to 230, 

' . Co- 
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Cqrollary IIL 



398, Becsutfe, — 3^, the latter Part tf 

our foregoing Ejquatiou wili be ecpU to Notbing, both 
!when / IS NotLiii^ and Infiiikc> it is evidem: tiut tfaa 
Value UsiereoC cannot, iaany intermediate Ciccumiiance 
of exceed a certain afiigoabje Quantity. 

Whci ciorc, CO determine thi& Limit of the Valae of 

^-i (beyond which the Problem becomes ImpoiTible) 
3? 

Ibt the Fluxion <if 3 + ^^X>^— 3^ or tia Double 

2^^ 

^ ^ ^ ^ — be t;ikea and put =: o, and you will 



have — 9 + i*.X Ai + 3/+i» X ^+ 6if 5= o : 
Which, becanfe i =3 — ^ — * will be reduced to 9/# ail 141, 

+ 7^' — 1-1-/* X 9+7* X >/= o J where / isfouod 
1^2,5293, from, whence the correfponding Vahics of 



s/ i and come out =:i 2,7198, and 0.5805 

i 

l^c. refpedtivdy. Hence it appears that it is impof- 
fible for the Pans of the Spheroid, in a fluid State, 10 
continue at Rctl among themlelvcs, when the Time of 

Kevolutioa is fo great that -r exceeds O95J&05 l^£. 

And that, of all the Spheroids which can be allunied by 
a Fluid rcvoK ini^ about an Axis, That whofe Equatoreal 
Diameter is to its Axis as 2,7198 to Unity, will per-, 
form its Revolutions in the ^xx^^ 1 ime. 
. Thu$, for Example, if a (folid) Sphere of the fame 
common Denftty with the Earth was to revolve about 
its Axis in the Time of 84 jr Minutes, the centrifugal 

Force 
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Force at the Equator (hereof would) it is known, be 

84}/ f\ 

'Alt, ax;, equal to the Gravity*: Therefore, by taking — ^ — j- ^ 

= 0,5805 C5V. ihc l ime p wiU come out =: 
M H M 

146 or 2 26. Which Time is the leaft, poiBble, 
wherein a Fluid, of the fame common Dcnlity with the 
Earth, can revolve, fo as to prefer ve its fpheroidal Fi- 
gure. And this holds univ crfally, let the Magnitude of 
the Body, or Fluid, be what it will. 

Corollary IV, 

. 399. Hence alfo may be determined the Spheroid, 
which a fpherical Body (of Ice or any other Matter) 
yevolving in a given Time will converge to, when 

reduced to a fluid St^te. 

. For, iince the Momenta of Rbtation, in equal Spheres 
Spheroids, are. to one another, in a Ratio com- 
pounded of the dire£^ Ratio of their Equatoreal Dia- 
meters^ and the iriverfe Ratio of the Times of their 
Rotation, it followsi if ^/ be put = the Diameter of 
the given Sphere, and E = the Equatoreal Diameter of 

^ d E 

the required Spheroid, that = — (becaufe the Quan* 

tity of Motion about the Axis is not affected by the 
Adtlon of the Particles one upon another, while the 
Figure of the Fiuid is changing.) Moreover, fince 
the Maffes of the Sphere and Spheroid are alio equal to 
each other (by Uypothefis) we have (=A£^xPS) dz. 

— trom which two Equations, exterminating 



dy there arifes p = i -f X J, for the l ime of Re- 
volution of the required Spheroid : Whence, by fub- 

iUtuting this Value of ^ in the general Equation ^ 
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we get |; = X 



3 + — H J from the Solution of which the 

Value of and the Spheroid itfelf, will be given, 
- But, iince the Value of the latter Part of the Equa- 
tion can never exceed a certain aiCgnable Quantity, the 
Matter propofed can therefore be only poilible under 
certain Limitations : In order Jo determine thefe Limi- 

tations, Jet the fluxion of X 3+^*X^— 3^ 

be taken and put s=o, and it will be found that 

+24/* + 27 X if— 15/*— 27#=so: Whence t 
"^^Qines out 7-5> ax>d the corresponding Value 0f 

— =0,927, nearly. 

Hence the Parts of the Fluid cannot poffibly come 
Co an Equilibrium among themfelves, when' the Time 

s is lefs than ^ but will continue to recede from 
the Axis, in Infinitum. 
If ^ be taken '= (as in the Example to the 

• M H M 

.preceding Corollary) s will be equal 91 =: i : 31* 
From which it appears, that, if the Earth (or a 
ipbericai Body of the fame Denftty) was to revolve 

H M 

about its Axis in le6 than 1:31; and, in the mean 
time, be reduced to a State of Fluidity, the Parts thereof 
towards the Equator would afcend, and continue to xe^ 
cede from the Axis, 10 Infinitum* 

» 

Corollary V. 

400. Seeing the Values of t and J are given when 
ibe Spheroid is given>^it fotiows that the Gravi- 

Ution 
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tttion ^'"-77^ X (3) any Pomt 10 the Surface of 

a Spheroid, whereof the Parts are Icept in EpnliMw^ 
by their Rotation about the AxiSf will be accurately as 
a Perpeodicular to the Surface at that Foio^ tfontmued 
to the Axb of the Figure. Therefore the Gravkitioii 
at the Equator is to that at either of the Pole9» a» the 
Equatoreal Diameter to the Axis iaveifly. 



Corollary VI. 

401. But) if the Spheroid differs but little from^a 
Sphere, theExcefi of QI above AO wiU (by the Pid- 

, pcrty of the Ellipfis) be nearly as OR^ Whence it 
appeals that the Incieafe of Gmitatibn, in going froAi 
the Equator to the Polei is as the Square of the Sine of 
Latitude^ nearly. 

Corollary VII. 

402. Moreover) fince the Ratio of the Equatoreal 
Diameter to the Axis is found, in this Cafe, to be that 

397* of I + -77 to 1 f , the£xcei;> uf tliat Diameter above the 
4P 

Axis will be to the Axis as ^ toUnitys that is^as-^ 

of the centrifugal Force at the Equator to the mean 
Force of Gravity. Whence, as tiie centrifugal Forces, 
in unequal Circles, are untverfally as the Radii dire^ly, 
and the Squares of the po'iodic Times inverHy, it fol- 
lows that the forefaki Excels (in Figures nearly fpherieal) 
wtU be as the Radii direiffly, and as the Denfity and the 
Square of the Time of Rotation tnverfly : From which 
Proportions, the Ratios of the greateft and leaft Diameters 
of the Planets may be inferrei from each other ; fiip- 
pofuig the Times 6f their Rotation, about their Axes, 
to be known, 

PRO^ 
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ia dettrwimng tie /tttraSion ^ Bodies, /^j-j 



P R O B. Xiil. 

403. To deter mint the Figure which 4 Fhid will ac^ 
quire wherty be fides the mutual Gravitation cf the Parts 
thereof^ it is attrailed another Body^ fo remotey that 
all Lines draiin from it to the Surface of tht Fluidy m^y 
be taken as Parallels. 

Let OAPES be the 
propoied Fluid, and let 
MPSandMQfbeRigbt- 
lines, drawn from the re* 
mote Body M\ whereof 
the former MPS paflcs 
thro' the Center of Gra- 
vity O : Moreover, let 
the Plane AE be perpen- 
dicular to the Axis MOS; 
and put NQzir^ and OM 
(the Diliance of the re- 
mote Body) =: d ; alfo 
put the Semi-diameter 6f 
the Body (at M) =r, 
and let its Denfity be to 
that of the Fluid APES, 
as any Quantity v to 

Unity. Then fince, according to the foretroin^ Cal- 
culations, the Attradion it the Surface of a Sphere (of 

a given Denfity) is exprefled by t of the Radius, it fol- 
io wii that the AiUacliun of the iiody at its ,i}uvface> 

will be exphcabie by -7 * And therefore, the Force 

3 

varying according to the Square of the Diftance in- 
verfly it will be, d"- (MN») 




vr vr^ 

~ • ^ , the • Alt. 



Attradion of at the DiOance MN : Alfo S^"" 

vr tff' * 

f MQ*) : r* :: — : its Attraaion at the 



3 ' 3X7^*' 



Diftance 
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Diftance MQ. Whence the Difference of theTe tw^; 



) will be as the Force whereby a Corpufcle at 
crclcavours to recede from the Plane A£ : Which be- 
caufe (by Hypothefis) d is very great in refpca of 
will (by rejeaing all the Terms after the firft) be ex* 

^ , , aw' 2w« 
preffed by X tf, or its Equal X N(i 

In the ;very (ame Manner, the Force whereby a 
Corpufcle at f , below the Phme AE, tends to cecede 

therefipom, will be defined by X N^r. • 

■ 

Now, therefore, feeing thefe Forces are, every where, 
as the Diftances NQ, N^, from the Plane AF, it appears 
{ h Ar t, 3^3. and 394.) that the Figure OAPKS will be 
a Spheroid i whereof the Equation, for the Relation of 

its two principal Diametexs (putting n y is « = 

~ I + ij X 2 1- (la which, 

3-5 5*7 7-9 

the Ratio of PS* to A£* is denoted by that of i to 
l+B^) Hence, by reverting the Series, wc luive Bzzi 

— rp, and confequently PS : AE :: i : 



• Which, by reftoring the Value o^ xr, becomes PS : AE 



Co- 



I 
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in determining the AttraBion of Bodies. 

COROILAEY. 

r ' 

404* Becauie -j expreiles the Sine of the apparent 

Semi-diameter of the Body to the Radius i) fecn at 
the Difiaace OM, it iuUowst if the faid Sine be de- 

noted by that PS : AE :: i : i — — X i and 

confequently, by Divuion, PS : PS — AE :: i : "^Xf*. 

Hence it appears, that ihc Vovqcs of the PJancts, to 
produce Tides at the Earth's Surface, are to one an- 
other as their Denfities, and the Cubes of their apparent 
Diameters conjunctly. (For the Sines of fmall Arcs arc 
nearly as the Arcs themfeives.) 

EXAMPLE. 

405. If f be taken = the Sine of 16 (exprelHng the 
mean Apparent Semi-diameter of the Moon) and v ^ 

-7- (the Ratio of her Denllty with refpe^ to that of 
4 

the Earth) oiu* laft Proportion will become PS : PS~ 
AE 1 : 0,0000003 \ : Whence, if PS be taken = 
420QOO00 Feet (the Mcafureof the Earth'8 Diameter} 

F 

FS ~ AE will come out ss 13123. 
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SECTION X. 

Of the yjpplication of Fluxions to ibeRe^ 
folution of juch Kinds of Problems De 
, Maximis et Minimis, as depend upon 
a particular Curv^^ whfe Nature is to be 
■ determined. 

I SHALL begio tdis Siedioa with [ireiiiifing the 
following u(efal 

THEOREM- 
406* // tbf RdatUu of tw$ Jkwing ^antitits y and 
m be required i /e that^ when the Fluent 9f f*i becomes 



' , jp' X ttn rir yy\ * 

equal to a given l alue^ that of zn *\ ^^^^^ ^ 

y 

Maximum or a Minuniun « i fay^ ibeir Reiaiiosk 



f ' "* u X Swi^" * 
tmifl be fuch that « ■■ ■ ^ ■■' ' may be^ every 

^iihere^ the fame^ or epial to a confiant ^antUy, 

The Dtmonftiatioii hereof depends upon the fab- 
fequent 

Lemma. 

- 407. If Hft + iiSs^, wherein « and are Inde- 

dcrminatc, the Value of if X ZI±jf + BX j3^+S * 
will be a Maximum or Minimum^ when — X 



B0 



tM^pfi and X ±J>p^ are equal to each 

other 
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depending upon a particular Curve] 
o&er. For, by taking the Fiuadoiu of both EsKpref* 

fions we have and 7nA» X »»±f^'^^ 

'^viBfiS Xft8±i^f ""' = o: From whence, ; and 
^ bein^ exterminated, there refalts ^ X 9a±f^^ 

Hence, if ii« + W + + = Si (where 

<K> ^1 ^ are indeterminate) .it follows that 

+ DX ^ ± fp" l^c. will be a Maximum or Mi- 
ntmum, when all the Quantities X it» ± 



X 0fi±fp\''^\ ~ X yylb^"*"* CsTr, are equal, 

to each other. For that ExpreiSon is a Maximum (ot 
Minimum) when it cannot be increafed (or decreafed) 
by altering the Values of the iddeterminate Quantities 
mvolved therein ; but it may be increafed (or decreafed) 
by altering only, two of them (as « ^d $) whtlft the 

reft oremaia wichanged ; unleis -~ x«» ± j^**"* and 

Xfifi±ffy*^^ are equal to each other« (This is 

proved above.) Therefoft, when AXaa±. fp^ + BX 
fifi±fpf + CX77± fp' + Maximum or 

Mimimmif the Quantities — X «» ± fp and -j^ 

X ^ ± pfi^^ cannot be unequal : And, by the very 

fame Argument, no other two of the Quantities above 
fpecificd can be unequal. 

li If, 



Of Probkms De Maximis & Mimmis 

If» in the Right-lioe PR> Am be now affiimed 
= 99 NN sifii ^i* and upon thefe* as BaTcst 




It * 



Re^bngles NK, NK be fuppofed, whofe Altitudes NK^ 

^e* aredenoted by by r, d Ife. it b evident lihattfA 

+ cy + d^ {r= J^J will be exprefled by the 
Sum of all the laid Rectangles, or the whole Polygon 

Moreover) if^ in the Right-line PL (perpendicular 

to PR) there be taken MM^ MM ^t. each equal to 

py and* upon thefe equal Bafes, Redangles MVf MV* 
(SfCn be confttcnted, whofe Altitudes are denoted by 



^2Jt .IS ' 



likewife 



plain that the Value of 



C X yy db PPi 

+ ^„^/ "^'^ ^ rcpwfentcd by the 



whole 
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iepenM^ up(m a particular Ourw; J^ 

Vfhole Polygon M^. Which Polygon (as is con- 
flant) will be a Maximum or Minimum^ wbenwf X 

ma±ff*+BXPff ±fp^* + ^'c. is a Maximum or 
Mmnum i that is. when aU the Quantities — % 




J X » ■ — , car/* arc equal to 
. * ^^^^ 
each other (aa has been proved abcMre) 

Let 110W5 D istc. be e^Epoimded by any ^ 

Powers, (MP% 1^, MP' ^c.) of the refpeaitre 
Diftances from a given Point P ; and let^ at the fame 
time^ the correfponding Values of a, d be, 

interpreted by any other propofed Powers MP", MP*, 

lS[P^ tfc* di the fime ^rai Dlftuiccs : Then the 

Area of the Polygon N/ will be exprefiU by MP^x a 

+ MP*'xi3 + MPrxy ^c. (=^5 and that of the 

Polygon M^, by MP'x S^^ll + iAp'^^^g! 
*■ p * 

-J. MP'' X IL^JL + ^c. And the foredid equal 
Witt becooie MP'"^ X l^Sf^^HT, J^IP'— 



— ^efpcidively^ 



f 

Now let the Number of the Rectangles be fuppofed 
indefinitely great, and their Breadths indefinitely fmali* 
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fo that the Area of each of the two Polygons N/ and 
M/; may be taken for that of its circumfcnbing Curve z 
Moreover, let u and y he put to reprcfent the Diftances 
of any two correfponding Ordinates EF and GI from 
the g^vea Point P ; and let x be every where exprdTed 

by p (=:MM=MM=: c^c.) Then, n being a general 

Value for any of the Quantities «, ^, y» ^ bfc. (or Nik, 



NN it foDows ; Firft, that the Fluxioii of tlie 
Afta of the Curve NEFK (the Ordinate being, every 

Hvhere, = ) will be truly defined by v% ; Sccond- 
Ijj that the Fluxion of the Area MGIV (by fubfbi- 
tttting jf, IT and / inftead of their Equals) will be 

X uu it iwC 

^ a»— I i a^tl, hftly, that the Value of each 

i 



of the equal Quantities, MP"^ X ^ ^ ^^^f^ - 



MP'-' X l><MpP^ ^, *bavcfpedfied,wai 



be expreflcd by ^ ^'^^^1^'^^ '~ • Whcnci 



the Theorem is manifijl^ 

408. If R and S be affumed to denote any Funftions 
of y (that is, any two Quantities exprefled in Terms of 
y and given Coefficients 0 then, in order to have the 

Fluent of ^> X — a Maximum or Mimmum, 

y 

when that of Ru becomes equal to a given Value, it is 
requifite that X — rj^p- ihould be a conftant 

Quap. 
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depending upm a farHadar Curve. 485: 

Qs^ntity : Thisy alfoj is evident from the preceding 
Demonftration $ and may be of Ufe when the above 
premifed Theorem b not fufficieatly geneial, 

P R O B. I. 

409. dttirmhu the NatUTi rf iii Curvi ACE i fi 
that^ thi Length of thi AribAEt hing given, the Area 
AB£ Jhall be a Maximum. 

Calling (asufual) theAb* 
fcifla AD, 4r ; the Ordinate 
DC, j^s and the Arefa AC; 

2, we have x =: \/ a^—j^ * 5 
and therefore yis \^ 

»»--^* =r the Fluxion of 
the Area ADC. Now, 
fincet by the Queftionf the . 




Fluent of y X «« — jj^* is to be a Maximum^ when 
That of % becomes e^iiuil to a g^venQiiantity (ACE) let 
thefe two Fhiadons be, refj^ively, compared with 



and ji" u (as given in the foregoing 
Theorem*.) . By which means, n^h r=iu !; = »,• Art 4o5i 

nfequently 



andaiso; and 



u X uu —-^Y 



—I 



^ykX i%—i^ ^: Which (according to die laid 
Theorem) being, every where, equal to a confianC 
Quantity, we mall, by putting that Quantity s= iTj 



and ordering the Equation, ge.t »* = i_ * > and * 

j»0 = >f__^^ } and, ooatcqwntlf, (Iqr 

li 3 taki»s. 
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taking Ac Fluent) = ^ — s/a"- — or lax^^^sf 
whidi « Ihe coinmoo Equatioa of a Circle* 

Corollary. 



410. It follows from hence, that the greateft 
that can poflibly be contain'd by a Right-line (AE) 
joining two given Points, and any Curve-line ACE of 
a given Length, terminating in the fame Points, will 
))e wh^ tbp ikid Cuiye-line is an of a Ciiicie* 

PRO3. 

411. The Length of the Arch (fa ihi pruifimg 

Figure) . biing given, to determine ike Nature of th$ 

Curvcy fi that the Solid gemraud the Rotation tben^ 

§f be a Maximufl^p ^ 

•Aft. 145. Since the Fluent of / X {=J'***) 



is required to be a Maximnmt when that of has a 
given Value ACE, every thing will remain as in the 
laft ^^roblem i only^ r muft here be 2 ; Aad there- 

foic (byihiTbiqrem) we have>*« X U/* SRtfr 



Whence k = 5 and confequcntly x (=?j 



y») =s — ^=^==.; Which Values, if ^* be 
put (in Ojrder to have thp Powers homologous) 
vill become » = . ^ ajid * =r ' y . = ? 
Whence and will be knownt ^ £• /• 

PROB. III. 

41 2. 7%/ SuperficiiS gmfr^e^hy the Afth rf 4 Curtf» 
in its ROatuih ^bM itsAns^ hi^ ghmi U detirmim 
tbi Curvii fo tb^ tbi Solid, itfelfy nu^bia ^^a^mm• 

♦ 4it,i^5. Becaufe the Fluent of X i*— j?*^^ ♦ is to be 21 
' Maximmj whea that oi y» becomes equal to a given 
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depending u^on a particular Curve. 487 
Quaatitji kt tbe Flu»ons here esluhited be theitfoie . 

/ X «« ± if ^" 

(X)a)pared with ■ ■ 2nd fu (given in the 



Theorem.) By oieans whereof (r being = 2, » = 

ji = f y and 191 = i) wc have^x X si'^^j^^ = « (a 

conftant Quantity * ») which is the very Equation foond e Aid 4oi» 
in Prtf3. I. belonging to a Circle. 

If the Solid be fuppofed giveOy and the Superficies a 
ASmmtMh we ihdl come at the very iiune Condufion ; 

Fort jr*jr and y X (which are itTpeaively as 

their Fluxions) being compared with )r » and — 

ve have Iff ssa^ «=Xj rsi, andit=:|; and there- 

X 

fofe J equal to a conflant Quantity : Which 

y\/'*+y* 

l)eing denoted by (fo that the Terms may be ho*> 

mologous) there comes out ak =y i whence 

^^9s^^f (ashefon.) 

PROS. IV. 

413. To determine the Curve HFBj from who/eRi^ 
volution a Solid BK fisU be generated ; whicb^ moving 
forward^ in a Medium^ mtbt Dire^ion of its Axis PA9 
will he lefs refijied than any §Air SM $f ibi fam ghtm 
Laigtb DA and Bafi BC 

If AEzsxy EF=;', Fpzux ^e. it is evident, from 
the Principles of Mechanics, that the refifiing Force of 
a Particle of the Medium at F (being as the Square of 
the Sine of tbe Angle of Inclination f¥q) will he truly 

yy 

reprefcnte4 by /' Moreover, finco 

li 4 tbe 
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B 



D 



H 
A 



the whole Number of Par- 
ticles aciing upon FHKG 
is proportional to the 
Area of the Circle FG, 
or as J'* ; the Fluxion 
hereof dxawa into 

Tj^, wiU therefoce 

fox the 



Now, 
die Fiuettt of 



give ? v i . . 

Fluxion of the Rpfiftaiioe 
upon FHKG. 

k is itquired (by the Queftioo) to have 



J3 



(acj2< 



— <x 



) 



Maxtmum, when That of :v becomes equ^ to a given 
Quantity (AD), let thefe two Fluxions be therefore 



t Alt 4o«. Gompaf ed with 



and/Vi t. Whcnee 



being s i, «=s<-!-i, and»=o} we gel 

- = a (a conftant Quantity *) 5 and 



confequeiuly yy'^x :=zaX xl+JyV : Whereof the Flu- 
ent will be found, by Jrh 264. That the Curve docs not 
meet its Axis in the extreme Point A, but has an Or- 
dinate AH at that Point (as repiefented in the Figiiia) ii 

evident iirom the foregoing E^ua^ion. For xx^fj^\ 
iiq^) being, always, greater fhan i'jr (f^^ X F/>;, 
y muft therefore be greater than in the fame Propor- 
I lion ; and fo, can never be equal to Nothing. 
. Now, as it is demonftrahic that the Angle ABFmuft 
be I of a Right-Angle, AH (the leaft Value of j^J will 
therefore be j^a (i^cg ^ ai^d j ar^ ia thi$ Circum- 

ilanee^ 
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depending upon a particular Curve. 489 

fiance, equal to each other.) But, what itfelf, 
ought to be, muft be determined from the given Values 
of AD and BD, aod the Rtfolutioa of the forefaid 
EquatioA. 

P R O B. V. 

414. To detinmm the Md of the kaft Refiftance^ fitf* 
pofing the Area of the gmratifig Fkm AHBO, md Us 

greateft OrdinaU DB h be glvmi (fit tbt pnu£iig 

Figure.) 

jSnce (l»y the laft Article) the Flu^n of the Re* 
fiftancc is cxpieflcd by ^ ^ ^;J">>> , and that of the 
Area AEFH by yx^ it is plain (from the pramifcd Theo- 
*] ^^X^x+jy]^ ^ ^ conftant Qsiantity.^Art. 



mencc, ,=J!Ln» or ita Equal beins 

every where the fame, the Angle ^F^ muft allb be ifi'- 
variable; and confequenlilyMFBaRigbl-line. There* 
fore the Solid of the leaft Refiftancc is (in tbitCafe) 
cither a whole Cone, or the Fruftrum of a, greater. 
Cone. But it is eafy to Ihew, thaty when the Area of 
the generating Plane AB is given fo fmall, thit the 
Angle B may be taken equal to the Half of a Right- 
angle ; I fay, it is demonftrable, in this Cafe, that the 
Fruftrum fo arifing will be lefs refifted than a whole 
Cone, or any other Fruftrum, whereof the Bafeand the 
Area of the generating Plane are the fame. 

In like manner the Solid of lea/i Re^Jiance^ when its 
Bulk and greateft Diameter are given^ may be deter- 
nuned: The Equadon of the generating Curve being 

Xgp-* ^ i., or aij^ te; X : 
Whereof the Solution is given in>^. 26^ 

PROB. 
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PROB. VL 

415. To determine the Lim^ abfig iMch a Bodyy 
• its $WH Gravity^ willy defcend^ fr9m CHi givm P^»i A 

U Mutb$r fiy in thi fiwrtift Tvm /ij^Mr. 



D 



B 



Let AD be ptfalid» and BC pemndiciihr, to Ac 
Ibrizoiit infierfefiuig each otiier in C s and kt QP be 
any Ofdinafee to the Carve parallel to BC: Then (calling 
AP, PQ,7 the Celerity at Q^will be expreffed 



byjr^ s aUb die Fluxioa of the Time oTDdcentaro^ 

* 

"I" 



• Ait.i(4* AQ^wiU be tnilj defined by 4- or iCa Equal 


XiS+;^*. He», therefcie, the Fluent of jr-*X 

^ 1. 

ii+jgr** is to be a AISffMMiy when that of ainim to 
t Afti4e5* to a g^ven Value (AC). Whence, hf $h Tbtmrn ft 

f^ipt X SS^3^'^^ muft be ss a conftant Quantitf : 
Which (to have the Terms homdogous) let be deiMed 

• lytf~i (or Then 4I^jp= y* X ix+ij 

whence i =-^^ = ^ ; » = 
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de^nMfig ufm 4 partiadof Curvei, 49 1 



f 



Theiefore^ iriienjfs:^, «is = 2^; which twocor- 
IjB^onding Values let be denoted by DV and AV ; and 
let QE^ panNel to AD, meet DV in £ s then V£ 
(VD— ED) beliigss^i— and VQ, (AV— AQ) 

it follows Chat 

VD ftfj ; VE (a-^y) :: VA^ (4^*) : VQ! (4^xi^ 
Which is one of the moft remarkable Properties of the 
Cydoid i the Curve whicb> tberefbre> anfwers the Con- 
ditbns of the Probkm* 

If the Celerity be fuppofed as any Funaion ( S) of 
the Quantity the ProUem will be refc^ved in the 
lame manner : The Equation of the Cunr^ being 



PROS, va 

416. fad the Nature ♦/ tbi Curve AQE, aloHg 
vmcb a heeny Bedy mujl dsfcend from an horizontal Line 
RC U a furtieal Line CD, fo that the Area CAE wa$ 
htwm^ emdibeThierfwDefeenteiMiBmun^ 

If the Ordinate PQ. R A 

(parallel to CD ) be ^S—^U 
caUedjf, andthe Velo- 
city at QJbe denoted by 



jF S it is evident that 
the Fluent of jT* X 

muft be a Minifimm • 

whq) tb4 of amounts to a^ given rate 




t Ait»ao|« 



Tbcrefoce 
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492 Of Problem De Maximis &; Mmimis 

Therefore (by the Theorem alieady mention'd fa 
often) we have y^'^^x X xx-^-jj^ * s: a * ; and 

ei»r«iaentl7 As^^jj^^^;;^, which, by wn- 



ting I infldd of becomes i = ^ — 



: Whence 



X will be known. But, if the Celerity was to be every 
where uniform^ then {n being = o) we (hould have 

i s= y J and therefore a? =; a — a"— ^y* ; 
y* 

Whi^ anfwers to a Circle. 

Lemma* 

417 Tf^ upon a Tangent from any Point C in 
the Circtanftrence of a Circle FEC, a Perpendicular 
CP he let falt^ the Chord (CE) joining that Point and 
the Point of Contaii^ will be a Mean-Proportional he* 
tween the /aid Pnpn^Uular CP 4md tin Dimnit^ CP 
of the Circk^ 

For, the Angles P and 
CEF faeii^both 
and alfo CEP =5 F» the 

Triangles CPE and CEF 
are (imilar : And there* 
fofeCP^C£::CE:CF. 



F R O a Mil. 

418. In the mixt4in'd Triangle ACB, the Lengths of 
ell the Sides (whereof CA and CB are Right-lines) are 
fuppofed given ; Uis required to find the Nature of the , 

Curve-Jkio AEB^ fo that tbt Ar^a may be a Maxioiiun- 

Put 
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depending upon a particular Curve. 

. Put the Ardi A£ =ix, p 
and the Oidtnate CE z=:yi 
thcfi, the Fluxion of die Aiea 



49S 



the Fluent oi yX jj^^* , 
generated in thcTime where- 
in 7, from CAf increafes to 
CB9 muft be a Maximum: 
Therefiffty bytb$ni9rm*^ 

we have jf» X -^jiy^*"" » 




•Alt, iijt 



s=«*9 or 



s^. Butf if CP be fiip* 



perpendicular to the Tangent EPt then will 

CE 7 
• (jlrt.$S') ^ CP ^CP ^ ^ 



quemlyy =-gp5 or, CP : CE OJ :: CE 0) : ^ 

Which Proportion, fy the Lemma^ anfwers to a Circle^ 
whereof the Quantity a is the Diameter. 

Now, that A£B muft be an Arch of a Circle is alfo 
evident from Preb. i. that the iame Arch* €on-» 
tinu'd out, will pafs thro' the Angle C, does not appear 
from thence. This is known from above ; and is te* 
quiftte in finding the paztictthr Circle anfwcring to any 
propofcd Data* 

P ROB. IX; 

419. To find tbi Path AEB whUb a Bedy muft di' 
£cribe in moving uniform^ firm given Point A 
another fo tbaty being every where a^ed onbyaFora^ 
or Virtue J wbiebvaria aecurding to tbe immfi'Di^Ueati^ 
Ratio of tbi Diftanees from a given Center C, tbe wMe 
Mfien upm tbe Body Jhall h a Minimum. 

Putting 
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F y 




Putting AE = s» 
^ CE-=iy, di (indefinite- 
ly fmall) =y *, E/zzjcy 

and £^ (v^»*— /») 



ss we . have :t' 



for the Meafure of the 
Force which a6b upon 
the fiody in delcribing 
the Par^ £# (»} ^ 
Moreover, if from die 
Center C, with any 

Ten Radius (r) an Arch KT/S of a Circle be defcriM* 
intccftaing C£ in T» we flttll liaveTl (the Meafiue 

of the Ang^e £0; : 



ru 



TiMceibie, fince the 



Fhieot of X i« +yy^ is inquired to be a Af/- 
n/mfMiy and the cotcmporary Fluent of (between 
CA and CB) a given Quantity $ it foUowSt from the 
Tbeoiem piemifed at the Be^nning of the Sefiioiiy 

lhat/^*'»X«« + ;yl""*«uft be eqyal loaeoii-* 

fiant Quantity {~^^ and confcqucntly ^J^^^^ 

(=s ^^"^^^^ ) = J- s WWdi is the very Equa- 
tion found in the preceding Problem. Therefore, if thfo^ 
the ^e given Points A, B» and C, the Circun^eience 
of a Cirde be defcribcd^ the Arch thereof terminated 
by A and B will be tfaePath of the Body* I^B.L 

Corollary* 

4?.o. If FR be a Tangent to the Circle, at theE»- 
Uemity of the Diameter Oi\ and CA and C£ be pro* 

duccd 
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depending Hpon a pattkulfir Curvel 

duced to meet it in R and Q, it follows that the whole 
iV<^ion upon the Body, in defcribing the Arch AE, 
will be proportional to the correfponding Part RQ^of 
the (aid Tangent. For, if Ce be, alfo, produced to 
meet FR in qy and EF be drawn, it is plain that the 
Triangles CEF and CFQ, as alfo CE^ and CgQ, aie 
fimilar: Wbmx ltwUhc^CEMiCF (a)v.CF(a) 

:CQ,(arCf; =j5aiidCEf>;:E#(«J;:Q Jy) 

* = Which (« being conftant) is as 

the Force that ads upon the Body in defcribing E^- (zy 
And, as this every where holds, the whole Adtion in 
defcribing AE muft therefore be proportional to RQ. 
Which Force (it is eafy to prove) will be to that ex- 
erted on the Body in nio?iog thro' the Chord A£» aft 
Ihe Chord to the Arch* 

PROS. 

42 1. To determine the Path in which a Body may move 
from one given Point A to another JB, in the JborUji Time 

smal u any Power (y^) of tht Diftana frm a given 
Center C. (See the laft Figure.} . 

Here eyeiy thing will remain as in die preceding 
Problem % my yr^ muft be wrote inftead of 

Tlierelbie we have X« X «« + //^"^ * = a 
cpnfiaot Quantity i Which Quantity (to have the Terms 

. , h 

hpmologous) let be denoted by — ; then, byReduaiont 
^ r ( _ Ed\ _ CP _ CP 

And coftfequently CP.=: ~. Hence, if/=o, or the 
i ' . Ve- 
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Velocity be conftant ; then CP being every where = ^, 
the Body muil, in thb Cafe, defcribe a Right-linet 

by 

But| if ^ J, thea CP being = — ; the Curve will 

• Jbt.74. ^ a logarithmic Spirdt whofe Ceater is C * : ExtcpC 
in that paoicular Cafe, wlieicCAssCBf when itde* 
genefates to a Circle. 

Lailly, ii ^=2) the Curve will be a Circle (fy tie 

ea 

friceding Ltmma ) whofe Diameter is -j-, and whofe 

Periphery pafles through the given Point C. 

After the fame manner, the Value of CP (upon 
which the Nature of the Curve depends) may be de- 
termined, when the Velocity is expounded by any given 
Fun6lion (•S) of the Diftance (y) from the Center of 

*^ Force X And (by writing S in the room of >" f ife.) 

hS 

will odme out CP ;= $ where h and ^ reprefiuit con" 

flant Quantities. 

When the Velocity is That which the Body may ae« 
.quiiCf in defcending thro* B£» by a centripetal Foice 

exprelTed by y^, then the Value of S (the Meafure of 
$Ait. Sit. that Velocity) being interpreted by 

tad a06. J mm 

(where CB=i} we therefore have CP - - y 

forthe Equation of the Curve of the fu ifteft Defccnt, 

according to this laft -Hypo thefts of a centnpetal Jborce 

varying a? any Power p of the Diftance. 

422; Befides the Problems already refolded in this 

SeSioO) there are others of the fame Nature which are 
' confined to more particular Reiixifiionsy and require a 
' different Method of Solution* 

^ Thu^> 
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iiepenJing upon a particular Curve* 

Thus, if R and 5 be fuppofed to denote any 
given Powers, or Ftm^tions, of the Ordinate (y) of 
a Curve AN M, and the ^ p jyj 

Nature of the Curve be ' 
required, fo that, when 
the Fluent of be- 
comes equal to a given 
Quantity, the Fluent 
of R%.^ may alfo ht^ 

come equal to another ^ 
given Quantity, and Th^t of 5.^, a Maximum or Mt* 
77 1 mum : Then, becaufc there is, in this Cafe, a fecond 
Equation, or new Condition, beyond what is to be met 
with in any of the foregoing Problems, the Method of So- 
lution hitherto explained, will, therefore, be infuffirient. 
But; by a Procefs fimilar to that urhereby the faid Method 
wasdemonftrated (afTuming, here, three ExprefTmns, and 
three indeterminate Quantities, inttead oi two *) a ge- 
neral Anfwer to this Problem (under all its Reflriaions) 
will be obtained: And is exhibited by the Equation, * Art. 407. 

■T- = ^ ; whctein p and j denote conftar.t 

(^uantitie^» 

423. Though it feems unnecelttry to put- Jown th* 
Invention of this Equation, after what has beeh hinted 
above , yet it may not be improper to obferve, b} way 

of Corollary, thatj if ^=1, and >S=>% the 



Equation will then become j- = p ± j cxprcffing 

the Nature of the Curve, when, the whole Abfciffa (AM) 
and correfpondingArch (AN) being both given Quantities, 

the Fluent of t*^ is Maximum or Minimum^ aceorJing 
as the Value of n is polltive or negative: In b th which 
Cafe^ it is very ealy to perceive, that the Curve muft 

be concave 'to AM, and that the Value of -r* or its 

K k " Equal 
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Equal p±qy\ muft, therefore, dccreafc as jr mcrcafes 

whence we may infer that the Sign of qy" muft be 
gative in the former Cafe, and poiitive in the latter. 

Ex. Let the Curve ABDE, be the Catenaria ; 
form'd by a.flciidcr Chain, or |»erfeaiy flexible Cord, 




our 



fufpended by its two Extremes in the horizontal Line 
AE : Then, fmcc its Center of Qravity muft be the 
lowcft poffible, the Fluent of y«, when AC=AE, muft 
t Art. 173. therefore be a Maxmum\ : Whence (« being her^ =1) 

Equation =zp ± ^""^ becomes J* = # 

^ qy. 

But, in order to reduce it to a more convenient 
Form, let the Dlftance (DK) of the loweft Point of the 
Curve from the horizontal-Line AE be p it = j then, 
when (BC) becomes b, x will be = « ; and 
therefore the Equation, in that Circumfiance, is 1 =^ 

« 

,^qbi whence ^ = i + and confequently = 



I qb — qy = I + ^ X b—yi Which, by putting 
h — y (DH) =^ and = is reduced to = i 

+ From whence a^z^ (= J+Tl xi:*) =ia-\-s * 

X »^ — i"" i and confcquently BD = \/ 2tf^ + ss. 

For another Example (wherein the Exponent n will 
be negative) let the required Curve be That along 

which 
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^epek£ng upon a pdrttcUkr Cur^i^ ^ 

which a Body may defcend, by Its own Gravity, 
from one given Point A to another B, in Icfs Time 
than thro' any other Line of the fame Length. Ia 

which Cafe, the Fluent of %y being a Mtmmum^ 
when X and z become equal to given Qu;mtities, our E- 
quatioa (by wnting — i. for n) will here become 

-r- ^ + qy » : From whenee exterminating jf, or 

K, by means of the Equation at* ^J'" --^ Fluent 
may alio be determined. 



SECTION XI. 
^be Refolution of Eroblems of various Kinds. 

P R O B. L 

424. A NT hyperbolical Logarithm (j/) being gtveftf 
1\. '^'^ propofcd ib find ihi natural Nnmber an* 
Jiviring thereto. 

If the Number fought be denoted by i-f^jr^ we fliall . 

{ly Art. ia6.) have y = ^ ory + ^y" — ^ s o< 

Let Ay + By"- + Cy' isTtf. = * ; then y/y + aSyy 
•*<|«3CyV ^r. and our Equation will becom«t 

y + 4/'+ ^yV + cy^y 1 - « 

— — 2%' — 3C/y — 4i)yy ^f* f — ^* 

VVheace, by comparing the homologous Termsj 

A \ B X 

get ^=i,i,"--^-, C = — , 

c T y* f 

— = — Ifc. Therefore i + y + — H + 

4 2.3.4 ^ a * a, 3 ^ 

y* y' 

— — — + T-n~c ^« (= ^ + ^) Nuirt- 
ber fought. 



3& Rejobitim of Problmt 

PROB. 11. 

4.^5. The Radius AO and any Arch AB 0/ a Circle 
ABD betng giving to Jmd the Situ BC, and Cfhfme OC 
%f that Arch. 

Let AO (BO) :s:r, AB = «, AC=:;r, BC=/» 




C A 



= Bff = and hn-zz y : Becaufe of the iimilar 
Triangles OBC and Bnby it will be 

OB (r) : BC (y) :: B^ (i) I Bn (i) 

And OB (r) : OC (r— ;r) B^ («) ; ^ 

From which we iiave 

yz = rx 
And ry = — jr^^. 

And = az + bz*- -f- ^ + 

Then, by Subftitutton and Tranfporition> our two 

Equations will become 

• + tfzs? + iz^x + €Z^K + ^jK*i ^e, l 11 

'^jf»^2rBzK^$rCz*» — ^rDz^z-^^rEz^^ i^c. J o 
And 

raz'{'2rbzz'\-'^rcz^i'^^rdz'^x-\-^rez*z. 1 " 

'^rz+yfzi+Bz^i+Cz^^+Dz'^z i^fc. i"*^ 

From which, by equating the homologous Terms,we get 
Jz=zOi <i=ari?, bz=,yC^ b=^rD^ d^$rE ^c. 

' ^ B C 



Therc- 



I 

k 
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of various Kinds ^ 

Therefore 2rB^i^ ^rC = — ~, ^rD = — ^» 

C I 
SrE as — . •-- , CjTr. and confequendy i?= C=o, 

D r 



Whence, aifo ^ (= srC) =0, c 4r-DJ = — 

a . 3^ 

Hence It is evident that y (=: az + ^a* + Ufc*) 

""^"^ at* 3r*"''a»3,4.5r« 2 .3. 4.5.6. yr* 

+ &^. And that;r (=y/z+B2*+C«5 e^f,) = ^ — 
»4 as* 

P R O B. III. 
426. 7i JB*^^ ^'^^ 0/ jf, ii ^ Minimum* 

The Logarithm of h^xX^ • x| whofeFluxton 
* xX l,x + x being = 0, we have /t jif = — 1. But 

^lyPrcb, I.) the Number whofe hyp. Log. is y will 

be I ^-^^ + 7 + + Therefore, by 

writing — I inftead of y^ we have = 1 — i + 

J Suhjiance of this Solution (hein^ the niofi neat and 

artful f haue Jcen to that u/eful Prcbum) I had frc;:i a Letter 

Jtvnd Needier; *wbich *was put into my Humu Ij a 

^riendy nvho recfiv^J U from the late Di . iialicy, to. 'v^jb^ifk. 



joa ^be Refolutim of Prfibkms 

1 1 — L — ? — — — ^ — - fgc. 5^0,367878 

PROB. IV, 

427. To divide a given Number (a) that the CMtw 
fmual Produ^ of all its Parts may be a Maximum* 

It is evident {from Art. 23.) that all the Parts mu ft 

be cijUiii ; If, therefore, iiny one of theai be denoteJ 

a 

by their Number will be — » and we fhall hav e 



^ ^Maximum: And therefore its Logarithm — X 



ax 

i> • X 2i Maximum ixlio ; And its 1 luxiun • — X . x 
• Art. IS. _ — o * : Whence H-£ . Jif=i, and confequently 

mod Aa6. X 

t Art. 424.* = I + I + 7- + 77J + ^fTi ^ a.7iS28 

(ffe. Therefore the next interior, or fupcrior, Num- 
ber to 2,71828 ^f. that will exadily meafure the 
given Number a, is the required Value of -each Part : 

xo 

Thus, let =; 10 i then becaufe » o = 4 

* 2 . 71028 CTf. ^ 

nearly, the Number of Parts, in this Cafe, will be 4^ 

10 

and the Value of each = — = 2.5, 

4 

P R O B. V. 

428. To fliv'uh: a given Angle AOB irV.o two Parts 
AOC and BCtCyfa iLat ihe Produd cf u ay given Powers^ 

AT " X EQ^, of tleir Sim A? and BQ, may be a 

* Maximum* 
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^ of various Kinds. 

Let AP, produced, cut the Radius OB in D, and 
the Arch AB in F ; likcwifc let FE and AL be perpen- 
dicular to OB, an^ join O, F: Putting AO=:r, AP=:;r 

and BQ=jr. Then, becaufe xY is to be a Maximum^ 

we have nJ^^xX/" +** X mf-^zzo ; and con- 
6quently nyx z=; — mxy\ 

Moreover, fince the Fluxion 
oftheArchACiss: 



and that of EC 



ry 



{Aru 142.) we alfo have 

ry rx 

r 



• 



= 0, 




or 



former Equation, ^c, gives 
or n X >V^'-*-^* = 



^ I which multiply'd by the 



mx 



mx 



Whence, becaufe OQ^ 



(\/r* — y-) : QB (;^) :: OP (Vr^l?) : PD = 
>1::^^£, we have »XPD {i=mx) =:mXh?i 

and therefore PD ! AP :: : n ; whence (by Com- 
pohtioa and Divifion) AD *. DF :: m-^n : m — n : But 
(by fim. Triau^.) AD : DF :: AL : FE ; confcquently 
m -^^ n \ m — n i: AL FE ; that is, as the Sum of the 
Indices of the two propofcd Po\.vcrs is to their Dif- 
ference, fo the Sine ot the whole given Angle to the 
Sine of the Difr'erence of its two, requiic!, Parts. 
This Proportion is given in Words, at length, becaufe 
k will be found of frequent Ufe in the Solution of me - 
chantcal Problems. 

Kk 4 PROa 



5H 



The Rejolution of Problems _ ^ 
P R O B. VI. 

479. To Jhm thai ihi Uafi Trumgli that atn he _ ^ 
fcrihid ahmU W ihi greatefi ParaUiUgram in^ a givtm 
Qurvi ABC» cvntcvi U iu Axtt^ will be when the Suk' 
tangent FT is equal t$ thi Bafi BF ef tbi Par^kgram^ 

IT la!/' the Bafe BT <f thi Triangle, 




T A 



It appears from Art, 25. and is demonftraWe hf 

common Geometry, that thegreatcft Paralleiogram that 
can be infcrib'd u\ the Trianirle BTR (fuppohng the 
Pofition ot TR to remain the fime) will be that whofe 
Bafe BF is half the Bafe BT of the Triangle : There- 
fore, as a greater Figure cunnot poliibly he iiifcribed [v^ 
the Curve BAG than in the Triangle B 1 R circum- 
icribing it, the greateft Parallelogram that can be in- 
fcribed, either, in the Triangle or the Curve« muft be 
That above fpecified. 

But now, to vaak& it alfo appear that the Triangle 
is a Minimum when FT=:BT j let B/r be any 
other circumfcribing Triangle, and let the two Tan- 
gents TER and /^r interfedt each other in P. Then, 
ER beins = ET, it is plain that RP is lefs than PT, 
and Pr (lefs than PR lefs than PT) lefs than ?t : There- 
fore, the Sieves PR and Pr of the Triangle RPr being 
lefs tban the Sides, PT and Ft of the Triangle TP/, 
and the oppofite Angles RPr and TP/ equal to each 
other* it foUows that the Triangle RPr is lefs than TP/j 
^nd confequently, by adding the Trapezium BTPr to 
iq\hy i| appei^t that BTR is lefs than fi/r« 
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of varims Kinds. 



C0R0X.LAJ&Y. 

430. Hence the gresteft infcribed Paralldbgiam It 
half the leaft circiimfcnbing Triangle. 

In the lame Way it may be proved, that thegreatcft 
infcribM Cylinder, and the leaft circumfcribing Cone 
in, and about, the Solid generated byRevoiution of agiven 
Curve, will be when the Sub-tangent is equal to twice 
the Altitude of the Cylinder, or | of the Altitude of 
the Cone : And that the two Figures will be to each 
Qtber in the Ratio of 4 to 9. 

P R b B. VEC 

431. Three Points A, B, C being given, to find the 
P»fitiM tf a fourth PuHt P, fi that, if Lintt t, drawn 

from thenc* U tbt thru finuTt the Sum tf tbtPrtduSIt 
#iXAP, b-K^?,md eXC? (whtrt eiy b md c denote 

given Nmuitn) fiall bt « Minimum. 




A. E 



If CP and BP be produced to E and F, it will appear 
from Art. 35. and 36. that the Sine of BPE muftbeto 
that of Al'k, as a to A; and the Sine of CPF fBPE^ 
to that of APF, as a to c. Therefore, the Sines of 
the .hrec Angles liP£ APE, and APF (wfiich An*^!*; 
take., all together, make two Right-ones) being in the 
given Ratio of a, b and it loaows, tilat. if a Tr! 
angle RST be ronftriidcd, whofe Sides RS, ST and 
RT are m the faid Ratio of h and the An-le, 

i. R and 4> oppofc? thereto, wiU b« rcfpcaivcly equal 

to 



TCbe Refolution of ProhUms 

to the fore-mention'd Angles BPE, APE and APF. 

From whence, all the Angles at the Point P being gi- 
ven, the PuiiLion of that roiiit is given by common 
Geometry. 

But it is obfervable, that, when one of the three- 
given Qiiantitics by c (fuppofc a) is equal to, or 
greater than, the Sum of the other two, a Triangle 
cannot then be formed whofe Sides are proportional to 
the faid Quantities : In that Cafe the Point P will fall 
in the Point (A) correfponding to the greateft Quan- 
tity {a). For, it is plain that /-XAB is Icfs than ^XBP 
+ ^XAP; and that rX AC is Icfs than rXCP+rXAP; 
whence, by adding the Lefs to the Lefs, and the Greater 
to the Greater, it aU6 appears that ^X AB^-fXAC muft 

be lefs than ^XBP+rXCP+H^XAP lefs than 
^XBP+rXCP + <7XAP; becaufc a (by Hypothefis) 
is equal to, or greater than, b-\'C* 

P R O B. VIII. 

432. ^0 determine in zvhat Latitude a Right-line per- 

pendii'iiu.r to the Surface of the Earthy and Anciber 
drawn^ from the fame Point, to tie Center^ make the 
great f/} Angle ^ p-Jfible^ tvltb each ether; the Ratio of the 
jixis and the Equator eal Diameter being Juppofed given. 

Let A£ reprefent the £qua-» 
toreal Diameter, and SP the 
Axb of the Earth (taken as 
an oblate Spheroid) alfo let 
RO and RM reprefent the 
two Lines fpegifted in the 
Problem, whereof let the latter 
(pwrpcndicular to ARS) meet 
SP in M ; and let RB be per- 
pendicular to sr. 



It is evident, from the Property of the Ellipfis, thafe 
SP* : AE^ ;: liO : BM. And (hy Trigonometry) BO 
; BM Tang. BRO ; Tang. BRM i whence, by Equa'- 

Bty» 
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I'lty, SP* : AE» :: Tang. BRO : Tang. BRM ; there- 
fore, by Compofition and DivUion, AE*+SP* : AE* 
— SP* :: Tang. BRM+Tang. BRO : Tang. BRM— 
Tang, BRO. But, the Sum sf the Tangents of any two 
^ ylngles is to their Differew^ as the Sir:e of the Sum of 
tbofi Angles to the Sim of ibetr Difference * i whence it 

follows that AE» + SP* : AE*— SP* Sine, BRM + 

BRO : Sine. BRM— BRO (ORM). 

Now, fince the Ratio of the two firfi: Terms is 
conftaat, or ia every Part of the EUipfis the fame, it is 
obvious that the Angle ORM, or its Sine, will . be the 
greateft poffible, when its Antecedent (the Sine of 

BRM+BRO) is the greateft pofTiblc, that is when 
BRM+BRO = a Right-Angle and its Sine = Radius. 
Therefore, in the prupofed Cu cumliance, when OKiVl 
is a Maximum, our laft Proportion will become AE^-f" 

SP^ : AE"— SP^ :: Radius : Sine of ORM : And half 
the Angle, fo found, added 4-'^, will give (BRM) the 
Complement of the required Latitude; bccaufe BRM 
+ BRO (or 2BRM— ORM) being = 90% it is evi- 
dent that 2BRM=90-i-ORM> and conTequently BRM 
??=^45**+iORM. 

P R O B. IX. 

433. Of all the Semi^eukical ParahoIaSy to determine 
$l>aiy ivhereofy the Length of the Curve being given^ the 
Ujrea > pall be a Maximum* 

The general Equation is tfjr* ; Moreover, the 

Area is univerfally = -^^ , and the Length of the Curve 



3 



2lL±_l jf.^^ , 27 J Let the lall: of thefe 

be put = Ci and, by ordering the Equation, you will 

ret 



The Refolution of Pnilem 

get jr = : Whence, (and 



confequently -y^ being a Maximum^ it is evident that 



J. 
a* 



, or its Equal d"^ X 27*4- 



40^ muft likewife be a Miximnm: Which, put into 



Fluxions and reduced, givei « ^ X 
Whence ;r and y will alfo be found. 

PROR X. 



^2 



434, Ttf ditirmnt the Rath 9f the Periphery 0^ any gtvm 
ElHpfa to that of itt tircumfcribing Circle. 

Call the Semi-tranfverre Axis CB, the Semi-con* 
jugate C£, any Ordinate DR,jr } and its Difbuice 




A 



D B 



CD from the Center, x: Then (by the Nature of the 
Curve) y being == X^aa-^xx^, we have > = 

— j ail J confcqucnilv {\/ ) = 



<j — 



: Which, by ojaking d ^ 
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9j variotu Kindtl 5 
wm .be reduced to «= '^J^-'^*" = 

V J _ _ — — — 

\^aa — ^Tjr 2a* 2 . 4^ ♦ 2.4. 6a^ 

(by throwing the Numerator into a Series) whereof the 
wboli Fluent) when x becomes will be 4s (ERB) 

=:^Xi— i-- »^ 

2.2 2. 2*4. 4 2*2.4.4. 6.0 

3'3'5-5-7^^ ^^j, 286.) where J 

a.2.4.4.0,6. 8.8 

denotes the Length of the Arch GnB, or J of the Pe- 
riphery of the circumfcribing Circle, 

Hence it follows that the Periphery of the Ellipfis is 

d 

to that of its circumfaibing Cirdei as I — -j-j — 

^ — ^- ^ ^ ^c. or as I 

2.2.4.4 2.a.4-4»^*^ 

^Ti^^+iTT ^""^ 6.6 ^^+8.8 

l^c. to Unity : Where A By C, Z) ^c. denote the 

preceding Terms, under their proper Signs. 

P R O B. XL 

435. To determine the Difference between the Length 
^ the Arch of a Semi-b^perbola infinitely produced^ and 
its JJymptote, 

Call the Semi tranfverfe Axis (AC) a; the Semi- 
conjug^tc (or its Equal AE) h ; the Diflance (CF) of 
any Ordinate from the Center, x; the Ordinate itfelf, 
^5 and the Arch conefponding, it; Then, from the 

Nature of the Curve we have y = ^— ^ i whence 

0 



Tie ke/oktion of ProUem 




aaxx ■\- bbxx 



; and confequently ^(=:V^**+j?*) 



aa 



; Which, making J* = "J 



V — C£* J * ^ IT ^ transformed to « =si 



an \—ddui\ , , , n . 

^ — X • » whereof the upper Surd, ex* 



1 — Ktt** 



pandedjis =1— r"^ — -3- ^5*^- And therefore i 



-T into 



d 



1— «« 



Now tho 



/7 - — :} 

Fluent of the firft Term hereof, -j- into — - — 

— ^ I is univcrially exurt^ikd by 

ililZ^, or its Equal - i Which, if BM 

. k paraUd to the AQrmptote EC, ^urill (becaufe.AE : 
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CE :: BF : BN) be alfo truly reprefented bjr BN t And 
this Line BN, when x or % becomes infinite, will co« 
Incide with* the Afvmptote. Therefore the Fluent 

of the remainins: i cnns is the Difference foucht : 
Which Fluent, wlieii w — i, or ^=o (p ttincr ^ (or 
^ uf the Periphery of the Circle whofe Radius is Unity) 

will be = «^ X L+-J—+ ^-^^^ +' 

2 2.2.4 ^'2.4.4.0. 

3 . o . ^- . - ■ ^ ■ S • 7 • IT 



2.2.4.4.6.6.8 2. 2 . 4 . 4 . 6 • 6. 8. 8 • 10 

(by Art. 286J but z=. 0 whca uzizo (or is inhi.itc). 
Therefore the Excefs of the- Afrmptote above the Curve 
is truly exhibited by the pieceuing Series. J^. E, /, 
If a be taken = i, and ^=0, then d will become 
= 1: And therefore, the Curve in this Cafe falling 

into its Axis AG» we have Ay, 1^ 



^ 2.2*4 



LlI ^ ' ^ • ' ^ l^€. =:CA, 

2.2.4.4.5 2.2,4.4.0.0.8 

or Unity. Whence it appears that the «)um pf the Se* 

*rics -f- — \ 1 T is the Reciprocal 

2 2*2.4 2*2.4*4**^ 

. of J of the Periphery of the Circle whofe Radius is 
' Unity. And, from the Problem preceding the laft, it 
will likewife appear, that the Sum of the Series i — 

^c. will be 



2*2 2.2. 4*4 2 • 2 • 4 • 4 . t) . t> 

denoted by the fame Quantity ; and confequently that 
thefe two Sertefes are equal to each other. From the 

Addition and Subtradlion of which and their Mul- 
tiples, various other Sericfes may be provhjccJ, whofe 
Su::is are explicable by means of the Periphery of a 
Circle, 



P R O B. 



t 



^ Rej^utimt tf Prtbtemt 




6 TB 



P R O B. XII. 

4.36. *To (hterm'ine the Nature of the Curve CDH, 
tuhich will interfcSi any Number of ftmilar and concentric 
EUipfes AMB, amb ^c, at Right- Angles. 

Let the Tangent 
r)T, which if? a 
Normal to the El- 
lipfis AMB, meet 
the Axis AB in T ; 
and, fuppofmg AC, 
CM, aC, Cm ^c. 
to be the principal 
Semi-diameterS of 
their refpe£^lve Ellipses, let the given Ratio of AC* to 
CM* (or of flC* to Cm^ ^c) be that of i to « ; Put- 
ting CE = at, £D==y, (E^) and {Jpz^y, 

Jt is a known Prnpem' of the Ellipfis that AC® ! 
CM- :: CE : ET ; therefore £T = nx : Moreover ET 

{nx) : Dp {x) iilLD (y) ipd (y ) by ilmikr Triangles) 

• • 
X y 

whence "^ts"— 

•Art iftC, is L : X— hla = ftLl y — nL t a * (where a denotes 
any conftant Quantity at Pleafure«) Hence we alfo 

havcL:':r=:»XL:--=L:— , and confequently 



X Jty 

9 or =1 J whereof the Fluent 



F R O B. XIII. 

43y. To find the Equation of a Curve ERD that will 
cut a^^y Nurnln-r of Ellipfes, or Hyperholm^ having tbi 
Jame Center O and Vertex Af at Right- dngUs, 

Let RT be a Tangent to any one of the propofcd 
Conic Scions ARE, at the Inieiigdioa R, meeting 

tnc 
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O T A B E O 



the Axb AO inTj and put AO=a, OB=a-, BR=j, 
nr=x, R«= — i .* Then (per Conks) BT = — — t 

in die Ellipfisf and = Hyperbola : 

Whence hf rafoQ of the fimilar Tiianglcs TBR> 

aadRn^ it wfllbe (BT) (BR) :: — i 

^ • 1 • ? * 

G X X X (I ~'T 

(Rji) : X (m) : Therefore —j!^ = — = — 

«o;rx, and confequently — +i*«e* XL J -j-oft 

I Where 4/ denotes a conflant Quuitityt depending 
on the given Value of A£« 

P K O B. XIV/ 

438. L^f two Points n and m moviy at the fame itme^ 
from two given Pofttions B and C, with equal CeleritieSy 
fihng two Right -litres BA and BC perpendicular to £ach 
4tber : *Tis propofed to determine the Curve ASC, ta 
VfbUb a Right-tine joining the /aid Points fiall^ eilwajs^ 
he a Tangent. 

Let DS \nd ev be parallel to BA, and Sri^ perpen- 
dicular thereto : Putting BC=r<g, CD^jp, SD=:>» Sr 
ar«andrv=;y. Therefore (by JinhTriangUsJ j : x 

hi "'^f 



1 



1 



yx 



a — Xjr 

Dw, and X \j :: tf— ;< (Si^J : ^ 




^/i ; Whence (CD— D;w) = j^- — j, and Bn (B^ 

=yf ^-"f Which two laftValuesy be- 

cauTe the Velocides of the Bodies m equal, muft aMb 

be e<jual to each other, that ii, jp— + -^ r 
Hence, by niaking ^ confiant, and taking the Fluxkm 
of the whole Equation, we get x — — . = j? — 



:Wher€^ 



arifeaS^Xjf*^^*^*, and — f=- = — ;= 

the Fluent on both Sides being taken, we have «\// 

= 2 \/ ^ ' — ^ ^ — * , and coniequently jf=i2 
— y: Which Equation perfaias to Ae commoh Pa- 
rabola. 
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Otbmvifi 

. 439- PiJt Cmz:zvmd Bn^Wy and let thefc Qiian- 
tities (inftead of being equal] have any given Relation 
to each other. Then, fince the abfolute Celerity ot m 
is exprefTed by -3, its angular Celerity, in a Direction per- 
pendicular to S/«, by which the Line Sm tends to re- 
volve about the Point of Contaa; S as a Center^ wiQ 

be truly defined by ■ j/,^^^^ - X v {Art, 35 J 
In the Tame manner the angular Celerity of about 
the Point S, will be defined by ■ ^^^^ - X Now, 

as thefe Celerities mufl: be to each other n*; the Di- 
ftances Sm and S« from the Center S (or dircdtly as 
the Radii) we have S/n : Sa (:: DS : bn) .1 Sin. Bmn X 
^ : Situ Bum X w ; whence^ becaufe Sin, Bmn X Sin» 
Bmrni Bn (w) : Bm (a^^v) we alfo have D3 : In 

fCf X <cr : — V X w ; Therefore^ by Compofitionf DS • 
(DS + «i :: fc?v : 4. a — v X w, and confe- 

quently PS= — : Whence Im (w^ 

W'V + ^2 1/ X ^ 

SD) = . ■ ^ ; ; andBD(=S3=:^^ ) 

u;x'-f.tf — vXw * Bn J 

a — X«w 

= . , ~ • From whence the Curve itfelf 

will be given. 

If V and w be taken equal to each other (as above) 

then SD (y) will become = — , and BD = ^'^^^ 



Mr 

= «— ««; + — i in which laft, if for w its Equal 

LI 2 



1 6 ^be Rejolution of Problems 

y/^ be fubftitutcd, we (hall have BD = — o.\^ay 
and confcquently CD — BD) =.a\/5y— jr, 
|he very fiune as befoie* 

P R O B. XV. 

440. Suppofmg a. Body T to proceed^ uniformly, along 
€t Rigbt'lim BC, and amther Body S, in purfuit of the 
fam^ always din^fy towards it, with a Celerity which 
is to that of T, in any given Ratio^ of \to n\ 'tis pro- 
pofed to fold tbi Equatim 9/ tb$ Ckru A&D de/mhed hy 
tb$ kttttr. 

Let the Tangent AB, which makes Right-Anglet 
with BCi be put = 0f BRsir, K^^y^ and ASss ; 




1 hen the Subtangent RT beings we have BT 



+ ZZy : Moreover, fince tbe DiSances BT aod 

AS gone over in the fame time^ are as the Celerities n 
and we alTo have BT (ssiiX AS) =:wB=;r4- 

~s : Whence, in Fluxions (malung j conftant) 
andconfa|uemly=^(=4') 

The 
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The Fluent rf which (by Art. 126.) fa — « X Log. y 
as Log* : But when yzza^ at is =: 

and then the Equation becomes — » X Log. c = o i 
Iherefore the Fluent, duly corrected, is nXLog. a — if 

X Log. , = Log.i+i^±i\ orLog. = 
Loz, ^ ^" + ^* Whence it is evident that f- 

=; .., A : r — 9 and ^ x y/y 4- | 

from which, h/ fquaring both Sides, 2x is found = 

£i^tL', whole Fluent is 2;r = -€z!Z! + 
f I — » 

But vrtijen jr « is = o, and then, 

o =: — — 4- — r— = — — ' ; therefore the 
Fluent coneded is 2» =: ZJ! + 1 — i + 

Otbirwiji (without fit9nd Fluximi*) 

441, Put ST =P and RT s= Then fincc Ae 
abfolttte Velocity of the Body S is denoted by Unim 
that with which the Ordinate SR is cany*d towards the 

Body T will be denoted ^ X i or p- {hy Art, 
which fubtrafted from n the Velocity of kwres «— 
^ for the relative Celerity with which 7 lecedes from 

LI 3 
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i8 7h Befoktion of Problems 

R : After the {amt Manacr, if from -pXn theCeierit/ 

of 7" in the Direction ST produced, there be taicen (i) 
the Celerity oi S in the kaic Directiuii, the Remainder^ 

•pT — I, will be the Celerity with which T recedes 
from S: Therefore, the Fluxions of Quantities being as 
the Cekrittes of their Iiicrcaie» we have n— -p i -p- 

— i::^:P; and confequently n^^Fx^—„P^ -^xP. 
But, fmce the Quantities P and ^are concerned exacUy 
alike, the Equation thus derived will, in ali probability, 
become more fiinple, by luoflituting for their Sum and 
Diifereace ; Let thcreiore P +^=;j, and P—^zzv^ 

or, which b the iame, let P = and — : 

2 

Then, by Stt«Btution, we (haU have f y 
5 — nf + — s + v 

= J 

traded, CsTts beeoioes i+«Xvi=:r^X/v, or ff^X 
- I— « X — i whofe Fluent (contded) is i 

X Log. s = i^XLog. 4- 2» X Log. <?, or Log. i*** 



zTLog-n^'v*"*. Whence /^•=«*',,^~«, ^^d 
confequently « X» = <^ tr*: Buti»(=sST4-kT 



X S T— RT = RS*) =/ ; therefore i'^'' X =: 

(=0 



a«+2 ^^'j;*^ y — . whence s 

a 
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::i J ;r 5 whence ~- — -7- » and 2jf :s — 

J- — t — the vciy fame IS before. 

Corollary. 

442. If the Velocity of 5 be greater than that of T 
(or n be lefs than Unity) the two Bodies will concur 
wbea the latter has moved over a Difiancecxpreficdb/ 

77/2 

«l becaiife> when/ becomes =:o9 2jris barely = 



7,na 



J**^, But if the Velocity of 5 be lefs than that of 
7^ it IS plain tihat S can never come up widi Ti But its 




iiearefi Appcoafch wSl be when y = Xa:for^ 



face 8T is nniveifiHy =s -7:^ lettheFlmc- 

2y 2iJ^ 

ion of this Expreffion be taken and put equal to No- 
thing; and)' will be found as above exhibited. 

If the Celerities of S and 7", inftcad rf bein? unl- 
form, vary according to a given Law ; then, denoting 
the former by A and the latter by the Equation ol 

the Curve be ;■■ , •• 5= — -i- : And if the 

y/f + AT* 

Fluent of — ^ he explicable by a Logarithm, as L, Ni 

. then, the Fluent of --== being L. • Art. u6. 

LI 4 we 




s. 
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The lUfobaiott of Prf^lmt 

wcfluB have 2^:^:^^^'+^ i wfakh» tederM^ 

J' 

■ATy jr 

gives * == -J- — Whence m will be found. 

P R O B. XVL 

443. TV iitirmHi thi Fruflum CDEF Trftfu- 

gular-Prifnty of a givm Btft CF wtd Mtiude BA i 
whichy moving in a Afidiumj in ihi Dire£fion of its 
Length BA, JhaU be refijled the leajl foffble. 

DmwCH parallel lo BA meet. 
ingEDt prodiioed, 'in H: More- 
over, letHP, PQ and PR be per- 
pendicular to CD, CH and DH 
lei^e^vely. 

Since the Number of refifting 
Particles acting upon DC Is as 
DH, and the Force of each as 
/DR*\ 

\I>F*y the Square of the Sine of 

the Angle of Incidence DPR 
^he whole ReTtftance fuftained by DC wiU therefore be 

DHXDR* 

.exprclTcd by — — , or Dfl, which is equal to it (by 

the Similarity of die Triangles DHP and DPR) Whence 
" the Refiftance upon ADC is truly cxprefled by AR ( AD 
+ DR) and is a Minimum when its Defed (PQ) bc- 
'low the given Qtiantity AH (or BC) is a Maximum • 
But PCLis a Maximum when CQ^ and HO arc equals 
becaufe, the Angle CPH being Right, a Semi-cirdedc- 
fcribed upon CH will always pafs thro' the Point P| 
and it is we)l Jcnown that the greatcft Ordinate in a 
Senii-circlc is That which divides the Diameter into two 

equal Parts. 

Hence the Angle DCH, when the Refiftance upon 
ADC IS a Minimum^ will be juft the Half of a Right- 
Aogle, |u:ovided BC be given gieater than BA i otter- 

wife, 





of various Kinds. 

wife, the whole Prifm CAF will be left rdiflcd than 
Fniftiun CD£F of a greater PrifoL 

P R O B. XVIL 

• 444, Jl deUnmm tbt Angle RBE which a Plane EBF 
mift nmki vnth ib$ Wind blowing in a given Direefion 
RB, fi thai tie Plow itfelfmay h urged tn another zivti^ 
DirOHmt BA with the greateji Force ^ojfible. 

It is known, from the A 
Refolution " of Forces^ that 
the Force whereby thePlane 
£F is urged in the given 
Direaion BA, by a Par- 
tide of Air, ading in the . . 
Dkeaion RB, is direclly as f \ ' I 

the Rectangle of the Sines * 

of the Angles (ABE, RBE) ^ - 
which the two given Direaions make with the Plane : 
Therefore, fmce the Number of Particles ading on EF 
is as the Sine of RBE, it follows that the whole Force, 
or EfFea, of the Wind, in the DircakmBA, will be 
as S . ABE X S^u . S. RBE j which being a Abximm 
we have (by Prob. s Q 3- 1:: Sine of the whole givcil 

AndeRBArSincofRBE— ABE. Whence the Angles 
jLdil and ABE arc both given. ^ /. 

Corollary, 
445- If the Angle RBA be a Right one (which 1$ 
the Cale wit h regard to the SaUs of a Windmilij then 
the Sine of RBE -~ AEB being =t= ,333 e^r we 
fliaUhaveRBE— AEB = i9^:a8^ and confequently 

PROB. xvin. 

446. ijr two Bedtes A and pined hy a Siring, be 
urgid m oppoftte Dtreaions, towards P and Q, by any 
gfm FemsV and f^iinifarmly continued, 'tis propped to 
find the Tenfion of the String, or the Force wbereL the 
Bodies endeav(,ur to raede from each otber^ 

^ ^ince 



22 ^he Refoktion of Problems 

Since F — f is the abiolutc Force by which the two 
Bodies are, conflantly, urged towards P, the whole 
Motion, generated in Both, in any Time 2", wiU there- 
fore be exprefled by F^fxX : Whence^ becaofe bodi 
Bodies (by rcafon of tbe Strii^) acquire the Aroc 
locity, the MoticMi geneiated in thoc^ will be 

X ^^^r, or that Part of the 
■ ^ ^ . But the Motion of i/> had it not been 

retarded by the String (or B) would have been F 
X Th therefore the Lok of Motion, by the Adion 

yu—iiwMw — — ' — I — ^^jp — 

A B 

upon the Strmg, is FX jjfB ^ ^"^/^ 

= j X T; Which, divided by the Time T 

fA-^FB 

(wherein that Lofs or Eflfe^l is produced) gives 

for the Tenfion of the Tliread, or the Force fnScient to 

cauk the iaid Lois oi Motion* 

Tbe fame etherwifi, 

447. Becaufe the Force was it to adl alone, would 
communicate, by means of the String, the lame Ve- 
locity to B as to A, the Part therefore of the Force F 
employ'd upon B, by which the Suing is firech'd, will 
7? BF , ^ 

jT+B ^ ^» J+B • ^^^"^ ^^^^ 
Argument, if the Force / was to alone, the Tenfion 

the 
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the Forces aft together, the Tenfton will be ^^—^ 

For it is very plam Aat, their aain^ both at the fame 
tone, no way influences tlicir rclpeaive Effeds on the 
Xhfcad. ^E.L 

Corollary. 

44S. If the Forccf and/be refpeaively expounded 
by die MaflcB, or Weigjits, of the Bodies A aud B j the 

Tcniion of the Thread will then become J^^ * 

Whenoe it apoears that the Tenfi<m of a Thread Aiding 
over a Pin or Puiky, by means of two unequal Weights 
^ and 5, fufpendcd at the Ends diercof, is equal tij 

jfj^ S • The Double whereof, or is the Weight 

which the Pin or PulJcy fuftains, while the Bodies are 
in Motion ; becaufe the Thread hangs double, or on 
both Sides the Pulley. * 

If feveral Bodies if, 5, C, D W/. communicating by 
means of a String or Wire AF, be urged towards a 
Point P, in the Dire£UoiT of the String or Wire, by 
any given Forces r, s iffc, refpeaively, the l enlion 
of the Part AB will be 

of the Part BC - ^ • ■ ' ^:4. .^ 

A 



AU 



1 



Refoluthn of Problems 

All which eafily follows from abo¥e ; aad mHH 
fwer alfo in thofc Cafes where fome of the Fofces m 
fuppofed to a(5l in the Contrary Dire&ioii, if cvciy foA 
Force be coniidered as a negative Quantity, 

PR OB- XIX. 

449. Lit U hi requind U raifi a ghiM Weight YX^ U 
a given Height BC, along an ineGn*d Plmu hQ^ by nuam 
cf another givin fVtigbt M, emne£ied U the former by a 
fiexihle Rope NrM, moving over a PulUy at Q y to find 
the Tenftonof thfi Rope j alfo. the Inclination and Length 
of the Plane. Jo ibat the Time of the whole Ajcent may he 
the lea/i poJfibU. 

It is well known that 
the Force by which N 
tends to defcend along 
the Plane AC, or a<5b 
in oppoiition to M (fup- 
pofing BCz^Oy and AC 

aN 

= * ) wiU be — 

aN 

Thenfare — , 

or ^^^ ' ^ '^^'^ is the efficacious Foice» by which the 

Bodies are accelerated : But it is likewife demonftrabie 
that the Time of defcribing any Line by means of a Ve- 
locity uniformly accelerated, is in the fubduplicate Ratio 
• Ait.»oi Length thereof, direftly, and the fiibduplicate 

Ratio of the acceleratibg Forcci invcrfely Whence 
it follows that the Time of deTcribiog AC will be 

reprdcnted by - ^ ^ — ; Wbofe Floxton (or 

that of its Square) being made equal lo Nothiqgi wiD 

be found =5 , or : :: a : x. Hence the 

Time 




xM'^aN 
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of the Afoent will be the Icaft poHible, when die 
Sine of the Plane's Inclination is to the Radius, as the 
Power (M) is to twice the Weight (N) to be raifed. 
The Tenfion of the Rope will be determined from 

the hft Problem, (bj writing^ for i/, — for F, M 

£qi£, and Mfotf) and comes outs: j^^^ X 

^ E. L 

PROS. XX. 

450. Lit AC rtpreftnt a Piece of Timher^ moveahU 
about a Center C, making any Angle ACG with tbi 
Plam of the Horhtion CG \ to deternUne the Pofition of m 
Prep 9r SupporUr OS^ of a given Lmglb^ which fiall 
ftifimn it with the gteeufi FadUty^ in any given Pafi^ 
itmi and alji what Inclination AC will have to the Ho* 
rixttn when the leafi three that can fiftain it^ is greater 
than the leaft Force in any ether Pofitten^ 

Let R be die Cbitjer of 6ra* 
vity of the Beam AC, and let 

Rji, R;7i and CD be perpendi- 
cular to AC, CG and OS re- 
fpe£livcly : Putting 80=^, CR 
=r, Qm-=.x^ and the Weight 

of the Beam = w. _^ 

Then, by the Prmdplcs tf/ , Q . fi-^ T Q 
Mechamc^t we (hall have, £rft, 

(xw\ 
—) the Force, 

whkh ading at R, in the Diredion JEU, is fuficient to 

fuftain the Beam AC i fecondly, as CO : CR (r) :; 




xw 



Xthc Quantity laft found) : » the Force able to 

fupport it^ at O, in a perpcndfcuhr Diicaion 1 and, 

laftly. 



Tbe Refoluiion of Problems 
laUy^ as CD : CX> :: ^ : die Fofcet. or W^h^ 

iftually fuftained by the given Prop SO. Which Force 
wiH therefore be the leaft po£ible when the Perpendi- 
cular CD b gieal»ft poffible» let the Angle of ht- 
dination GCA be what it will: But of all Triasi^es» 
havmg^the fame Bafe (OS) and vertical Aog|e (SCOJ 
the Ifofceles one is known to have the greateft Ferpen- 
dicular : Therefore die Triangle CSO will be IMcckSf 
and the Angles S and O equal to each other, when the 
Weight 1 jfiain'ii by the Prop OS is a Alintmum, 

But, now, to give a Solution to the latter Part of 
the Problenit or to find (fuppofing the Angles S and 

X 

O to be equal) when ^jjj X i$ a Maximum^ let CD 

produced meet niK in F j and then, becaufe of the fioii- 
lar Triangles CDS and C/s^F, we ihall have CD : jt 

{On) ::SD (ia) ImF, ^^cD^|^» confe* 

itjF * 

quently X w = t^Xw : But^ fmcc CF bifecli 
the Angle »CR» we aUb.bave,. r+;^ (CR-hCm) :^ 

(Cm) :: (R«) : Fm a: = 

y y ^ IWF 

: Whence the Force ~ X vf^ acting 

upon the Supporter* is likewife truly ezprefled by 



Whereof the Fluxion being taken and 

put equal to Nothing we get =: r ^ T ; 

Therefore CR : Qm (:: \ \ ^f^/^ :; Radius : Co- 
fine of RCG=:5i^ : 50', the In^:iinauon lequired. 

PROB. 
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A F H B 




P It O B. XXL 

451. determine the Pofuion of a Beam CD, move- 
ahle about one End C as a Center, and fuftained a* the 
ether End D by a given IVeight Q, appended to a Cord 
Q^D ^^Jlni ovtr a Pulley af a given Pobit A» 

Let G be the 
Center of Gia- 
vit / of the Beam; 
alf') let DF, GK 
and CH be per- 
pendicular to the 
Plane of the Ho- 
rizon, and CL 
and AH parallel 
to the fame: Fut"* 
tiiigAH=i7, CH=^, CD=r, CGs^, DL=x, CL 
=Xf «he Weight of the ikam =w. Then AF 

=«— >, DF=b+x, and AD (v^aF^IDF) =: 
\/'a'—2ajl+y'^+i^*+2bx +x-i whic h (becaufe y^+' 
^*=f*) will alfo be = v/^^+^*4.f^+2^A^-^^ =s 
y/^+2^4p— 2^ (hy putting /*=«*+A*+tf *) whole 
• — 

Momentum of the Weight ^« fitppofing the Beam to 
to be in Motion, Moreover, becaufe DC : DL : : CG . 

GI, we have GI = — ; whofe Fluxion, — , multi*. 

ply'd by 7 , is the Momentum of the Beam itfelf in a 
vertical Diredton. 

Wherefore making thefeAft^Mir/ff equal to each other 
(according to the rrinciples of Mechanics) we get 

bx — ay dx 

^f^^ztx-io, ^ ^= 7 ^ «'» confequently 
bi^t^X dwx v7H-2^ — 2«)' •• But, fines 
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/ + jp* = tfS wc have 2jrf + 2«»ss:o, or — i=s 

And Aerdbre (fajr SubOttittkm) ix + Ufi Xc^ 
> 7 

Vy * + 2^;e — : From whence, and the foregoing 
EquatioD x*'\'y*ssc*9 both jt andjr may be (ietermiaed. 

Tbi /am otherwife. 

452, It is evident, from Mechanicsy that the Force 
which, a^ng in the Dlreaion DF, would fufbin the 
End Is to the whole Weight fcr, as CG to CD • 

* CD^ - . ^ , 

and dieiefbieiss: ^g/^^* iwewiie known 

that two Forces a£iing in the different Dirc6lions DF 
and DA, fo as to have the fame EfFcift in fuftaining 
DC, or cauiing It to move about the Point C, muft be 
to each other, inverfely, as the Sines of the Angles of 
Incidence FDC and ADC. Therefore we have &FDC 

CD 

: 5. ADCu^iQQXwi from which given Ratio of 

the Sines, the Angles thcmfelves will be found, by an 
algebraic Proceis independent of Fluxions. 

Corollary* 

453. U the Po&tion of CD be foppofed given, and 
theTenfion of AD (or die Weight ^ be required: 
Then, from the foregoing Proportion, we (hall have 

g ADC ^ ^ ^ Which will aUb expreft Ae 

Tenfion of AD when the ^nd C b fuftatned by a Cold 
BC inftcad of a Pin at C: Whence it follows that the 
Tenfions of two Cords AD and BC, fu0aining a Beam 
or Rod CD, at its Extremes D and C, are ex^refied by 

5. FDC CG , S, HCD DG . 

5;:aPC^CD^^' and^-gjTjjXgjjXwi and 

diere* 
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mtefore are to each other as to BCD ' ^ 



S. BCD X CO to S. ADC X CG refpeaivdy ; be- 
cflufe the Sine of FDC and that of its Supplement HCD 
are equal to each other. 

P R O B. XXIL 

454. To determne tbi Pejition of a Beam DC, fuf- 
fended at its Ejetremes By two Cords AD and 6C of given 
Lengths^' from two given Points A and B in tie Jam 
bm%mtal IJne AB« 

Let G be the Center of Gravity of the Beam» and 
let DF and CH be perpendicular to AB« 

A F Q H B 



It appears, from the Corol. to the h& Problem, that 

CG 

the Teniion of AD is to that of BC, as ^^"XdS 
DG 

^ ^^jj ; whence (by the Refolution of Forces) the 

Force of AD, in a Diredion parallel to the Horizon, 
is to the Force of BC, in the oppoGte Diredbn, at 

CG S. ADF DG S, BCH 
^TADC ^ ""^^ S. BCD ^ Rad. • 

Forces, that the Beam may remain in Equilsbriu m^ft 

M m con- 
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conTequently be equal to each other j and therefore 

5. BCD S.BCHDG^ j_ • 

SrADC= X CG- But now, to determioc 

the Angles themfelves, from this Equation and the given 
Lengths of AB, BC ^c. let AD and BC be produced 
to meet each odier in and let PQ, perpendicular to 
AB, bedrawn; putting AB:=a, AD=^, BC = Cf 

DC-^/, DG-/, CG3=^, AP=Af and BP=:y. 
Then, bccaufe AB ; AP+BP:: AP— BP : AQr-BQ. 

s= — f we have AQ = i AB + -^-^Jg — 

AB* + AP*— BP* 
= ' 2A B * and confcqucntly the Co-fine of 

AB*+AP*— BP* 

A (= Sine ADF) to the Radius 1= — 2AB X A? — ' 

Whence* from the fame Argument, it is evident that 
Che Co-ftne of B (= Sine BCH) wiU be exprefled by 

AB*+BP- ->AP* AP-+BP-~AB- 
^ZAB XBP > ^JThatof APBby ^^PxBP > 

PD*+PC»— DC* 
and aifo by 2PDX ~PC » which two laft Quan* 

tities being equal to each other, we have PD X PC X 

AP^+¥P*— AB*=:APXBPXPD^--f PC— DC^ . ^^^^^ 

is X — bXy — c Xa"-}-;'^ — a'^.^yXx — — 
Moreover, fince P C ; PD : : 5. AD C (or PDC) : S. BCD 

/ Df>nN ir u ^-BCD 5.BCH 

(or PCD) we iilfo have = ^-jr^^ = j;-^^ X 

DG 

^ (by the firft Equation) i whence CGXPDX 

6 . ADF = D( J X PC X S. BCH i , that is CG X PDX 
AB*+AP^> -BP- AB*+BP>^AP> 
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CGXPDXBPXAB»+AP»— BP* = DGXPCX APX 
AB*+BP* — which, in algebraic Terms, isgyX 

jr — a^ + x^—y"^ X )~Xa'-+y^—x\ 1 r m 
whence and the preceding Etjuatiua the Vaiuu oi x Mid 
y will be known. . . 

PR OB. XXIIL 

45^. Suppofmg a Beam CD, moveable about one End 
C, a Center y to be lujUnncd at ihc ether End D bv 
nuam of a given II eight P, hanging at a Rope pajjmg 
ever a Pulley at a given Point A, vertical to C ; 'tis pro^ 
pofed to find the Curve APK along which the Weight mi/Jl 
ajcend^ or dejcendy jo di to be^ every wbgre, a jujt Coun^ 
terfoife to the Beam* 

From the Center C, 
with the Radius CD, 
let a Semi-circle HDR 
be delcribed, and let 
i)B and PF be perpen- 
dicular to the vertical 
Line AHCR; alfo let 
CDzz^, CA = ^, AH 
= AF=A-, PF=>, 
HBzzz, and the Length 
of the Rope DAP=j« j 
likewife let HQ (b) be 
the given Value of ie 
(AF) when D coincides with H. 

Bccaufe the Weight and the Beam are always in 
EquiSMo^ . by Hypothefis, their Momttta^ and con- 
iequently theiir Velocities, in a vertical INredion, rouft 
be every where in a conftant Ratio ; and therefore 
thcDiftance C^I^' (h — x) afcended by the Weight P, 
will be, to tht; Diftaiiec I IB dcfcendeJ by tlic End 
of the Beam D lnvcwiic in :i conflant Ratio : Let 
this Ratio be that of to any given Qiiantity 
that is, let h — x :z::b : d, and we fhctii have dh — 
dx::=^bz : Moreover, v^e have AD'-JCDH-A^" — 2AC 

XBC) =:«*+^*-T.2^xJ^ =^b^a^+2bzz=.c*+thz 
2=.c*^2S + 2dx: Whence AP («— -AD) =ijw — 

Mm 2 
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%/cc^zdb+iSe^ afld therelbre, f (AP-^F^) a 



After the fame maaner a Curve may be fomii along 
which a Weight deicfoding, ihall be ever]K whem in 

£quiUbrio with another Weight afcending thro* the Ax^h 
of a givta Curve. 

PROB. XXIV. 

456. To find ihe Equatm rf a Curve KSS.^ along 

which a given freight P, fufpended by a String PED 
faffing over a Pulley £, 77iuji defcendy fo that the Tenfion 
ef the String may vary according to any given Law» 

Let £C he perpendtcuhr» and 
CP parallel, to the Plane of the 
Horizon; alfolet A-£»i,.AC=:;r, 
CB==y, £P=:t;, and let the Ten- 
fion of the String (or the Force 
a&ing at the £nd D) be denoted 
by any variable, or con(kiit, QLyui- 
titj ^, 

Therefore, beraufe the Celerity 
of the W"eight in a vertical Di- 
re<5lion, is to its Celerity, in thp 
Direction EP produced, (or the 
Celerity of the other End D) as 
X to it is evident that the Weight 

itfclf mi'.ft be to the tending Force ^ inverMy in that 
Ratio, and confcquently Px:=,^, 
Furthermore, becauie EQ^+x and BC*=:BE*— ^ 




EC*, we have = -y^ — «7-f-A;'* : From which Equa- 
tions, when the Relation' of P and ^ is given, the 
Curve itfclf will allb be knowa 

Thus, for Example, let the Ratio of P to be 
conOant, or that of m to y/, then mie being z^nHj^ wib 
have (by taking the Fluent) mx -^^na^nv^ whence 

^max , «V 



mx 



« =s — } and therefore (=j<f»+ 



cf various Kinds. 



^Vhich is the Equation of an Hyperbola. 

AgsiiOi for a iecond Ekaoiple, let tbe tending Forot 

^ be to the Weight />, as Dt° »> AC" Xt"-", or a» 



*— w : (%>jpofing *=;P£D and f = amy givea 

LineAF; Therefore, fince ^= X P, and 



■zz^ X /»« (= J^*) =: Pi, we hare *— « X * 

Jl+I -.g-fl 



= V*, and fo S 



***** , r — 7 — 

——5 whence » — vi = b^tt^ — 



. » and V (EP) =1 — 



^--yf,_;, + .Xc''-%-"V| , From Which 
the Relation of a* and jr, or the Value of BC, ii alfa 

k-nown. 

Hut if 777 = o, and « = r, ( vhich will be the Cafe 
when the Force acling at D is equal to that by which a 
Beam or Rod is made to move about a Center^ as in 
the laft Problem) v will then become, barely, = ^ — » 

i — fl^*— and therefore ^* (= i;* — « a^* } 

zzi h — \/ b — — 2£'^) — a-^-x' : Therefore^ 
ASH 18} ia this Cafe, a Line of the fourth Order. 

M m 3 PRO 
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P R O B. XXV. 

4^7. Suppo/ng aRaytf Light ABCD U h nfraSd 
mi the Surfaci ef a given Sphin MQND, and aftir- 
worths rejUaed any gimn Ntmher (n) of Tmes^ mihim 
tbi Sphere ; H dUirmine the Difiana rf the Jfuident Rof 
AB frm thi Jxis MN, fi that thg Ard> MBCDE, in- 
tercepted the given Feint M and the emerging Ray at 
£, ^ 0 Minimum* 

Let the Radius 
OB = I9 the Sine 
of Incidence BR= 
and the Sine ef 
Refraaion OP=rjf, 
and let the given 
Ratio of the two 
Jaft be that of p to q. 
Since all the y\n- 
glcs of Incidence 
and Reflexion BCD 
OCD, CDO ^e. 
are equal, the Arcs 
BC, CD and DE muft alfo be equal ; and confequently 

MBCDE=MB+H^XBC=MB+2H^XBQ: 
Whofe Fluxion is to be equal to Nothing* Now 
the Fluxion of the Arch MB, whofe Sine is ;r and 

t Alt, 14*. Radius Unity, will be = ■ ^ - f ; and that of 




•An. 



the Arch BQ, whofe Co- fine (OP) is /, = 



.1 



Hence we have 



2/7 + 2 X y 



fince A" : jr is = y and J? = y ; and fo wc 



h*ve 



— % =0 > whence (putting 
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m = 2)1+2) * is found = ^J l^f^zfi : From. 

wkich it is <Mervable> that, when mq is lefs than py gr 

2»+2lersthan the Arch MBCD continually in- 

.ereafes with BM j and therclore is the Jeaft poflible, 
when B coincides with M. ^ ^' 

p R o B. xxvr. 

• • 

458. Iftm I^ys of Light PR and Pr, from a given 
Pant P, fftakifig an indefinitely fmali Jngie with each 
9ibery hi refhaedat a given Curve Surface ARB ; '/if 
propofed to determine the Cwcourfe^ mr FocnSy Q. 9f the 
refused Rays KQjind rQt 

Let RO, perpendi- 
cular to the Curve, be 
the Radius of a Circle 
having the fame Cur- 
vature with ARB at 
R ; make PH and QM, 
perpendicular to RO, 
joinQ^O; and put RO 
=:r, PR=:v, RH=V, 

and RQ^= z. 

Then, becatife the Angle of Rcfleaion ORQ is cqun! 
to the Angle of Incidence ORP, the Triangles RC^Al 
and RPH will be fimilar, and therefore y'.viizlKM 

• =: y ; Whence OQ: (RO* + RQ; — 2RO X RM) 

2rvz 

But, fincc this Quantity OQ," continues the fame 
{hv Hypothefis) whether we regard one Ray or the 

ctlur (that i'^, 'v;l-.trhtr y ftands for PR or Fr) its 
Jriugaon muft thereJore be cqi>al, to Nou.iiig ; that 

Mm 4 
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U ^^irSdWzi^^^o; Whence 

y 



Moreover {hyArt. 73.) rss -r-j 



therefore 



Example i. Let ARB be an Arch of the Logan' thmie 
Spiral ; Whole Equation is fl» = f : And then,, v 

beings-, we fliaU have z \^ ^^_^^ ) 



Therefore in this Cafe the Incldeiit and Refleded Rays 
are equal to each other. 

Ex, 2. Let ARB be fuppofed to degenerate into a 
Right-line ; In which Cafe v being conliaiu, its Flu^ioa 

«i» is = o i and therefore « ( = : j z^—y ; Which 

being negative, indicates that the Rays do not converee 
after Reflection, but, oa the contrary, diverge from a 
Point on the contrary Side of ARB, at theDiftancey. 
Which is very eafy to demonftrate by common Geo*, 
xnetry. 

P R O B. XXVIL 

459. Let two Rays of Light PR and ?r,frm a ghm 
Point P> he refra6led at a given Curve Surf act ARB j t$ 
dittrmne the Focus Qjf the refra^cd Rays KQjtndrQ. 

Let the Lines RO, RH ^c. be drawn, and denoted 
as in the preceding Problem : Moreover, Jet the Sine of 
Incidence PRH (to the Radius i) be reprefented by 
and let it be to the Sine of Refra^on OR(X in the 
^iven Ratio of 1 to 

3 Then 



iff various Kinds. - 

Then (hyTrigonometry) i : m (SineQRM) ::«(RQ) 
Qlbism;; and tberdore RM s= \/»* — n*ei^ 




«B«S/*l^«V. From whence, following the Steps 
of the preceding Problem, we alfo get OQ^=r-4-2* 
•^ar»>/ 1— aad'tts Fluxion 2j&e»2nBV^i if*j» 



+ »*rwi = 0- But 35^^«= — »y; there- 

fore— — ^ri^ 4. rv X I— «V + «r2i;=:o: 
Moreover {byTrig^ i (Radius) I i (Sine of PRH) it 

y (FR):\/y* — (PH) whence we have sy -zrz 

• • 

^ — yi " i which Values, of s* and j/, being fub* 
ftituted in the foregoing Equation, it becomes — zj 

y + r> X 7377^ + X 

y y 

v^y — yvv • — 

—s = 0, or — zy^K^ i^nnXy^+n^v"^ +ry}X 



X — jw X / + w^v*-+ftrzXvy — yvv = o J or (puttin<»' 



^zy^'wj 



_ — — - - «f 
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*Art* 142. 



w 

9mf*J f^vv = o. But {by ArU 73.) r := ^ 
^9ywi» w^yy nxv^y — irysvvsro^ and 
confequoitly % =s ^ . A B. /. 

From this Sdntion^ that of the preceding Problenr 
is cafily derived : Alfo from hence the Cauftic (or the 
Curve which is the Locus of all the Points thus 
found} will likewife be given. 

P R O B. xxvin. 

460. To find the lirm of the Vibratlm of a Pendulum 
in tbi Arch of a Circle^ 

Let AB denote the Pen- 
dulum in a vertical Pofition ; 
and from any Point D in the 
given Arch CBH, whereia 
the Vibrations are performed, 
draw Yyf parallel to CH ; and 
Jet BE— j>/— Ai, 

and BD^2. : Cy the Nature 
of the Circle we have % =: 
ax 

* : Whence the 



I 

r 

















Fluxion of the Time, being 



ax 



+ Art. 207. as — i^^ij will be deriacd by ■ . . 



ax 



CX XX 



3r 



I 



y/cx^xx 



X I + 



3** 



1+ 



2 • itf ~ 2 . 4. 4tf*^2,4.6.8fl* 



3 . q . 7^+ 



CsTr. Whereof the FIuei\t, 

when 
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X 

^\asixsu^ (or **]^=ro)is,(^Af,i43t.tf»rf286.) 

«qual to^vT^X 1+ — ' + >^ 

' ^ 2. 2. 4. 4.^* 

^ 3*3-55^^ ■ .3 « 3 > 5 ■ 5 - 7 . 7f* 

2.2.4«4.6«6 • 20)^ 2.2«4.4.6.6.8«8»22^^ 
f!fc. Which therefore is proportional to the Time of 
half one Vibration; where^ liands for the Semi-Peii- 
phery of the Circle whofe Radius is Unity. " 

Corollary I. 

461. Since the Time of the perpendicular Defcent 
of a Body through any given Right-line 2^, computed 
according to the fime Method, Is as the Fluent of 

or it follows that the Time of falling 



along the Diameter BF (2<3), or the Chord CB wiUt Ait jM$» 

be truly dehned by z^^Ta : Which therefore is to the 

7 ime of the Dcfcent thro' the Arch CDB, as 4* to i 



2*2*4*4* ''^^ 

as the Time of iiaiUing thro* the Diameter BF, Is abfo* 
lutely given, by Artt, 202. the true Time of Vibratioa 
will alfo be known* 

■ 

Corollary it. 

462. If the Arch ii^ which the Pendulum vibrates be 
very fmall, the above Proportion will become, nearly, 
as 4 to ^ : From which it appears, that the Time of 
Defcent thro' any very fmall Arch CB is to that aloi^ 
the Chord CB, as the Periphery of any Circle is to four 
times its Diameter. 

CoROI LARY JIL 

46 -^t Hence, we have a Method for determining how 

4 Body freely defcends ia a given Time j by kaowlnj^ 

the 
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the Time of Vibration, of a given Pendulum : For^ if 
BN be affumed for the Space thio' which a Body would 
ddcend diirioK the 1 inie of one whole Vibratiooy ut 
the very fmaU Arch CfiU; then, the Diftances 4e- 
fMl ioi« (bended being » the Squares of the * Times we hsve, 

from the kft Corollary, as 4* \ v. BE (la) I BN, 
or I \ \ a \ BN ; that is, as the Square ot the L)ia- 
rnetcr of a Circle is to half the Square of its Penphery, 
fo is the Length of the Pendulum, to the DiftaDcc a 
Body will freely defcend, from Reft, in the Time of 
one Ofcillation. Thus, for inftance (bccaufe it is foiiiid 
from Experiment that a Pendulum 39,2 Inches long 
vibrates Seconds) it Will be as i : 4,934- 29>2 
: 193 Inches, the Diftance which a himy Body srill 
4U in the 6A Second of Time. 

Qo&OLLi^&V IV. 

464. Moreover, from die foie^oing Series tfaeTimB 
whicik a PeadidtiiiH vlhradng m an exceeding Imdt 

Arch, wUllofewhenmadeto Wbratetnagp^iterAidi 
of the fame Circle may aUb be deduced : 

For let 7* be put to denote the Number of Seconds 
in 14 Hours (or any other given Time) then the Num- 
ber of Vibrations, performed in that Time will b^ as 



^ , y.% ~# wliicb, there-* 



xH h — -V 

fore, in nn exceeding fmall Arch (where c may betaken 
as Nothing) will be exprefled by T: And fo the Time 
{t) or Number of Vibrations \oSL will be 7*—^ 

r 



I O O O XI * 



-I — ^7 — (by dividing by the Denominator.) 

Now^ if the Number of Degrees defcribed on each 
Side of die Perpendicular be reprefented by i), the 

Arcb 
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^rch itfelf, on each Side, will be = 3.14159 X a 
X ^ s which, if the Value of D be not more than 
abcmt 15 or 20 Degrees, wiU be neirly equall to its 

Chord, reprefcnted by >/2m (=\/W?XB£j From 

c 

^hich Eqaation wc get = : Thi8 Value, fub- 

ftitutedabovc, g^ves/=;rxg^+ ^^^.^c. 
/>* 

s= TX Q- neariy : Which, when 7*18 interpreted 

5 *4''^ 

*by 86400 Seconds (or one whole Day) becomes = i fx 
D*y nearly : And fo many are the Seconds which will be 
Ibft per PUm in the Arch Z>, From whence we gather, 
that if the Pendulum meafures true Time in any fmali 
Arch, wfaoTe Degrees on each Side the PerpendiciUar 
ate denoted by ^ the Number of Seconds loft fer Diem 
ia another Arch whofe Degrees are will be nearl/ 

leprefented hy -j X £*—j^ : Thus^ if a Pendukm 

meafures true Time, in an Arch of 3 Degrees, it wiU 
Ibfe toi Seconds a Day in an Arch of 4 Degrees, and 
,a4"in an Arch of 5 Degrees. 

P R O B. XXIX* 

465. To determine the Meridional Parts anfivtrlng t§ 
4tny propofed Latitude^ according to Wright'j Proje&ion^ 
4ipplfd to the true Jphiroidal Figure of the Earth, 

Let DARbethe 

Axis, A3 the Se- 
mi cquatoreal Dia- 
meter, and DBR a 
MeriJiin, of the 
E;.rth ; alfo let bn 
be an Ordinate to 
the Ellipfis DBR; 

puttingAD^=^ARj ii, -A. 




The ktfolution of ProUem 

^I, BAr=^/, A^=.y, hn—y^ B^/z:iz, and the McTi-^ 
4ioiiaI Diftance (in Parts of the Semi-Axis AD) =ir. 
' TheOf by tlie Nature of the Ellipflsy we have j—d 

A ■ ■ - — dxx 

VI—** i therefore > = — and confcqucntly 

J i^ + t^jHi .Which, by putting *» = 4<» 

—I, will be reduced to ;^ = Whence, 
ly the Nature of the Projedioii» it will be as 
(rfv/r=?):ABW::£ 

— p^f^l » which is the Fluxion of the Qitanthy: 

required : But we are now to get the fame thing ex« 
prtiLd HI lYi ms ot the Latitude of the Place n: Isk 
iNTder thereto, putting the ^ine of that Latitude we 



liave, by Trigonometry, as « (^j^^^^^ : 

^» 1 ;: Radius (ij : j j and confcquendy 

jV^Ii+^^a* =</jf i from which Equation * is founds 
UT^^' Whence ;^ = —^^ialfoi-**= 

"■53— ^ V (becaufe i/*= 1+^*) and, 

laftly, v^T+T? (=^) ^——=^1 Which 

icvtr^ Vuiucs being fubftiiu ted in that of », found abjve^ 
\l will become ^ = ^ X — — ^ 

which refolved 



1^ 
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into two Parts, for the more readily finding the Fluent^ 

gives »= 7:^7— >^^»j» - Whereof the FJucnt 
being taken, we have 

a .302585 ^c. XldX Log. 



IT = 



d+ bs 

— 2 . 302585 GTr. X i ^ X Log. j:zrii 



But, as .^»I4I59 (Sfc. X 2d (the Meafure of the whole 
Periphery of the Earth at the Equator, in Parts oF the 
Semi-Axis AD) is Co 2i6co (the Mcafurc of the fame 
Periphery in Geographical MUesj fo is the lorei^J Va- 
lue of u to 

3958 X Log. 

395 8^ ^ ^ f the correfponding Valttc 



of in Geographical Miles, or the Meridional Parts 
required* 

O>R0LLARY« 

466. If the Earth be confidercil as differing but little 
from a Sphere, d will be nearly =1, and conlequend/ 

(V^^i) the Value of ^, veryfmall; Therefore, in 
fbis Cafe, the latter Part of our Fluent X 

d+bs\ 

^g- JZZis) become nearly = 344«>^*' (bccaufc 

be taken as a perfect Sphere, this laft ExprefTion wiil 
vanifh, and fo the Value oi u will t»econie barely =3958 

J t/jer4tii a MftaUtn p 43- fl«// 44. <?/ DiJToiathnt 
(hj forgiiting S<uUt h thi Mtuulu* 5.3025 i:c.) w^t/r^ 
may from bente hi rt^fffd* 



j44 Refoktm of Problem 

XLog. Whkh Logandmiy it is <a£f to proves 

exprefles twice the artificial Tangent of half the given 
Latitude iocreafcd by 4 j Degrees (Radius being Uaii^.) 
Wherefore, if the Meridional Parts anfwering to any 
gyenLatitudey thus found (from a Table of logjadtbmic 
* Tangents) when the Earth is confidered as a perfed 

?pherc, be denoted bv My it follows that tiie Meridiboal 
^ km anfwering to the &ne LAtttude* when die Earth 
is taken as a Spheroid^ will be nearly equal to A/— 
344o**i- Which, becauTeC^ (i) : OA* (i-h^*) :: 
Art>3i7*23o: 231 will (by fiibftitutmg the Vahie of Whence 
ariSng) be reduced to M—^os. Whence the follow- 
ing Rule. 

iC 

jfs Radius 9 t9 thi Sim rf thi given Latitude^ fi is Z9 
t§ a Fmnb-Properiienal i wUeb Jkhtra&ed frm ihe 

ridienal Parts when the Earth is taken as a Sphere (found 
as abew) gi^es the Meridional Parts anfwering t§ the 
Jame Latitude^ when it is confidered as an oblate Spheroid. 

Thus, for Example, let the given Latitude be 50^: 
Then, firft, for the Meridional Parts in the Sphere ; 
we muft, according to the foregoing Prefcript, take the 
Logarithmic Tangent of a5**+45% or 70** : Whicb« 
by the Table, is found =0,43893 iSc. This multi- 
plj^'d by theconftant Multiplicaror 7916 (=2X3958) 
produces 3475 for the Meridional Parts in the Sphm : 
Then by the Rule above, it will be as Radius to the 
Sine of 50% fo is 30 to 23 s firhich fubtraded from 
3475, leaves 3452 KM* the Meridional Parts anfwering 
to 50^ Latitude, in the Spheroid. 

P R O B. XXX. 

467. To determine the Paths which Shadows of Ob^ 
jecls defcribcy upon the Plane of the Horizon^ during the 
Stm*s apparent diurnal Revolution, 

Let CSODT be the Plane of the Horizon, and AV 
the perpendicular Height of the Objcd : Then, lince 
the Rays, intercepted by the higheft Point V, would, 
ii^ the Sun^s dturnai Revolution, form a conical Sur- 
face 



of various Kinds. 

face VDFEH about that Point as a Vertex ; whpfc Axis 
PV produced pafTes thro' the Pole of the World i i( if 
evident that the Path of the Shadow, being the Inter* 
fedfon of the Plane of the Hoiteoa with that Surface, 
mud be a Conic Sefiion. 




1j 



Let its two prinripal Diameters therefore (when an 
Ellipfis, that is, wlitn tiic Sun never dtfccnds tx.*lo\vthe 
Hori7on) be CD and ST; alfo !et DPE and CG be 
perpeiidicuhr to VP the Ax!"; of the Cone, and C(^ 
perpendicular to DV : PuttijiG; tne Sine of (QVC) twice 
the Sun's Declination VEP=:/j the Sine of 'DCV) his 
greater Meridional Altitude = Fy and that of the Iclicr 
(CDV) =i&; Then plam Trig,) g 1 1 (AV) i 

{Radius) : CV = ~i and (Suie of CDV) : - j (CV) 

g . o 

f 

:: / (Sine of DVC) : DC = ^ ; Moreover, i (Ra- 

r 

dius) : — (CV) :; p (the Sine of the Comp. Ded. 

QVC) : GC = -J : And in the very fame Maiincrit 

wia be found that DP = \\ But GCXDP = OS* 

{vid.^t. 41.) whence we have ST (2 OS) s=— ^ ; 

\rgo 

From which, and the Tranfverfe Axis (DQ ^ the 

^ E. I. 
Nn L&MMA 



Ciirve itfelf is given. 



The Refolutlon of Problems 
Lbmma. 

468. fn any fpherlcal Triangle^ if Radius he fupfucfed 
Uni'M^ the Produ^ of tbi Sines of any two of the SiJes 
drawn into the Co-Jtne of the Angle they include^ added to 
the ProduSi of their Co-fous^ is (qual to the Co-fim of the 
rmaining Side, 

This is demonftrated by the Writon upon %iberic8. 

PR OB. XXXI. 

469. Tbi Ekvafim rf the Pole mtd the DecUnatiw •f 
the* Sun being given^ to find at what Time bf the Day tie 
Azimuth of the Sun increafes the fimeft. 

p It is evident that the 

Time fought will be when 
the Fluxion of the Hour 
Angle P, bean the greateft 
Ratio poifible to That 
of ^e Azimuth Z. 

Now the Fluxion of the 
Angle P is to that of Z» 
univeHally, as Rad. X^.ZO 

:5.P0XC*-/0 {by Aru 

%S6.Cafe2,) Confequently 
8. POX Co-f O Co-fO 
Rad, X6 ZO* ®^ XZCT ^' * ^'Wflwui, in thU 

Cafe, becaufe PO may be conlidered as confianf. 

Let now the Sine of PO be put Its Confine 
the Co-fine of PZ = ^ that of ZO and that of 

0=zy ; then, the Sine of ZO being = \/i 

have the Lemma) px/'T^* Xy+dxszhi whence 
f ^ L y V therefore Tr^/TT- ( = — — ^ 1 

/xT^^^' ^Vhich put into fiuxiops, and le- 

ducedy 




■ 
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. (jf vanius Kinds* ^ 

duced, gives x = ^ ~^^*~£ , for tfae Sine of the 

d 

Sun's Altitude at the Time required Whence the Time 
itfeif is given* 

p R o B. xxm 

470. To determine the R(i*':c of the Heat r^cej\^d f^om 
the Sun in differtnt Latiwdti^ durmg the Tim4 of om 
njuhoie Day^ or any Fart thereof. 

Let /= the Sine of the Sun's Pglar-Dirtance Fq {fee 
thelaJlFlg.) ' 
V=:its Co-fitic, or the Sine of the Decimation. 
hzzi the Sine of the Pole' ; Elevation, 
r= its Co-fine, or the Sine of PZ. 
z= the Angle (Pj expreiling the 1 ime from Noon. 

xz=, its Sine, and i — ^ Confine. 
Then (by the foregoing Lemma) we lhaU have 

fcs/i—x'*' + W== Co-fine ZO = Sine of the Sun's 
Altitude 

Now, it is known that the Number of Rays falling in 
any given Particle of Time, upon a giv^n horizontal 
Plane, is as that Time and the Sine oi the Sun'? Alti- 
tude cQxijuficliy : Therefore the Number of Ka^^ iAil.ng 

jr. 

in the Time «, or ' ' s {vid. Art, 142.) will 

\/ I ~ XX 

be defined by pcJc-^^bdz : Whofe Fluent pcx-\-hdz is, 
therefore, as the Heat required. 
Where it may be obferved, 

1. That when the Latitude and Declination are of 
different Kinds, or PO is greai^r tli:i[i 9.^ L't2i'^es, 
the V^iilue of d is to be confidcrcd as a iiwgaiive Quan- 
lit;. 

2. That, if the Exprefiion for the Heat found above 
be divided by the Square of the Sun'^ "Oiftance from the 
Earth, the Quotieut will CAhibit the Ratio of ti;c Heatf 
allowing for the Excentricity of the Earth's Orbit. 
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The Refoktim of ProMems 

, Co&OLLARY I. 

* 471. If the Place propofed be at the Equator, the 
Heat, received in half one diuroal Revolution^ wsU be 
barely as becaufe^O, risi, andjrsi. 



47a. But if the Place be at the Pole, then the Heat 

will be d X 3,14159 ^c. lince, in this Cafe, ^=0, 
^=1, aad^ (= Semi-Circle) ^1^14159 

Lemma. 

473. The Number of Particles ef Ltght^ qeSfedhy the 
Zun; upon the Earthy in a given flmey is proportional 
to ibi AngU defer ibid about bit Cuttor in that Timtm 

For, let S reprefent the Center 
of the Sun, A EH the Orbit of the 
tarth (orThat of any other Planet) 
and let £ and r be two Points there- 
in as near as poflible to each other: 
Since the Triangle ESr may be 
taken as refill ineal, its Area, if 
the Angle £Sr be fuppoftd given^ 
or evecy where the (aoie^ wiU be 
as SEXSr, or S£* : Apd there- 
fore the Time of defcribing £r 
(being always as that Area) ta alio explicable by^E* : 
But the Intenfity of the Light, or H?at, at the DifUnce of 

S£ is as : Therefore the Intenfity compounded 
wkh the Time (or die whol^ Number of Rurtides re- 
ceived in that Tinije). will confequently be as ^^xSE* 

(=1) Which being every where the fame, tbePropo^ 
ficion is iiianifeft. 

P R O B. XXXIII. 

474. To ddermlne the Ratio of the Heat received from 
the Sun at the Equator and either of the Poles^ during 
ibi Tim of one wboU lear^ or any Part tbenof. 

If 
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^ various Kinds. 

If the Sine of the 
Sdti's OecKnstiDii be 
denoted by d and its 
Co-fine by py the 
Heat received at the 
£quator»and thePole, 
during half one di- 
urnal Revolution of 
the Sun, wiil be as p — - - 
and ^/X3,i4i59 <i;V. A B 
rei'^diivcly {by the 
Corollaries to the preceding Problem.) 

Let the Sun's Longitude, confidered as variable^ be 
now denoted by z, and its Sine by ^ ; and let / be put 
ftr the Sine of the Obliqutty of the Edifitic : Then 
(pit Sphirics) we fliall have ifc=/>, and confcquently p 

(^v/ 1 — d~) = •y/'i— : Wherefore, feeing the 
Katio of Heat in the two Places, for one Half-Day, is 

. that of /V to fs X 3,14 let each of thcfe 

Terms he muItiplyM by ^ * expre(fing*Art.i4«^ 

the Quantity of Heat falling upon the Earth in the 
Time of defcribing « (fit the fmgnng Lemma) then 



theProduds 



, and 3.14/X 



ss 



y/i—s" 

be the Fluxions of the required Heat, anfwcring to «, 

But now to exhibit the Fluents hereof, let ACB be 
an EUipfis whofe greater Semi-Axis AO is = Unity, 
and its Excentricity FO=/* ; and, fuppofmg ADB to 
be a Circle defcribed about the Ellipfis, let the Arch DH 
expreis the Sun's Longitude from the Equinoctial Pointy 
whofe Sine (OR) being its Co*iine RH will be ss. 

But, by the Properly of the EUipfis, OD (1) 

Q C : ( VT ^) RH (n/i^) : RG =± 

\/i — # X V^i — « : Whofe Fluxion being = 

Nn 3 
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^be Befikttion of Problems 

■ T- v— - — , wc have U * + - ■ . 



= the Flujuon of CG* Whence it 



appears that Fluent of iX_^ZJL b tiiily^ defined 

s/x — if 

by CG. or CGXAO*. 

But the Fiueni of ihe other given Fluxion, 3. li^X 



, wiU be = 3,i4/*Xi— li = ADBX 



FO X O — R Xherefore the two Fluents, when 
H nnd G coincide with A, wlSI be to each other as 
CA X AO to ADB XFO : Whereof the Antecedent, 
multiply^d by 4, will be as the Heat received at the 
Equator ddring one whole Year \ and the Confequent, 
multiply'd by 2, as the Heat at the Pole in the fame 
Time (becaufe the ,Sun (hines at the Pole only two 
Quaitcfc of the Year.) Hence the required Ratio, of 
the Heat received at the Equator and Pole, in one 
whole Year, wiU he That of CA X AO to DAX FO i 

or, m Soecics, as i — - — — -r^ — — • 

*^ * 2.a • 2.2.4.4 2.2.4.4.6.6 

^r."to f\ vA'ijic.ii, in Numbers, is as 959 to 396, or 
as 17 to 7, nearly. 

P R O B. XXXIV, 

475. Tn find when that Part of tbi Equatim pf 
Time^ arljing^ jrm the Obliquity of the BcHptte /» the 
M^nlno^ialy is a Maximum. 

In the right angled fpherical Triangle ABC let the 
Angle A be that made by the Ecliptic AC, and the 
Equinpaial A&| then (he Problem will be, (o find 
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of various Kinds. ' 

vihtn the DifFerence be- . 
tween the Bafe AB and 
the Hypothenufe AC is 
the greateft ppflible (the 
Angle A remainiag inva- 
riable.) Now (hy Art, 
254.) we have Cq-J* 3C 
t Sin, C :: Fluxion of AC 

-Fluxion of AB : Alfo (per Spherics) Sin, C i Co-J. A :: 

Co / A X Rad. 
Had, : Co-j, EC = Sm~Q * Whence, by mul- 
tiplying the two iirft Terms the former Proportion 
by thef^ equal Quantities^ refpe^lively, we get this new 

Proportion, viz. Co-J, BCV : Co-J, A X Radius :: fo iS 
the Fluxion of AC to That of AB. But, when AC— 
AB IS a ilitfjr/Vr/ tbefe Fluxions become equal; and 

confcquently Co-/. BCV = Co f, A X Rad, From 

whic) Ec^uation BC, and from thence AC, will be 
known. ^ £. /. 

l^bi fame^ without Fluxkns. 

476. It will be (per Sphirics) Rad, : Co-f, A :: Tang. 
AC : Tang, A B ; and therefore by Compofition 'and 
Divifion, Rad, + Co-f, A : Rad. — Co-f. A :: Tang. 
AC + Tang. AB : Tang, AC — Ta-.g. AB :: Sin. 

AC+AB": Sin, AC— AB, by the Theorem mentioned 
in Problem 8th : From which, by following the Steps 
there laid down, it appears that, Radius -|- Co-/, A : 

Radius^ Cof. A:: Radius : Sine of AC— AB, wfien 
a Maximum : Whence (AC+AB being then =i 90*) 
bub AC and BC wIU be given. < 

. Corollary. 

477. Since, Radiut + Co-f. A : Raiim — A 
;; Co-tang. | A : Tang, | A * :; Radius^'' ; Tat^^ ^ aT 9 



^id, p, 70. and 71. of my TrigommHry, 

Nn 4 There- 



The Refolution of Problem 

therefore i^tf^W : Tang. { Radius : Sin£ of 

AC — AB, Or, RaMus : T^ang. | A :: Tiw^. f A : the 
of the greateft Equation : Which, fuppofing the 

Angle A to be 23^ 29', comes out 1**! 28': 34": an- 
fweriiig, in Time, to 9 Minutes ; 54 Seconds. 

PROB. XXXV. 

478. To determine when the ahfolute Equation c/Trme^ 
fifing from the Inequality of the Sun's apparent Mo* 
thn^ and thi Obliquity of the Ecliptic^ conjunalj^ is a 
Maximum* 

Let ABPD be the 
EUipfisj in which the 
Earth revolves about 
the Sun, in the Focus 
S ; let F be the other 
F0CU89 and T the 
Place of the Earth in 
its Orbit at the Time 
required. Moreover, 
about S, as a Center, 
let a Circle GEKI be 
defcribed, whufe Dia- 
meter GK is a Mean 
Proportional between 
the two Axes AP and 
BD of the Ellipfis ; fo 
that the Area thereof 
may be equal to That 
of the EillpHs: And, fuppoilng Sot to be indefinileiy 
near to ST, let ESn be a Se£br of thefaid Circle, equal 
to the Area TS ^^z. 

Then, the I'lmc in which the Earth moves thro* 
the Arcl) Tiw beipg^ to the 1 imc of one intire Revo- 
lution, as the Area TSm^ or ES//, is to the whole El* 
lipfis, or the '.qual Circle GEKF; and thefe Areas 
£Sff, and GEKI being in the Ratio of the Arch fjt 
to the whole Periphery GEKI $ it is evident that £», 

or 




of various Kinds. 

or the Angle ESif^'will exprefs the Increafe of the Meam 
LMgiHidi^in the forefaidTiineofdefcnbing the ArchTm: 
And that this Angle or Tncreafe, by reafon of the Equa* 
lity of the Areas ES» and TSw, will be to the Aiic^ic 
TSw, expreffing the correfponding Increafe of the True 
Longitude^ as S 1'^ to S£'. Therefoic, if the former 

be denoted by the latter will be reprefented by 

X M. Bi9t now to get a proper Expreffion for the 
Value of thb Increafe of the Trm Longitude^ in Al* 
gi braic Terms ; let FT be drawn> .and alfo TH, per- 
pendicular to AP : Putting AC (;=CP) =«, CB=*, 
CS (=CF) zzc, ST=z, and the Co-fine of (TSP) 
the Earth's Diftance from its PerihiUen (to the Radius 
i) rsA*; Then FT being (=AP — ST) —ta — % 
{by the Property of the Ellipfis) arid SH=yirz {by Trig ) 

we haveFT+^T' X KT— 5r (a-aXa^ai) = FS 

X.aCH X:Xc^^) by a known Property of Tri- 
angletii ; Frot*. which Equation ^ F) is found = 



, , : And this Value, with that of ES* 

a^cx a ^ cx 

(— ab) being fubflkuted in die Increafe of tiie Ti ue Lon- 

tude, found above, we thence get j-^ X M 

for the Me furc of that Increase ; \^ here M denotes 
4he Increment ot the Mean ivJotmi correi'ponaiiig. 

This being obtained, let ^ (in tiie an- 

nexed Figure] reprefeiit the Southern Semi- Circle of 
the Ecliptic, P the ^lace of the Perihelion, o the 
Tropic of Capricorn, O the app.^'-en'- Place of the Sun 
in the Ecliptic, and Qp his Declination, at the Time 
required : Then i: appears, [from ArU 4.75.) that the 
Increafe of the True Longitude sGsG, in an indefinitely 
fmall Partic!*; of Fimc, will be to That of tnc Right* 
Afcmfim in the fame l^ime, as the Square of the 
Cofine of is to a Re<Slangle under the Radius and 
the Co-fine of the Angle ^ : Therefore, the former^ 

a being 



Tie Refolution of Pr^kmi 

bciDg cxpreffcd by l'^''' X M, the latter 



,eprcfented by / X ^ X : 

Which, in the required Circumftance, when the pro- 
pofed Equation (or the Dttfercnce between the ^ua's 




a 



Motion and AJcmfton) is a Maximum^ muft 
confequcntly be equal to (^) tbc correfponding In* 

creafe of Mean MotUn % and therefore ^ ^ ^tj" ^'^ 

But, to obtain the Value of the latter Part of this 
EqiratioO) alfo, in Algebraic Terms, let the Sine and 
Confine of (Hf P) the Diftance of the P^rihtlitn from 

» be denoted by m and n refpedivehr ; then» the 
Co fine of Po being (as above) expreiled by and 

Sine by \/ 1 — xx^ we ihaU thence get iwr + 

Pi\/ 1 — >-.vr= Co-fine of 0>f trr Sine of (by the 

Elem, of Trig.) But (putting the Sine of the Angle 
^=^p and its Co-fine =cf) we have {per Spherics) 

Radius (i) ; Sine i&0 (w-f-w \/i — xx) zip :pnx-\- 
Pm V^j— =^ Sine of Qp j from whence Co-i.t^^* 

^ I — pnx -f- pm s/ 1 : Which Value, with 

That of the Co-iine of the Angle ^ , being fub- 

Jtituted abovcjj we, at length, get =. 
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of various Kinds, 5 



^ ^ ■ > ™» which Equation the 

Value of X may he determined. 

The foregoing Equation, it may be oblcrvcJ, gives 
the 7 ime of the Maximum which precfeclrs Jie Winter 
Solftice ; but if the Maximum following that Solfticc be 
fought i 'tis but changing the Sigii of and then you 

, X <i + f X — pnx — pm 1 — xxi* 

Will have > ' . ' - ^ ^ 

^nfwering in this Cafe* And from the negative RooCv 
of tbist and the preceding. Equation^ (he Times of the 
other Maxima after* ^nd before* the Summer Solftice will 
»lfo be obtained. ^. £. L 

C0R0I.tA&Y. 

479. It Is evident that tbe Equation of the Earth's 
Orbit (or that Part of the Equation of Time arifing 
frofn the Ineqiiality of the Sun's apparent Motion) wiS 
he a MaxihiH^^ when the Center of the Earth is in the 
Jnterfe£lion i .^f the ElHpfis and the Circle ; where the 
Mean Mbtim apd Truf Longitude mcreafe with the (^une 
Celerity. 

P R O B. XXXVI. 

480. To ditermlne the Law of the Denftty ef a M-* 
Hum an^ the Curve defcrihid therein^ by Meam of an 
umform Gravity^ h that thi PrtjeQiU may^ ewry wbin^ 
move with the Jam Vekcity. 

It appears* from Art. 367. that / is a general 

Expreffion for the Celerity in the Diredion of the Or- 

Ordinate PBR % whence y x * or its Equal, 



y-^* mull the true Mpafure of th$ abfolute Ce^ 

fcritjr 



556 7^ Rejolution rf PrtAlem 

lerity, in the Diredlion BN: Which being a confcuit 
(^andqr (by Hypocfaefiii) itt Square muft alfo be coo* 




liant, and fo,. we have -tt and confequently atat 

Buty in order to the Solution of the Equation chtis 
given^ make «: l :: ot xi=:uy', then Scpiuy^ and^ 
by Subftitution, n^^+i^^^^* Hence, V beings 

— and k = ^ > we gcty=flX^«*, iiHiofe 

•Art. 142. Tangent is « * (and Secant \/ i-^uu) j and .v 1= |^?X 
t Art,ia5.Hyp. Log. I +«« 2= I* X Hyp. Log, \/i + ir«r f. 

Therefore^ as the Hyp. Log. of \/i i« = — , 
die Commoki Logarithm of v^i + will be = 

0)4342944^^'^^. confcquently y=.ay,Arch^ whofe 



X 



Radius is Unity, and Log. Secant ^-4342944^^- 

- . a 

Moreover, with refpe^ to the Denfity of the Medium ; 
if the abfolute Force of Gnviify, in the Djredion QB» 
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be denoted by Unity, its Efficacy in the Dlre^ion BN, 
whereby the Body is acceleiatedy will be exprcfied by 

X u 

or its Equal , . : Which, as the Velocity 

k fuppoied to remain every where the (aihey tnuft alfo 
cxpiefs the Force of the Refiftance, in the oppoiite Di* 
ledton, or the true Meafure of the required Denfity. 
This* therefore, if if be put for theabfolute Number 
whofe Hyperbolical Logarithm is Unity, may be had in 

— 

Terms of a*, and wUl be i— iiJ).* : Becaufe 
'Hyp. Log. Ji\^ ~) beIng=Hyp. Log.\/ j -\-uu^ 

Wehave\/i+««=33^* l whence uzslM* — i] ^ anjl 




confequently ^ =: I — J?) * j . :^E.L 



PR OB. XXXVIL 

481. a Lifte^ or an ii^txihk Rod OP {cQnfider*d 
ynthout ngard i9 Tbicknefs) be fuppofed t9 revolve 
about one of itt Extremis O, as a Center ^ mth a Mo- 
$ion regulated according to any given Law ; wljil/I a 
Ring^ or Ball^ carry* d about luith it^ and tending to the 
Center O ivith any given Force^ is fiiffer'^d to move or 
Jlide^ freely a Lug the faid Live or Rod : 'Tis propo(}d t§ 
determine the Velocity of the Ring, a fid its Pre£ure upon 
the Rod^ in any propofed Pofition^ together with the Na- 
ture of the Curve APL defcribed by means of that com^ 
pound Motion^ 

Let ODP -be anv Pofition of the re vol vino; Line, 
and D the correlpontlino; Poiltion of the Bodv : More- 
over, iijppoiing AOiw to be, the CircumferCince of a 

Circle 



55^ The Rcfolutim of PrdMms 

Circle dcfcribcd from the Center O, thro* the givcfl 
Point A, let the McaTurc of the angular Celerity of 
that Line, in the iaid Cifcumference ACK, be repre- 




(ented by u : alfo let v denote the Celcrifv of the Ring 
at 1) in the Direction DP ; and lu the true Meafure of the 
centripetal Force : Call OA, a ; OD, x ; and AC, 
% ; and let the given Values of u and at A« be de- 
noted by b and £ refpe£Lively. Then it will be, aa « : 

x::tt: l-^j the paracentric Velocity of the Body, at 

D ; whoiie Square* divided by the Diftance OD, gives 

t Art.»ii._^ for the true Meafure of the Centrifugal Force f 

arifing from the Revolution of the Rod : From which 
the centripetal Force w being dedu^Ud, the Remainder, 

— -w, is the true Force whereby the Velocity in the 

Line OP is accelerated. Therefore (by ArU 21 S.) we 



have vii =i •— — «; X at == --5— — vax^ 
a* « 

Moreover, becaufe the Fluxion of the l ime is ex- 

• • 

prcfied either by — or by thefe two Values mu(^> 
^ ., there- 
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therefare9 be equal to each other, and confcquentlj 

</= From whjcb, and the preceding Equation 

(when u and zv are exhibited in Termi of x or ») the 
quired Relation of x and z will alfo become known— 
But now, in order to determine the Adion of the Rod 
upon the Ring ; let 0<^P be indefinitely near to ODF* 
interfering ADL.and ACK in d and g ; and put ^ 
i 

+ Then, be< aufe a Body, adied on by no other 
Force befides That tending to the Center, about which 
it revolves, defcribes Arv^s propoftional to the Times*, **4* 
and the angular Celerity of a Ray rcvoKi with the 
Body, ii, in that Cafe, as the Square oi the Diftance 
of the Body from the Center, inverfely (vU, Art^ 47^^.) 
it follows, that, if the Rod was to ceafe to a(St upon the 
Ring, at the Portion QDP, the angular Celerity at 

would dien be X inftead of Tbere- 

iT 




4f + *' 



fore the Excefs of j^ + v above ~-<> X which Is 




i # 

= « + ^ ^c. is the Incrcafe of the laid an- 
gular Celerity, at the Diftance OD, arifing; from the 
Action of the Rod. Therefore it will be, as OC ^u) . OO 

(*) :: the (aid hcreafe to { — + — — €sf^. I 

\a ^ a ax y 

the Alteration of the Ring's paracentric Velocity, arifing 



"(0 



from the iame Cauia Which, divided by ( - / the 



Tunc wherein // is produced, gives — ^ — 

ax 
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560 Itbe Rejbluiion of Problems 



9 

UVr 



cf^. for the Meafure of the Force, by which li 
ax ' 

18 produced* From whenccj by fubftititting--indie 

« * 

# 

u 

Room of -y, and ncgleding all the Terms after the two 

X 

•Ait]34.firft (in order to have the limiting Ratio ^} we get 

XVU . 2UV XVU 2UV 

— :- + . Therefore it will be, as — + ~ to 
ax * a ^ ax * a 

— 1» + ^ Unity, fo is thcAdion of 

the Rod upon the Ring, to the (given) Centrifugal 
Force at A (or the Force that would retain a Body in the 
Ciidc ACK, with the Velocity b.) ^ £. L 

CoRoi.i.A&ir L 

482* If the angular Motion be uniform, the Equations 

b^xx 

found above, will become w = -^jt" — and v:=z 

"T-. From the latter of which, by taking the Fluxion^ 

» •• • I. 

l^x p'xx 

have *v zi^-r^ whence (by Subflitution) --rr- = 

— w^, and confequently x — = — ; 
from the Solution of which, the Relation of ;r and « 
will be given. And then, the Value of v bein^. 
alib known, the A^on upon the Rod, which in this Cafe 
is barely = — ^= -^1 wiU be ^ven likewiie, 

bcuig 
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9f varim Kinds. 

(bb \ 
-jy the centrifugal Force in the Circle 



2jr 



ACK, as J to Unity^ 

feoROLLARY II. 

483. But if the Angular Celerity be (iroporCioiiiai io 

any Power (a*") of the Diftance, ^nd the Centripetal 
J'orce be, alfo, fuppofed to vary according to lomc 

Power (*^) of the fame Diftance : Then, putting^ (o 
denote the Centripetal and q the Centrifugal, Force, at 
the given Point Ay the Value of w wilt, here» be e*- 

pomM by - x^ and That of « by -^X^: Andthere- 
fore^ the paracentric Velocity of die R^ig at D being =1 

^XbX J -snj *t Will be as 7:;^ 
•5 ? • — rr X ^, the Centrifugal Force at D *. Hence * Ait;iu# 
= ^1^- ■ ^ — "T" i whereof the (corrected) Fluent 



and a ( = -r = I 



O o Moj^e<* 
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ne.tUfibaim of Pnblems . 

Moreover, by fubftitutiog for u, and its Fluxion, we 
■ . • • 

get r-1- — w4-2 X —rrt cxprelEng the Adioa 

mt the Rod upon the Ring : Which, therefore, when 
m is expounded by 2» will intirely Taniih : And, 
r in that Cafe^ i wUl become s 

.cxpreffing the Nature of the Trajefiory defcribed by 
means of a Centripetal Force, varying according to any 

-Power (x") of the Diflance. But this Equation w31 
be render 'd fome what more commodious, by fubftituting 
the Values of h and c : For, if OQ^ (perpendicular to 
the Tangent at A) be denoted by it will be, h ; 

\/a^^ ( AQ.) :: h (tbe Cekrity in the Duwftion At?) 

f Art. 35. to f = . ; =^ the Cekrity iii theDiredion AH *• 

t Aic «!• Therefore, h being= V^aq t> wchave ST — ^» 



, / ff + ^ X;rW- ' 

Which Kquutioa is the fame, in cffc£l, with that given 
in Art^ 242. by a ditl'erent Mctiiod. ' 

Corollary III, 

^' 484. If the Angolar Celerity be fuppofed uniform, and 
the Ring to have no other Motion along tbb Rod than 
what it acquires from its CentrifugalPorce $ <heri is 1* and 
p being all of them equal to Nothing, « v04U here be- 
, hx ax 

come, bardly=: # \ = ■ ^ - -. : And 

there- 



I 
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Actcfocp g.s=ii x^yp..Log. ± V'f* T ^ . Hence 

if the Number whofe Hyp. JLog. >s — be denoted by 
JV; we fliaUlM7e ^ + V^'^^— v> From which 



^ is jbiiod 3= if X ^ 4- wb^oeJ^ is,^sJ»d=: 

a aiv *^ , 



fore, it will be (hs^£mL u} as Unity « *o 7^- 1 ' 



fo is the Angular Velocity (b) in the Arch ACK to the 
Velocity with which the Body recedes from the Center 
of Motion : And fo, likewlfe, is the Centrifugal Force 
in that Arch to half the Frefliire upon the Rod — By 



talcing « s= the whole Periphery, or -r = « X 3 . 145 

^wSloeme out ss 535.5, and x^^y.j Xa : 
From whence it appears that the Diftance of the Ring 
.^m the Center at the End of one intire Revolution 
,will be almoft 268 times as great, as at Hrll* 

Corollary IV, 

48 5 . If a Body be fuppofed to defcend from tbe^^nntOy 
(Jeeibe next Fig,) by the Force of its own Gravity, alolig 
anmcltii'd:PianeOCP; whi^^P^e itfelf moves um- 

" formlyabout thatPoint,froman horizontalPoritaonOEH; 

, then isLt Placae, .and the Preflure of the Body upon ,the 
Plane, in ^ny given Ppfition OOP, may, alfo, be derive<l 
fr^m the Equations in C9rMaty i. For let CB (perpen* 

. .dioilar to Oil) be put ; ;ii>d let the Ratio of the Cen- 
trifugal Force in the Circle ECK, to the Force of Gra- 

.viiy. {given by ^^/O ^ Uftity : Then, as 

bb 

the Meafure of the fuiaier i oree is expfelleJ by 

Oo a Tha^ 



564 ^be Rejolution of 2pQhlm$ 

bb 



rcprcfcntcd 



cooibquentlyt its ££kacy in the Dutaiott PO^ by 

rStf KT'ra OCj ' ^^"^ lubftitutcd 

for '^Wf in the aforefaid Corollary^ wc liave JS — 

^rwi' ^ '^^^^ ''^ ^^'^ ^ the Solution of tfib 




Equation, put the Radius OC (a) = i (that the Opc- 
satioB nay be asfimple as pefllble) aUo> inftead of jr. 



• Aru 4x5- Ut it. Eijual « - ^ + — ^ 

. tuted, and let 0c be afliimed =: ifc' + Sz^ + Cz^ 4- 

Then, by proceeding as i$ taMght in ArK 26;. the 

Value oix will come out=i-^ into + ^ — r~ 

r ^•3^ a-J. 4.5.6.7 

-^J in the Plant, is, alioy fiwiicl ss 
^ T + 2,5.4.5,6 Which, thercfofc, is \ 

to 
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^ various Kinds. 56^ 

to {h) liit angular Velocity of the Plane, In the Arch 



ECK, as -7 + ^ ^ ^ + ^c. to r. Moreover, 

the Centrifugal Force in the faid Arch being denoted by 
r '(the Force t)f Gravity being Uni^) it wiU like wife be 

(by the above-wention'A^tfrtfA) as i : -r- ;: r : = / 



Force fufEcient to keep the Body upon the Plane. But 
the Force of Gravity in a Dirc£lion perpend icular to 
the Plane (the Weight of the Body being reprefcnted 

OB %* 2*1 

which deducting the X^antity laft founds there leSa i — 
^ + , ^ , ^tf. for the true Fref- 

fure of the Body upon the Plane. By putting of Which 
equal to Nothing, will be found =: 0.67715 ; an- 
fv^rering to an Angle (EOC) of 47** : 9' : Which Angle 
is therefore the Inclination, when the Force of Gravity 
iflfiio longer (ufficient to keep the Body upon the Plane. 

Though the Value of given above, is found by 
an Infinite Series, yet the Sum of that Series is eafdy 
exhibited by the Meafures of Angles and Ratios. For» 
putting N to denote^tbe Number whole hyferboiicai 
Logarithm is 

• • a • 2,3 ■ 2».3»4 

Half the DiiFerence of which two Equations is z -}* 

%^ , 'Z*' 'L^ N 1 . 

X L — . 

^2.3.4,5^243. 4-5-6.7 2 aiST'^ 

Oo 3 'I From 




^ Att. 4a4t 



Befoktion of Prdlems 

From which Uking ~^I^s " ^^3.^5. 6.7 
&r. jr } 4iKi iiividing the Remtkider by 2r> there re- 

:^ i-— 7, for the true Value of ». Which, 

feqirired, may be etpKfiTed fudcpendent of f ; by puM 
ting d for the Diftancc thro' which a Body, freely, de- 
icends in the fiHI Secdn^.of Tioie, aiM)! tellmg ^ ttf^de* 
fiote the Velocity dT the Plane^ (fer ^9iSj m ^ 
Arch ECE : For theti; the Ratio of dM^ C^ntrlftiey 
Force, in the faid Arch, Co the Forc# of Gravity (or 

hh f hb \ 

• Ait.zji. That of r to 1) being as — ^ = q^/ to 2i *^ 
we (h^ ftate r s and canfe^paen^y ;r = ^ >^ 



By Compotations, not very unlike Thofc above, iho 
Motion of the Moon's Jp9gee^ and the princips^ Equa- 
tions ol the Lunar Orbit may be exhibited i by Oican^ 
of proper Approximatbi|9, derived from the genial 
Equations in vlir^.. 481. But this is a Coniideratioo 
duk woqU feqiihre a Volume of itfelf, to treat it, froin 
firft Principles, with all the Attention anJ Perfpiottqi 
fuitable to the Importance of the Subject I fliall con- 
f:)ude this Work with, the following fllort Table 
j^Hyptrhlical LogaritbiMy *drawii up and cotemiiiiicAtdl 
by my ingenious Friend Mr^yAnTutner : Whereof 
the Uiei in finding Flueals, wiufiiffidentiy appear Aoili 
the foregoing Pages. In the (aid Table we have givea the 
Hyperbolical Logarithms of every whole Number an4 
h^indredth I^art of an tinit, from i to 10 (which Form 
is beft adapted to the Purpefcs aBove-mention'd) by 
I^dp whiereof, and the following Obfervations, the Hy- 

I |>Qrbolica| 
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pcrbolical Logarithm of any Number, not exceeding 
feven Plaees S F^ures^ B»y be found wiHi rety kltW 
Tfoubte. 

1®. If the Number given be between i awLio (Jo ai 
H fail wiihin the Limits of tin Takii.) 

Then take from it the next inferior Number in the 
Table, and divide the Remainder by the (aid iDferior 
Number increafed by half the Remainder 5 and let the 
Qiiotient be added to the Logarithm of the faid inferioc 
l^umber, the Sum will be the Logarithm fought. 

Thus, let the Hyperbolical Logarithia 
be required ; then the Operation 
willftftBdthm: 3»45339).oo5678(. 0016442: Which 
added to i«a38s7429 the Log. of 3.45» glives 1.240^18^ 
hi the Logarithm fyugjs^^ 

a°. ^h4n thi Numbir propojid e^tedf I0> .* :.' \ 

Fm4'^ Logaridmt tifiereof, fuppofmg aH die Ft** 
gures after the Firft tp be Dedmals \ then to the Lo- 
garithm, fo found, let 2.3025851, 4.6051702, or 
6.9077553 be added, according as the whole Num- 
ber confifts of 2, 3, or 4 Fkces; Th^ Sqm wijl 
be the Logarithm fought. 

Thus, the Hyperbolical Logarithm of 345.678 will 
be found to be 5.845 1 886 : For That of 3.45678 being 
1. 2400184; the fame, added to 4.6051702, gives the 
very Quantity above exhibited. The Reafon of which, 
as well as of the Operation ia the preceding Cafe, is evi^ 
{doAt firopi lh9 Nature 4ii4 Cqioftni^on of Log^uhm$« 
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A rabk Bf 



N Logarithm 



N 


Logarithm 


»-35 

1.38 


.a9^696 
.300104$ 

.3074846 
.3148107 
.32:0834 


1.39 
1.40 
1.4! 
1.42 

'•43 


.3293037 

•3364722 

•343^897 

.3506568 
.3576744 


'•44 

'•45 

1.46 

1-47 

'Jl 

" 49 
1.50 

1.51 

'•5j 

^•55 

1.56 

»-S7 
1.58 


•3^^4643' 

•37*5635 
.3784364 

.3H52624 

.3920420 


•3987761 
.4054^51 

.4121096 
.4187103 

• '2677 


.4517824 
.4382549 
.44468-8 
.4510756 
.4574248 


1.60 
1.61 
1.62 
1.63 


.4637340 
.4700036 
.4762341 
.4824261 
.488C800 


1.64 
1.65 
1.66 
.67 


.4946962 

■ .5007752 
.5068175 
.5128230 



^.01 
[.02 

.03 
.04 

.oc; 

06 

.07 
1.08 

.0$ 
1.10 

.1 1 

12 

»3 

12 

17 
.18 

19 

10 

.21 
22 

23 
.24 

.261 

.27 

.28, 

.29 

.30' 



.0:99503 

.0198026 

.029:588 

.0392207 
.0487902 



.0582689 
.0676586 

.07696 I c 

.©861777 
.0953102 

.1043600 

.1133287 

.1222176 
.i3"o?83 

.1397619 



.1484200 

• 1570037 

.165J144 

•»739533 
418*32 1 s 



.1906203 
.1988508 
.2070141 
.2151 113 
.2231435 



.231 1 1 17 
.2390 1'69 
.2468600 
.2546422 
.2623642 




N Logarithm 

•67 .5i2jt§6 

.68 .5197937 

.69 .5247285 
•701 .5306282 

* 

,5481214 

.5538851 

►5^96157 

56^3 '3g 

570979$ 

5766153 

.5822156 
.5877866 
5933^68 

.5988365 
.6p43i£9 
,^7655 
.61518C6 
.6205764. 

.6259384 

.6312717 

,6365768 
.64185^^ 
.6471032 



.72 

•73 
74 

•75 
76 

77 
.78 

79 
.80 

.81 

T2 

,83 
.84 

,85 

.9.6 

.88 
.89 
.90 

'21 
.92 

•93 
.94 

•95 
.96 

•97 
.98 

.99 

2.00 



.6575200 

.6626879 
.6678293 

-6729444 

.6780335 
.683096$ 
.6881346 

•693»47a 
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Hyperbolical Logarithms. 



N I Logarithm 



N 

2.01 

2 02 
2.03 
2.04 
2.05 

2.08 
2.09 
2.10 

2.11 
^.12 
2.13 
2.14 
2.1$ 

2.16 
2.17 

2.18 

2.20 

2.2 f 

2.22 

2»24 
2.25 

2.26 
2.27 
'2.28 
2*29 
2. JO 

V 

'» T 
j ^ 

2-33 
^.34 



Logarithm 



^6981347 
7,030974 

7080357 

7129497 

7*78397 



7227059 

7?754»5 
7323678 

7371640 

7419373 



7466S7(^ 
7514160 
7561219 
7008058 
7654678 



7701082 

7747?7> 

7793248 

7839015 
7S84573 



7929925 

7275071 
8020015 

8064758 

8 1 eg 302 



81^3 

8197798 

8241754 

B285518 

8329091 



^372475 
8415671 

8458682 

85024^99 



N 

2.34I 

2-3S 
2.36 

2.37 
2.38 



Logarithm 



*39 

2.40 

2.41 
2.42 
2.43 



2.44 

t.45 
2.46 

2.47 

2.48 

2.49 
2.50 

2.51 

2.52 

2-53 



2.54 

2.57 

258 



2.59 
2.60 

2.6( 

2.62 

2.63 



2.64 
2.65 
2,66 



8501509 

8544-153 

8^86616 

8628899 
8671004 



87*2933 

8754687 

8796267 

8837675 

8878912 



8919980 
8960880 
9001613 
9042181 
9082585 



9122826 

91-62907 
9202827 
9242589 
9282193 



9321640 

9400072 

9439058 

9477893 



9516578 

•9555"4l 

9595 5<52 
9631743 
9669838 



9707789 

^9745596 
978326! 



2^7! -#98207^4 



2.67 
2.68 
2.69 
2.70 
2.71 

2.72 

2-73 
2.74 

2-7$ 
2.76 



.9820784 
.9858167 
.98954U 
.9932517 
.9969486 



2.7; 
2.78 
2.79 
2.80 
2.81 



2.82 
2.83 
2.84 
2.8c 
2.86 

2.87 
2.88 

2.89 
2.90 

2.91 

2.(^2 
2.93 

2-941 

2.95 

2.96 

2-97J 
2.98j 

2.99. 
3,00 



•0606318 
,0045015 

.0079579 

.01 1 6008 

.01 ^z-^oG 

;Oiii8473 
.0224509 
.026041 5 
.0296194 
.0331844 



0367308 
.0402766 
.0438040 
.047318.7 
.0508216 

0543140 
.057790Z 

.0612564 
.0647107 
.0681530 



.0715836 
.0750024 
.0784095 
.0818051 
*o85i892 



.0885619 

.091923- 
.0952733 

.09861 2f 



• A "Table of 



N 

3.01 
3.02 

3-03 

304 
3.05 



Logarithm 

r. 10194 oc 
1.1052^68 
1.108562^ 
1.1 MS57; 

I . T J 5 I 4 1 5 



3.06 

3-07 
3 cF 

3-^9 
3 ic 



i.i 184149 
1.121677^ 

i . i Z C I 7 I K 
1.1314021 



3.1 r 
3.12 

3-"3 
3.14 



3-' 

3-17 

-j.it' 

3 2C 



61 



3.2. 
3.23 

3 24 

3.26 

3.28 
3 29 



3-3' 

3-32 
3-3? 
3-34 



I.I 346227 
i.i 37833r 

1.141033c 
1 .1442227 
1474024 



1 50572c 

'•i5373»5 
1.1568811 

I 600209 

1 .1631 £o8 



3.2111.1662709 
1.169381 3 

! .1724821 

»-i7S5733 
1. 1786549 



1 .1 81 727 1 
I.I 847899 
I. 1878434 
1.1908871; 
1 .1939224 



1. 196948 1 
1. 1 999647 
I 2029722 
1 .2059707 



N 

34 

•35 
36I 

■37 
3.38 



Logarithm] 

.2059707 
.2089603 
.211 9409I 
.31491 27I 
.2178757 



3 39 

V 

3.42 

— 

3-14 

3-45 
46 

3-47 
3.48 



3.49 1.2499017 



3.50 

3-5 

3-5 
3-53 



3-'; 

3-5 

3.56 

3-5 
3.58 

3-59 
3.60 

3.6 

3.62 

3-63 

3-^4 

3.6 

3.66 

3-^7 



.2208299 

•2237754 
1.22671221 

2296405 

1.2325605 



I. 235471 
1.2383742! 
1 .241 2685 

1. 2441 545 

1 .2470322 



1 .21^276291 
1.2556160I 
1 .2584609 
I. 2612978 



1 .2641 2661 

1.2669475 

1.2697605 

1.2725655 

1.2753627 



1. 2781521 
1.28093381 
1.2837077 
1 .2864740 
1.2892326 



1. 2919836 
1. 2947271 
1.2974631I 
1.3001916) 



N 

I3 67 
13.68 

369 
370 
L2I 



372 
3-73 
13-74 
|3-75 
3 76 



Logarithna 

1.3001916 
1. 3029127 
1.3056264 
1.3083328 
1.3 II 03 1 8- 



1. 3137236 

1 . 3 1 6408 2 
1. 3190856 
1.3217558 
1. 3244189 



3:22 



13 7^ 



[3.80 
.81 

82 

13.83 
3.8^ 

3.85 
3.86 



3-87 
3.8S 

3.89 

3.90 

3.92 
3-93 



1.3270749 
3297240 
1.3323660 
1 .3350010 
1.3376291 



3402504 
1 3428648 

'•34.';4723 
1. 348073 1 

1*3506671 



1.3532544 
1.3558351 
1. 3584091 
1.3609765 

« 3635373 



1. 36609 1 6 
1.3686394 
3.9411.371 1807 



3-95 
3.96 

3 97 
3.98 

3-99 
14.00 



1. 3737156 
1.3762440 



I. 37 87661 
1.3812818 
I. 3837912 
1.3862943 



Hyperbolical Logarithms. 



N 


Logarithm 




N |Logarithni 




N jLogarithm 


4.01 
4.02 
4.03 
4.04 
4.05 


1.3887912 
I. 3912818 
1.3937663 
1.3962446 
1.3987168 




4-34 
4-35 
4-36 
4-37 
438 


1.4678743 
1 .4701 758 
1.4724720 
1.4747630 
1.4770487 




4.67 
4.68 
4.69 
4.70 
4.71 


1.54115^0 
1.5432981 
1.5454325 
1.5475625 
1.5496879 


4,06 

4.07 
4.08 
4.09 
4. 10 


1.401 1829 
1.4036429 
1 .4060969 
1.4085449 
1.4109869 




4-59 
4.40 

4.41 

4.42 

4.43 


2.4793292 
1 .4816045 
1 .4838746 
1.4861 396 
1.4883995 




4.72 

4-73 

4-74 

4-75 
4.76 


1.5518087 
1.5539252 
1.5560371 
1. 5581446 
1.5602476 


4.11 

4.12 

4-13 
4.14 
4.15 


I 413423c 
1.4158531 
1.4182774 
1.4206957 
1. 4231083 




4.44 

4-45 
4. 40 

4-47 
4.48 


1.4906543 
,1.4929040 
1.4951487 
1.4973883 
1.4996230 




4 77 
4.78 

4-79 
4.8c 

4.81 


1.562346a 
1.5644405 
1.5665304 
1.56861 59 
1. 570697 1 


4.16 

4-»7 
4.18 

4.19 
4.20 


1.4255150 
1.4279160 
1 .4 303 1 1 2 
1.4327007 
1.4350845 




4-49 
4.50 

4.51 

4.52 

4-53 


1.5018527 
1.5040774 
1.C062971 
1.50851 19 
1.5 107219 




4,82 
4.83 
484 
4.85 
4.86 


1-5727739 
1.5748464 

15769147 

1.5789787 

1.5810384 


4.21 
4.22 
4.23 
4.24 
4.25 


1.4374626 
1.4398351 
1.4422020 
1.4445632 
1.4469189 




4-54 

4-5S 

4.56 

4-57 
4.58 


1.5 129269 
1.5151272 
1.5 173226 
1.5195132 
1.5216990 




4.87 
4.88 
4.89 
4.90 
4.91 


1.5830939 
1.5851452 
1.5871923 
1.5892352 

1.5912739 


4.26 
4.27 
4.28 
4.29 
4.30 


1.449269 1 
1.451613^ 

1-4539530 

1.4502007 
1.4586149 




4-59 
4.60 

46 1 

4.62 

463 


1.5238800 
1 .526056: 
1.528227^ 
1.530394.7 
1.5325568 




4.92 

4-93 
4.94 

4-95 
4.96 


1.5933085 

^•5953389 

1-5973653 
1.5993875 

1 .6014057 


4.31 
4.32 

4-33 
4-3^ 


1.4609379 
1.4632553 
1.4655675 
1.4678743 




4.64 
4.65 
M-66 
{4.67 


1. 5347143 
1.5368672 

I. 5390154 
1.5411590 




4-97 
f.98 

4.99 

5.00 


1.603419S 
1.6054298 
1.60743^8 
1.6094379 



'AfaltU of 



N 

5.0 1 
5.02 
5.03 
5.04 

5.05 



5.06 

5.08 
5.09 
5.10 



Logarichm 

1.61 14359 
1. 6 1 34300 

1 .6 1 54200 
1.617406c 
1.6193882 



N 



1 .621366 
1 .6233408 
1.6253 1 * ^ 
1.6272778 
1 .6292405 



5.1 1 
5.12 

5.14 

5.16 

5.18 
5.19 
5.20 

5*21 

f.22 

5.24 

5-2S 

5.26 
5.27 
5.28 
5.29 



1 .63 11994 
1.6331544 
I .6351056 

1.6370530 
1 .63H9907 



1.6409365 
1.642872 
1.644805 
1.6467356 
1 .6486 5 86 



1.6505798 
I 6524974 

1. 65441 12 
1. 6563214 
1.6582280 



1.6601 310 
1.6620303 
I <663926o 
1. 6658182 
5 30j 1. 6677068 

1.66959 1 8 
1.6714733 

1. 6733512 

5.34Ji.67;22,-6 
>' ' ■ ...I 



5-31 

5.32 

5-33 



5.35 
k-37 



Logarichm 



5.34Ji,6752256 
4.6770965 
1.6789639 
1.6808278 
1.6826882 



|v39 
5 4c 

5 4^ 

v43 



1-^845453 
1 .6863989 

1.6882491 

1 .6900958 

1. 6919391 



44 ' 



5 

1^45 

|5-47 
5-4« 



v4' 

5,-0 

?-53 



6937790 
1.6956155 
1.6974487 
1 .6992786 
1.7011051 



1.7029282 
1.7047481 
1 .7065646 
1.7083778 
1.7101878 



55^ 



5-54 

1? 

v57 

5 . ; 8 

|5-59 
5.60 

5.61 

5.62 

5-63 



1.71 19944 

7^57979 

i.7«5598» 

1. 7173950 

I 7191 887 



1.7209792 
1.7227666 

1.7245507 
1.7263316 

1. 7281094 
5.64 1.7298840 



5.65 



'•73^6555 



.661.7334238 



5-67 



>.735i89i 



N 

5.68 

5-69 
5 

57' 



70 I 



15-72 
5 73 
5-74 
5 75 
l5-7t^ 

5-77 

5-78 

5-79 
5.80 



Logarithm 

I.735I89I 
I.73695IZ 

i.7387io« 
.7404661 
i.74»;ii89 



I 7439687 

'•7457M5 

"•747459' 
1.7491998 

' 7509374 

1.7526720 
1.7544036 
1.7561323 

_ »-7578579 
5.811.7595865 



5.82 

5-83 
15.84 



1. 7613002 

1 .7630170 
1.7647308 
5. 85!!. 7664416 
861.7681496 



R^87 
5.88 
I5.89 
15.90 
.91 

|5-92 
5-93 
5-94 

Iv95 

;.96 

I5-97 

5-98 

5-99 
6.0c 



J. 7698546 

K 7715567 
17732559 

'•77495*3 
1.7766459 

1.7783364 
1.7800242 

I 7817094 

1. 7833912 

1.7850704 



1.7867469 
1.7884205 
1.7900914 

»'79iH94 



Hyperbolical Ltgaritkmh 



57%. 



. N jLogaridkin 


6.01 

6.02 

6.03 
6.05 


1.7934247 
1.7950872 

1-7967470 

1.7984040 

l.8oco:;82 


6.06 
6.07 
6.08 
6.09 
6.10 

6.11 

6.12 

6.13 

6.14 
6.15 


1. 80 1 7098 
1.8033586 
1.8050047 

E. 806648 1 
[.8082887 


1.8099267 
I. 81 I562I 

1-8131947 

I. 8148247 

1.8164^ 20 


6^16 
6.17 
6.18 
6.19 
6.20 


1. 8180767 
I.8196988 
I.82I3I82 
1. 8229351 
1.8245493 


-6.21 
6.22 
6.23 
6.24 
6.25 


I.8261608 

1.8277699 
1.8293763 
1. 8309801 

I.832-RT4 


6.26 
6.27 
6.28 
6,29 
6.3c 


1. 8341801 

1.8357763 

1.8373699 

1.8389610 

1.8405496 


6.31 
6.32 
6.33 
. 6.34 


1.8421356 
I.8437I9I 

1.8453002 

1.8468787 



N 


Logarithm 


6.34 

tn 

6.37 
6 3S 


1.8468787 
1.8484547 
1.8500283 
1.8515994 
1.8531680 


6.39 
6.40 
6.4 1 

6.42 
6-43 


1.8547342 
1.8562979 
1.857S592 
1. 8594181 
1.8009745 


6.44 
6.45 
6.46 
6.47 
6.48 

r 


1.8625285 
I. 864080 I 
1.8656293 
1.8671761 
1.868720c 


6.49 
6.50 
6.51 
6.52 

6.C3 


1.8702625 
1.8718021 

1-8733394 
1.8748743 
1.8764060 


6.54 

til 

6.57 
6.58 


1.8779371 
1.8794650 
1.8809906 
1. 8825138 
1.8840347 


6.Ig 

661 

U.02 
6.63 


1.8855533 
1.887069b 
1.8885837 

1 .8916048 


6.6^ 
6.65 
6.6e 
6.67 


1.8931 * '9 
1.894616S 
) 1. 8961 194 
1.8976198 



N (Logartt^ 



6.67 

6.68 
6.69 

6.71 


1.8976198 
1.8991179 
1.9006138 

I tV^OZ iO/ ^ 

1.9035989 


6.72 
6.73 
6.74 
0.75 
6.76 


1.905088X 
1.906575.1 
1 .9080600 

1.9095425 
1.9 1 10228 


6.77 
6.78 
6.79 
O.oO 
6.81 


1.9125011 
1.9139771 

1.9154509 
1.91 N-)n z zu 
1.918:1921 


6.82 

6.83 

6.84 

ft 9r 
U.05 

6.86 


1.9198594 
I.9213247 
1.9227877 
1 .9Z4Z4"v 
1.9257074 


6.87 
6.88 
6.89 

6.91 


1.9271641 
1.9286186 
1.9300710 

I.93I52I4 
I 9329696 


6.92 
6.93 
6.94 
6.95 
6.96 


"•9344»^7 
1.935859S 
1.9373017 
1.9387416 
I. 9401 794 


6.97 
6.98 
6.99 
7.00 


1. 9416152 
1.9430489 
1 .9444805 
1.9459. 01 





Logarithm 


7.01 
7.02 

7.0^ 

7.04 


1-9473376 
1,9487632 

1.9501^6 

1.95 16080 

1. 9510*75 


7.06 
7.07 
7.08 
7.09 
7.10 


' 9M4449 
1.9558604 

>-9572739 

i.95868<;3 

1.9600947 


7.11 
7.12 

7-13 
7.14 

715 


1. 9615022 
1.9629077 
1 .9643 1 1 2 
1. 9657127 

I.967II23 


7.16 

7'»7 
7.1 S 

in 

7.20 


I .9685099 
1.9699056 
1. 971 2993 
1.97269 I I 
1.9740810 


7.21 
7122 

/ • - J 

7.24 
7.25 


1.9754689 
1.97:8549 
1.978239c 
1.979:5212 
I.98IOOI4 


7r26 

7.27 

7 28 

y. 2 0 

7.30 


1.9823798 
1.9837562 

I. 9851308 

i.9^<D;)035 
»:9^7S743 


,7.3 r 

7.32 

7-33 
734 


1.9892432 
1.9906 1 03 
1.9919754 

-9033187 



XT 


Logarithm 


7-34 

7-35 
7.36 

7 37 
7.3S 


1.9933387 
1.9947003; 
1.9960599 

» -9974*77 

»-998773< 


7-39 
7.40 

7.41 

7 42 

7 43 

7-44 

7.45 
7.46 

7-47 
7.48 


2.0001278 
2.0014800 

2.0028305 
2.C041 79^ 
2.C055258 


2.0068708 
2.0082140 
2.C095553 
2.0 1 08949 
2.0122327. 


7-4v 
7.50 

7-5> 

7.52 

7.53 

7-54 

7-S5 
7.56 

7-57 

7.58 

7-59 
7.60 

7.61 

7.62 

7-63 


- 

2.0135687 
2.0149039 
2.oi&(}54 
2.017566 1, 
2.018895(1 


2.0202221 
2.0215475 
2 022871 1 
2.0241929 
2.0255131 


■ H 

2.02683 15 
2.0281482 
2.0294631 
2.0307763 
2.0320878 


7.64 

765 
7.66 

7 §7. 


2.0333976 
2.0347056 
2.03601 19 

. 2.0373 16(> 



XT 

N ^ 




7.67 
7.68 
7*69 

IVi 

7^J\ 


2.o373il&$ 
2.03S6195 
^•03 99207 

2.|^r8t 


772 
7-73 
7 74 

7-75 

7.76 


2.0438143 

2 0451088 
2.04640 16 
2.0476928 
2 0489823 


7.77 
7.78 

7-79 
7.80 

7.81 


2.0fit27Qi:i 
2.0515563 

2 05284d8 

2.0541237 

2.0554049 


7.82 

7.84 

7.85 


2.0566845 
2.0579624 
2.059238S 

2.0017800 


7.87 
7. 88 
7.89 
7.90 
7.91 


2.0630580 
2.0643278 
2.0655961 
2.0668627 

2.068 1 2JJ7 


7.92 

7-93 
7-94 

7-93 
7.96 


2'O70%3o 

2.p7Pirii2 

2-0:^17^9 

2.0744290 


7-9/ 
7.98 

7-99 
8.00 


2.0756845 
2.0709384 
2*0781907 

2 07944 !s 



Digitized by G 



HyperkUcd Logariibms. 



K tLogarhliiii 




2,0806907 
2 0819384 
2.0831845 
2.0844290 



8.05 2.0856720 



8.06 
8.07 
8.08 
,-^.09 



2.0S6913 
2.0881534 
2.0893918 
2.0906287 
3B.tob.09 1 864c 



^.12 
8.13 
8.14 
8.15 



^.12 idBalHt^oo 



2.094930 

2.0955613 

2.0967905 

2-Oo8n I 9^2 



8.16 2.0992444 

8.17 2 ICC469I 

'8.i8 2.ioi6923 
8.-19 a.^o29i4o 

'4;tiC|k.fc»4»34» 



8.^1 2.1053.529 

8.22 2.1065702 

8.23 2 1077861 
-8.24 2.1089998 

'8.:^!; 102128 

2. 1 1 1424 
2.1126343 
2«1 138428 

-8.a9|2.iii50499 
8.30 2yi 142555 

8.31" 
8.32 



8.26 
8.27 

'^.28 



2 1 174 96 
2.1186622 

-8.33 2.1 198634 



8.34 
8.35 

8.36 

8.37 

8.38 

8.39 
8.40 
8.41 
8.42 
8.43 



Logarftte 



2.1210632 
2.122261 5 

2.1234584 

2.1246539 

2. 1 2 !;R4-9 

2.127C405 
2.1282317 
2. 1 2942 14 
2. 1306098 
2.1317967 



^•44 2.132^822 

8.4.5 
8.46 
8.47 
8.48 



2.1311^66^ 

2.1353491 ' 

2.1365304 
2 



•4V 
8.50 

8.51 

8.52 

PS3 



8.54 
8.55 
8.50 

3.5: 
8.58 



2.13888S9 
2. 1 40066 1 
2.1412419 
2.1424163 

2.1435895 



2.144^609 

2.i4593f2 
2.1471001 
2.1482676 
2.1494339 



6^2 



8.59 

8.' 
8.61 

8.62 
8.63 



8.64 

8.6s 
8 66 

8 6- 



2 1505987 
.1517622 
2.1529243 
2.1 54085 1 
2.1552445 



ZkI S$4i>26 

2-1 5755931 

2.1587147 



N 




8.67 
8.68 
8.69 
8.70 
8 71 


2.1598687 
2.1610215 
62 1729 

2.1633230 
1 64/1*7 tg 


8.72 

8.7-, 
8.74 
8.75 
8 76 


2. 1656192 
2.1607653 
2.1679IOI 
2.1690536 
2.1701959 


8.77[2.i7i536¥ 
8.78p.i 724763 
8.792.173614^ 
8. 802.1747517 

8.81 2.1758874 


8.82 
8.8 3 

^ 84 
8.85 
8.80 


2.1770218 
2.I781 ,-50, 
2.I792S68 
2.1804174 
2.1815467 


8.S7 

8.89 
8.90 

8.91 


2.IS26747. 
2 1838^15 

2.1849270 

M 860 c I 2 
2.1 I -.|2 


S.Q2 
8.93 
8.94 
8.9,- 
8.96 


2.18829.-9 
2.1894103 
2.1905355 
2.1910535^ 
2,1927702 


8.97 
8.98 

^.99 


2.1938856 
2.I9A9998 

2. iqoi 1 28 



A Table^ ficc. 



K 


Logarithm 




N 


Logarithm 




N |Logttitte 


9.oij 
9.02 

9»03 

9.04 


2.1983590 

^•1994443 

2.2009523 

2. 2016^91 

2.20276.1 7 




9-34 

9.35 

(;.3t» 

9.37 
9.38 


2.2343062 

2.2353763 

2,2364452 
2.2375130 
2.2385797 




9 67 
9.68 
9 69 
9.70 
9.71 


2.2690282 
2. 2-cc6 I S 
2.2710944 
2.2721 250 
2.273150* 


9 07 
9.G8 
9.09 
9.10 


2. 20386^1 
2.2049722 
2.2060741 
2.2071740 
2.2082744 




9.39 
9.40 
9.41 
9.42 

9-43 


2.239")452 
2.2407096 
2.2417729 
2.24283^0 
2.243S960 




9.72 

9 73 

9-74 

9-75 
9.76 


2.2741 856 
2.27521 38 
2.27624rf 
2.2772673 


9.11 

9.12 

9.13 
9.14 
01 s 


2.2093727 
2.2104697 

2 2 1 1 9656 
2.2120603 
2.2137538 




9.44 

9-45 

9.46 

9.47 
9.48 


2.2449559 
2.2460147 

2.2401 288 

2 2491843 




9-77 

9.78 

9-79 

9. oO 
9.81 


2.2793 iftf"^ 
2.2803395 
2 281 3614 
2.282 3823 
2.2834029 


9. 1 1) 
9.17 
9.18 
9.19 
9.20 


2.2148461 
2.2159372 
2.2170272 
2.2181 160 
2.2192034 




9.49 
9. ;o 
9.51 

9.52 

9« 


2.2502386 
2 25 I 2917 
2.2523438 
2.2533948 
2.2544446 




9.82 
9.83 

984 
9.85 
9.86 


2.28442AP 

2'.2854389 
2.2864556 
2.28747r4 


9*21 

9.23 
f;.24 
9.25 


2.220289? 
2.2215750 
2.2224;;90 
2.2235418 
2.2246235 

• 




9-54 

9' 5 5 
9.50 

9-57 
9.58 


2-2=;-4934 
2.256541 1 

5^ /7 
2.2586332 

2.2596776 




9.87 
9.88 
9. 89 
9.90 
9.91 


2.2894998 
2.2905124 
2.291 5241 
2.2925347 
2.2635443 


9.27 
9.28 
9.29 
9.30 


2.2257040 
2.2267833 
2.2278615 
2.2289385 
2.2300144 




9-59 
9.60 

9.61 

9 62 

9.63 


2.2607209 
2.261763 I 
2.2628042 
2.2638442 
2.2648832 




9.92 

9 93 

0.04. 

9-95 

9 9'^ 


2.2945529 
2.2955604 
2.2q6c67o 

2.2975; 25 
2.2985770 


9-3> 
9-32 

9-33 
.9-34 


2.2310890 
2.2321626 
2.2332350 
2.2343062 




9.64 
9.6;; 
9.66 
9.67 


2.26592 1 1 
2.26O9579 
2.26-9936 
2.2690282 




9-97 

9.98 

9.99 
10. 00 


2.2995806 
2.300583-1 
2.3015846 

2.302:S:r 
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